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StemUp Model Solution Proof

1 nisaninteger.
Show that the product of two consecutive integersis even.

Let the integers be n and n + |
one of them must be even

even x any integer is even

so n(n + 1) is even

Proved

2 nisaninteger.
Prove that the sum of three consecutive odd numbersis odd.

Let the numbers be 2n + |, 2n + 3, 2n + §
sum=0n+1)+0Cn+3)+0n+S8)
=6én + 9

6n is even

9 is odd

even + odd = odd

Proved

3 Prove that the difference between the squares of any two consecutive integersis equal to the
sum of the two integers.

Let the integers be n and n + |
difference of squares = (n + 1)* — n
= +2n+1-n

=2n+1

sum of the integers = n + (n + 1)
=2n+1

the two are equal, so the statement is proved

2
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4 Show that the product of two consecutive integersis even.

Let the integers be n and n + |
one of them must be even

even x any integer is even

so n(n + 1) is even

Proved

5 nisaninteger.
Prove that the sum of six consecutive integersis 3 more than a multiple of 6.

Let the integers be n,n + I, n + 2, n + 3, n +
9, n+S
sum=n+W+1)+W+2)+W+3)+O
+4)++S)

=6n+ 1S

=6(n+2) + 3

6(n + 2) is a multiple of 6

so the sum is 3 more than a multiple of 6

Proved

6 Prove that the difference between the squares of any two consecutive integersis equal to the
sum of the two integers.

Let the integers be n and n + |
difference of squares = (n + 1)* — n
= +2n+1-n

=2n+1

sum of the integers = n + (n + 1)
=2n+1

the two are equal, so the statement is proved

2
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7 Prove that n? + n is always even, where nis an integer.

n +n=nln+1)

n and n + | are consecutive so one is even
even x any integer is even

so n® + n is even

Proved

Proof

8 Prove agebraically that the sum of the squares of any two even positive integersis amultiple

of 4.

Let the integers be 2m and 2n

m)? + (2n)?

= 4m’ + 4n?

= 4(m? + n?)

it is G times an integer so it is a multiple of 4

Proved

9 Prove that the sum of any 2 consecutive integersis equal to the difference between
their squares.

Let the integers be n and n + |
difference of squares = (n + 1)* — n
= +2n+1-n

=2n+1

sum of the integers = n + (n + 1)
=2n+1

the two are equal, so the statement is proved

2
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10 nisaninteger.
Prove that the sum of six consecutive integersis 3 more than a multiple of 6.

Let the integers be nyn + I, n + 2, n + 3, n +
9, n+S
sum=n+W+1)+W+2)+W+3)+On
+4)+ M+ S)

=6én+ 1S

=6(n+2)+3

6(n + 2) is a multiple of 6

so the sum is 3 more than a multiple of 6

________________________ Proved .
L1 i
11 nisaninteger.
Provethat (n + 1) — (n — 1)?isamultiple of 4.
b+ 1)?=n+2n+1
=1)2=n-2n+1
+1))>=--=-1D=W+2n+1) - -
2n + 1)
= 4n
which is 4 lots of n
so it is a multiple of 4
Proved

12 Prove agebraically that the difference between the squares of any 2 consecutive integersis
egual to the sum of these integers.

Let the integers be n and n + |

difference of squares = (n + 1)*> — n?

= +2n+1-n

=2n+1

sum of the integers = n + (n + 1)

=2n+1

the two are equal, so the statement is proved
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13 nisaninteger.
Prove algebraically that the sum of seven consecutive integersis amultiple of 7.

Let the integers be nyn + I, n + 2, n + 3, n +
9 n+ S n+6
sum=n+W+1)+W+2)+W+3)+On
+4)+W+S8)+n+6)

=7n + 2l

=7(n + 3)

7 is a factor so the sum is a multiple of 7

________________________ Proved
L1l
14 nisaninteger.
Prove that the sum of three consecutive even numbersis a multiple of 6.
Let the numbers be 2n, 2n + 2, 2n + §
sum = (2n) + 2n +2) + 2n + 4)
=6én + 6
=6 +1)
so the sum is a multiple of 6
Proved

15  Show that the sum of the squares of any two multiples of 7 isamultiple of 49.
Let the numbers be 7m and 7n

(m)? + (7n)?

