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Formulae A Level Mathematics B (MEI) (H640)

Arithmetic series

S, = %n(a+l) = %n{2a+(n— 1)d}

Geometric series
a(1—7+")

1—r

S, =

S =1a for |r| <1
o —r

Binomial series

(a+b)'=a"+"C.a" 'b+"C,a" *b*+ ... +"C.a" b+ ... +b" (neN),
1 2 r
where "C = C = Mo nt
ronTror) Pln=r)!
—1 —1)...(n—r+1
(raf = 1o MWy pulzDeclomrdl) (<1, neR)
! 7!
Differentiation
f(x) £'(x)
tan kx ksec?kx
secx secxtanx
cotx —cosec’x
cosecx —cosecxcotx
o vl dv
Quotient Rule y = %, ay = dr —dx . dx

Differentiation from first principles
f(x + 1) — f(x)

£'x) = lim———
Integration

ix) = In|t\x)|+c
Jf<x> dx = In|f(x)|+

Jf’(x)(f(x))n ar =L (s0) " e

. dv . | du
Integration by parts Jua dx = uv Jv . dx

Small angle approximations

. 1 . . .
sinf =~ 0, cosf = 1— 562, tan @ ~ 6 where 0 is measured in radians
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Trigonometric identities
sin(4 + B) = sinA cos B+ cosAsinB
cos(4+B) = cosAcos BFsindsinB

_ tan4 t+tanB 1
tan(4£B) = ] ¥tanA tan B (AiB # (k+ 2)7[>

Numerical methods

b —
Trapezium rule: J ydx = %h{(yo +y)+2(y,+y,+...+y, )}, where h = b=a
! f(x
The Newton-Raphson iteration for solving f(x) = 0: X, =X, — f’( (x">>
Probability
P(4 U B)=P(4)+P(B)—P(4 N B) )
P(4 N B
P(4 N B)=P(4)P(B|4)=P(B)P(4|B) or P(4|B)= (P(—m
Sample variance
>x )
st = ﬁSxx where S_ = X (x, =)’ = Xx’ — % =Y —nx’
Standard deviation, s = v/ variance
The binomial distribution
If X~ B(n, p) then P(X =) = "C p'q""" where g =1-p
Mean of X is np
Hypothesis testing for the mean of a Normal distribution
o 2 Y—
If X ~ N(u,0?) then X ~ N[,U,G—] and =2~ N(0,1)
n o/Vn
Percentage points of the Normal distribution
p 10 5 2 1
150 1,0
2| 1645 | 1960 | 2326 | 2576 2P 2P
1 z -
Kinematics
Motion in a straight line Motion in two dimensions
v=u+tat v=u+tat
_ 12 _ 1,2
s =ut+5at s=ur+sar
s=%(u+v)t s=%(u+v)t
v: = u* +2as
s =vt—1at’ s=vt—ar’
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Answer all the questions.

Section A (60 marks)
(a) Express x* +8x+2 in the form (x+ a)2 +b. [2]
(b) Write down the coordinates of the turning point of the curve y = x>+ 8x+2. [1]

(c) State the transformation(s) which map(s) the curve y = x* onto the curve y= x%+8x+2.

2]

Solve the equation sin2x = 0.3 for 0° < x < 180°. Give your answer(s) correct to 1 decimal place.

2]

(a) Determine, in terms of &, the coordinates of the point where the lines with the following
equations intersect.

x+y=k
2x—y=1 [3]

(b) Determine, in terms of &, the coordinates of the points where the line x+y = k crosses the
curve y = x*+k. [4]

The diagram shows points A and B on the curve y = <§> .

The x-coordinate of A is 1 and the x-coordinate of B is 1.1.

0)

(a) Find the gradient of chord AB. Give your answer correct to 2 decimal places. [2]

(b) Give the x-coordinate of a point C on the curve such that the gradient of chord AC is a better
approximation to the gradient of the tangent to the curve at A. [1]
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5 (a) The diagram shows the curve y =e”.

>
>

7

O

On the axes in the Printed Answer Booklet, sketch graphs of

Loody
(i) 5 againstyx, [1]

(ii) % against y. [2]
(b) Wolves were introduced to Yellowstone National Park in 1995.
The population of wolves, y, is modelled by the equation
y = 4e,
where 4 and k are constants and 7 is the number of years after 1995.
(i) Give areason why this model might be suitable for the population of wolves. [1]
(ii) When¢t=0, y=2landwhen¢=1, y =5I.

Find values of 4 and & consistent with the data. [3]

(iii) Give areason why the model will not be a good predictor of wolf populations many years
after 1995. 1]
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6 In this question you must show detailed reasoning.