= 49m* + 4°

= 49(m* + n?)

it is 49 times an integer so it is a multiple of
49
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16  Provealgebraicaly that (a+ b)> — (a— b)? = 4ab
LHS = a®> + 2ab + b*> — (a° = 2ab + b?)
=a® + 2ab + b* - a®> + 2ab - b?
= Gab
= RHS

Proved

17  nisaninteger.

Show that the sum of three consecutive odd numbersis a multiple of 3.
Let the numbers be 2n + |, 2n + 3, 2n + §
sum=QCn+1)+Cn+3)+0n+S8)
=6n+9
=30n + 3)
so the sum is a multiple of 3

Proved

18  Prove agebraically that the sum of the squares of any two multiples of 5isamultiple of 25.

Let the numbers be Sm and Sn

(sm)? + (5n)?

= 25m? + 25n?

= 25(m* + n?)

it is 2§ times an integer so it is a multiple of
28
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19  Provethat the sum of the squares of any two consecutive integersis aways an odd number.

Let the integers be n and n + |

nw + ( + 1)?

= +n+2n+1

=2’ +2n + |

=2 +n) +1

2(n® + n) is even so the sum is odd

________________________ Proved .
L1 i
20 nisaninteger.
Prove that the sum of three consecutive even numbersis amultiple of 6.
Let the numbers be 2n, 2n + 2, 2n + §
sum=Cn) + @Cn +2) + (2n + 4)
=6én+ 6
=6 +1)
so the sum is a multiple of 6
Proved

21 Proveadgebraically that the sum of the squares of any two multiples of 3 isamultiple of 9.
Y ou must show your working.

Let the numbers be 3m and 3n

(3m)? + (3n)?

= 9’ +

= 9(m? + n?)

it is 9 times an integer so it is a multiple of 9

stemup.co.uk


https://stemup.co.uk

StemUp Model Solution

22  nisaninteger.
Show that (n + 3)(n + 7) + 4 isaperfect square.
Y ou must show your working.
h+3)n+7)=n>+10n+ 2l
adding 4 gives n> + 10n + 25
n +10n + 25 = (n + §)?
so it is a square number

Proved

23 nisaninteger.
Prove algebraically that the sum of four consecutive even numbersis amultiple of 4.

Y ou must show your working.

Let the numbers be 2n, 2n + 2, 2n + 4, 2n +
6

sum=QCn) + Cn+2)+Cn+94)+Cn+
6)

=38n+ 12

=402n + 3)

so the sum is a multiple of 4

Proved

24 nisaninteger.
Prove that the sum of n(n + 1) and n + 1 is always a square number.

nln +1) =n?* +n

adding n + | gives n* + 2n + |
w+2n+1=0m+1)>

so the sum is a square number

stemup.co.uk
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25  Show that the difference between the squares of two consecutive even numbersisamultiple
of 4.

Let the numbers be 2n and 2n + 2
(n + 2)? - (2n)?
=4n° + 3n + 4 — 4n?

=8n+ 49

=40n + 1)

so it is a multiple of 4

Proved

26 Show that the sum of the squares of any two odd positive integersis even.
Y ou must show your working.

Let the integers be 2m + | and 2n + |

Cm +1)? + 2n +1)?

=4m’ + Gm + | + 4n® + Gn + |

= 4am® + Gm + Gn® + Gn + 2

=20m? + 2m + 2n° + 2n + 1)

it is 2 times an integer so it is even

Proved

27  nisaninteger.
Prove that the sum of (n + 1)(n + 2) and n + 2 is always a square number.

h+D+2)=n*+3n+2
adding n + 2 gives n*> + Gn + 4
W +an+4=>0+2)°

so the sum is a square number

stemup.co.uk


https://stemup.co.uk

StemUp Model Solution Proof

28  Provethat the difference between the squares of two consecutive even numbersisamultiple
of 4.
Y ou must show your working.