3

1
Show that ) ——=1. 4
oW aéwﬂwr 141

7  Determine fx cos2xdx. [3]

8 For a particular value of a, the curve y = % passes through the point (3, 1).
X

Find the coordinates of all the other points on the curve where both the x-coordinate and the
y-coordinate are integers. [3]

9  The diagram shows the curve y =3 —+vx.

»
>

(a) Draw the line y = 5x—1 on the copy of the diagram in the Printed Answer Booklet. 1]
(b) In this question you must show detailed reasoning.

Determine the exact area of the region bounded by the curve y = 3 —+/x, the lines y = 5x— 1
and x = 4 and the x-axis. [10]
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10 (a) Express in partial fractions. [3]

1
Ax+1Dx+1)
(b) A curve passes through the point (0, 2) and satisfies the differential equation

by____ >
dx (Ax+1)(x+1)°

1
for x> —q.

dx+1
x+1

B
Show by integration that y = A( ) where 4 and B are constants to be determined.  [6]
11 In this question you must show detailed reasoning.

The diagram shows triangle ABC, with BC = 8cm and angle BAC = 45°.

The point D on AC is such that DC = 5cm and BD = 7cm.

A

/\

D
5cm
B
8cm C
Determine the exact length of AB. [5]
© OCR 2021 H640/03 Oct21 Turn over
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Answer all the questions.

Section B (15 marks)

The questions in this section refer to the article on the Insert. You should read the article before
attempting the questions.

12 Show that B = arctan(%), as given in line 15. [3]

13 (a) Use triangle ABE in Fig. C2 to show that arctan x +arctan <l> = %, as given in line 29.  [1]
X

(b) Sketch the graph of y = arctanx. 1]

(c) What property of the arctan function ensures that y > 1 = arctany > arctan <l), as given in
line 30? * * [1]

14 (a) Show that

arctan( ) +arctan <%> = arctan (l> = arctan <l) + arctan <l> = arctan 1. 1]
n“+n+1 2 3

n+1 n

(b) Use the arctan addition formula in line 23 to show that

arctan( >+ arctan (%) = arctan <l>, as given in line 39. [4]

n+l1 n“+n+1 n

15 Prove that arctan 1 +arctan 2 +arctan 3 = 7, as given in line 41. (4]
END OF QUESTION PAPER
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sumame  StemUp Model Solution

Answer booklet Write the question number in the left-hand margin at the start of each answer.

Question
number

) (a) X+ 8x+2=0K+4)-16+2

=(x+4)?-14, so a=4 b=-l4

1 (b) Turning point (=4, —14)

) (c) Translation by vector (_—,:)

2 0°<x<180° = 0°< 2x < 360°

sin 2x = 0.3 = 2x =17.4576..° or 2x = 180° — 17.4576...° = 162.5423...°

x = 87288.° or x = 38127.°

x = 87°% x=83°

\\

3 (a) Adding the equations: 3x =k +| = x

k+1  2k—1
y=k-x=k-——=—

I 2k -
) 3 )

. . k
Lines intersect at ( ;

3 () y=k-x so k-—x=x*+k

X +x=0 = x(x+1)=0 = x=0 or x=-|

x=0 y=k-0=k x=-I y=k—-01) =k+|

Points are (0, k) and (-, k + 1)

4 (a) A x =, y=(%)"=¢l

B: x=1l, y=()"=413746..

Gradient AB = *ETE=" 2 = ) 3746,

Gradient of chord AB = 1.37 (2 dp.)
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Question
number

4 (b)

S @0

S (a) (i)

s W)W

x = 101 (any value between | and 1.1, closer to | than B is)

y = & = % = X
dy
dx
// dyldx = e
///
X
0

d . . d

d—z = e =y, so the graph is the line d—z =y, for y > 0 only
dy
dx

/

/

/

/

/ dyldx =y (y > 0)

/

/

The rate of growth of the population is likely to be proportional to the

population (more wolves means more births), which gives exponential growth.
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Question
number

s w0

s ) Gii)

t=0 y=2: 2l=A" = A=2

t=1 y=S Sl=2¢ = e=3==

\

2| 7
k = In(%) = 0.88730..,

\\

A=2l, k=03887 (3sf)

The model predicts the population keeps growing without limit, but the

wolves will run out of food and space, so the population cannot keep growing.