Let the numbers be 2n and 2n + 2
Cn + 2)? -= (2n)?
=40’ + 3n + 4 — Gn?

=3n+ 4

qC2n + 1)

so it is a multiple of 4

\

Proved

29  Show that the sum of the squares of any two odd positive integersis even.
Let the integers be 2m + | and 2n + |

Cm + 1D? + (2n +1)?

=4m? + Gm + | + Gn® + Gn + |

= Gm? + 4m + 4’ + 4n + 2

=202m? + 2m + 2n* + 2n + 1)

it is 2 times an integer so it is even

Proved

30 nisaninteger.
Prove agebraically that the sum of (n + 3)(n + 2) and n + 3 is always a square number.

h+3)n+2)=nw+5n+6
adding n + 3 gives n*> + én + 9
nw+én+9=_0+3)°

so the sum is a square number
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31  Show that the sum of the squares of any two consecutive integersis 1 more than twice the
product of the two integers.
Y ou must show your working.

Let the integers be n and n + |

sum of squares = n’> + (n + 1)* = 2n” + 2n +
!

twice the product = 2n(n + 1) = 2n*> + 2n
the sum of squares is | more than this

so the statement is true

Proved

32 A two-digit number hastens digit aand units digit b.
The digits are reversed to make a new number.
Prove dgebraically that the difference between the two numbersis a multiple of 9.

number = 10a + b

reversed = 10b + a

difference = (10a + b) — (10b + a)
=9 — 9%

=9(a - b)

so it is a multiple of 9

Proved

33 nisaninteger.
Prove that the sum of (n + 4)(n + 3) and n + 4 is always a square number.
Y ou must show your working.
W+ +3)=n+7+12
adding n + G gives n® + 8n + 16
n +38n+16=0W+4)?
so the sum is a square number
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34 Provethat the difference between the squares of two consecutive odd humbersisamultiple
of 8.

Let the numbers be 2n + | and 2n + 3
(n + 3)° - (2n + 1)?

=an’ +12n + 9 - (4n* + gn + 1)
=8n + ¥

Sl + 1)

so it is a multiple of 8

\

Proved

35 Provethat the difference between the squares of any two odd positive integersisamultiple
of 4.

Let the integers be 2m + | and 2n + |
Cm + 1) = Cn +1)?

=am’ + m + | — (4n* + Gn + 1)

= am® + Gm — G’ — 4n
=4(m?> + m —n’ —n)

so it is a multiple of 4

Proved

36  Proveagebraicaly that the sum of the squares of any two consecutive multiples of 3isa
multiple of 9.

Let the numbers be 3n and 3n + 3
(3n)? + (3n + 3)?

=9 + W + 18n + 9

=180’ + 18n + 9

=902n® + 2n + 1)

so it is a multiple of 9
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37  Provethat x? — 10x + 32 is dways greater than O for all values of x.

complete the square

x> = 10x + 32 =(x—-5)>-25+ 32
=K-85)P+7

a square is never negative

(x-5)=0

so the expression is = 7 which is positive

Proved

38  Provethat the sum of the squares of any two odd positive integers is 2 more than amultiple
of 4.

Y ou must show your working.

Let the integers be 2m + | and 2n + |
Cm +1)* + 2n +1)?

=m’ + Gm + | + G0’ + Gn + |

= 4m? + m + 4n* + Gn + 2

=4(m> +m+n’ +n) + 2

so it is 2 more than a multiple of 4

Proved

39  Show that the sum of the squares of any two consecutive multiples of 5 isamultiple of 25.
Let the numbers be Sn and Sn + S

(sn)? + (Sn + S)?