! )

T forr=1 2, 3 P

g T Ere s
ﬁl+1x£—:'f:ilz‘ﬂ"
e Rt e i e M e
g X ety =28
Sum = (2 = 1) + (W3 -+2) + Q2 - +3)
=—l+2=1 so Zm=l (r =1 to 3) as required
av du

|
Integrate by parts: u =x, 4 =cos2x = - =1 v=-75 sin2x

! . ! .
[ x cos 2x dx = 5x sin 2x — [ 5 sin 2x dx

! . !
=7xsm2x+? cos 2x + ¢

G D l=% = a=9 s y=—=

y is an integer only when x* is a factor of 9@ x> =1 or x* =9

x=2 = y=49 Xx=233 = y=|

Other points: (-3, 1), (@, ), (-, 9)
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Question
number

9 (a) y = Sx — | passes through (0, 1) and (I, 4)

y
A
5
Yy =5x —
4
3
)
1 / B
\
| —
-1 0 1 2 3 4 5 6 71 8
-

9 (b) Intersection of curve and line: 3 — & = Sx — |

G —Sx=w = (4-5)°=x

16 — G0x + 25x> =x = 25¢° —4Ix +16 =0

G=DRSX=16) =0 = x=1 or x=-5 =064

x=10 3-1=2but$—-1=4,soreect. .. x=1064

y=5x064-1=22 (check: 3 — W0.64 = 3 - 0.8 = 2.2)

Line meets the x-axis when Sx — 1 =0, x = 0.2

Area = triangle (x from 0.2 to 0.64) + area under curve (x from 0.64 to )

Triangle: é x (064 - 0.2) x 2.2 = 0.434 = %

! (3 )al -[3 33/2(’
-[:Aa W/ ax = [3x - X ]osq

=02-%2%x8) - 092-% x0512)

16 128 20 592 636
= (12 —?) - (.92 —ﬁ) =3 — 35 T a5 = S5.088

Total area = 0.484 + S.088 = §.572

1393
Exact area = =50
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Question
number

/ P
10 (a) | T+ DG+ = i +xf/ = 1=P&+1)+8Qx+1)

x=- 1=-3¢ - Q=-—%

! 3
X=-7 I——?P = P-E

) 4
Cox + Dix+1) — 3Cax+1) _ 3(x+1)

-~

10 (b) Separate variables: [ é dy = [ Wl(xw ax

! 4 !
fzdng(3(9x+l) T 3G+ 1) ) dx

Inlyl = % Inlgx + 1] - é Inlx + 1] + ¢

x =0, g=2‘ ln2=ilnl—ilnl+c = ¢=1In2

Inlyl = % I} +In 2 = In( 202501 )

x +/

X > so Gx+1>0 and x+1>0;, y>0sincey=2whenx=20

-
x+l/ _ _L
y=257)"  so A=2 B-=q

x +/

. o 72+ 52- g2 10 !
1] Cosine rule in triangle BDC: cos BDC = Sx7xs " =7
; - Ly - A8 _ 43
sin BDC = [l = 45) =5 =5
ADB = I30° — BDC, so sin ADB = sin BDC = ~¥
. o AB _ BD
Sine rule in triangle ABD:  —- ADB == qs"
_ 7sin ADB 43 L2 2 _
AB = — e =7X5 _91/3x 93 X 42
AB = g6 cm
12 tan(o + B) =1 and tan o = é
tan a + tan B o +tan B
I—tanatanB', = I—VztanB',

] ]
5 ttamB=1-5 tan B

3 ! !
SstamB=5 = tanB=5

B is an acute angle in the triangle, so B = arctan(%)
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Question
number

13 (a)

13 (b)

13 (c)

14 (a)

19 (b)

!
X

Triangle ABE has a right angle at B:  tan(angle BEA) = g—g =

so angle BEA = arctan(% )

Angles in triangle ABE: © + angle BEA = g, and © = arctan x

! T
So arctan x + arctan(3) =

arctan is an increasing function (it is strictly increasing for all x)

Putn=1 n+1=2 nw+n+l=3 and %'—'I,

so the result gives arctan(é )+ arctan(é ) = arctan |

/ ) )

X=77T Y= 7w vorT: for n a positive integer xy = CEDICET YY) <l
/ ! _ X +y
so arctan(G—7) + arctan(or>57) —arctan(,_xq)
+ _ W HEn+D)++1) n’ +2n + 2
XTY =" +D0P+n+D)  ~ G+ D +n+1)
) _ D+ + )= P+’ 2+ -
XY= "+ D +n+D)  ~ +DWP+n+l)
Xty _ wW+2m+2 P+ 2m+2 |
l=xy ~— P +2w+2n ~ n(*+2n+2) ~ n
! ! !
arctan(G—) + arctan(r——) = arctan(-)
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Question
number

1$

Using arctan x + arctan(% ) =5 withx=2and x = 3

) )
arctan 2 + arctan(; ) = % and arctan 3 + arctan(g ) = g

Adding: arctan 2 + arctan 3 + arctan(é )+ arctan(é) =7

But arctan(% ) + arctan(é) = arctan |  (line 16)

arctan | + arctan 2 + arctan 3 = T as required
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