= 25n* + 25n* + SOn + 2§

= S50n* + SOn + 2§

=250n? + 2n + 1)

so it is a multiple of 25
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40  Proveagebraically that x*> — 4x + 12 is always greater than O for all values of x.

complete the square

X2 =4x+12=-2)-4+12
=k-2)+38

a square is never negative

(x-2)=0

so the expression is = 8 which is positive

Proved

41  nisaninteger.
Prove that (5n)? — (3n — 2)? isamultiple of 4.

difference of two squares

(Sn)?> = (Bn-2)=(Cn-Gn-2)(n +
(Gn - 2))

=Cn+2)n-2)

=2 +1) x 2(4n - 1)

=40 + 1)Cn - 1)

so it is a multiple of 4

Proved

42 Show that the sum of the squares of any two consecutive even numbersis 4 more than a
multiple of 8.

Let the numbers be 2n and 2n + 2
Cn)? + @n + 2)?
=4n’ + 4n®> + 8n + 4

Sn’ + 8n + ¢

3(n?® +n) + ¢

so it is 4 more than a multiple of 8

\

\
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43  Provethat the product of two consecutive even numbersis a multiple of 8.

Let the numbers be 2n and 2n + 2
product = 2n(2n + 2)

=an(n + 1)

nln + 1) is even so n(n + 1) = 2k
49 x 2k = Sk

so it is a multiple of 8

Proved

44 nisaninteger.
Provethat (5n + 3)? — (3n — 1)?isamultiple of 4.

difference of two squares
Gn+3)P2-GBn-17>=0n+3-0n-
D)(sn + 3+ (Bn-1))
=Cn+4)Bn+2)

=2(n +2) x 2(4n + 1)

=4(n + 2)(4n + 1)

so it is a multiple of 4

Proved

45  Proveagebraically that the sum of the squares of any two consecutive even numbersis 4 more
than amultiple of 8.
Y ou must show your working.

Let the numbers be 2n and 2n + 2
(n)? + Cn + 2)?
=40’ + 4 + 8n + ¢

=8 +38n+9q

8(n* +n) + ¢

so it is 4 more than a multiple of 8

\
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46 A three-digit number has digits a, b and ¢, where aiis the hundreds digit.
Prove that the number isamultiple of 3when a+ b + cisamultiple of 3.

number = 100a + 10b + ¢
=9a+9% + (a+b+c)
=3033a+3b)+@@+b+c)

3(33a + 3b) is a multiple of 3

if a + b + ¢ is a multiple of 3 then so is the
number

Proved

47  nisaninteger.
Provethat (4n + 3)? — (n + 2)%isamultiple of 5.

difference of two squares
(Gn+372-w+2) =>0Ur+3-0W+
2))(an + 3 + (n + 2))
=Gn+1DGn+S)

=1Gn+1) xS + 1)

=SGn+ 1D +1)

so it is a multiple of S

Proved

48  Provethat (m? — n?)? + (2mn)? = (m? + n?)?
m? = n?)? = m* = 2m*n* + n*
C2mn)? = 4m?n?

LHS = m? + 2m?*n? + n°
= (m? + n2)?
= RHS
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49 nisaninteger.

Prove algebraicaly that (n + 5)> — (3n — 1)? isamultiple of 8.
difference of two squares
W+S)P-0CGn-1)=b+S-0Gn-1)h
+S+0Gn-1))
=(-2n+6)(4n + 4)
=2(-n +3) x49(n + 1)
=8(-n+3)n+1)
so it is a multiple of 8

Proved

50 nisaninteger.
Prove algebraicaly that (4n — 2)2 — (2n — 4)?isamultiple of 12.
difference of two squares
(4an — 2)> = Cn - 6)> = (4n - 2 — (2n -
a))(4n — 2 + (2n - 4))
Cn + 2)(6n - 6)
2 + 1) x 6(n - 1)
=12 + D - 1)

so it is a multiple of 12

\

\

Proved
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