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1.	 	 f(x) = x3 – 10 4

2

x x
x

−            x > 0

	 (a)	 Show that the equation f(x) = 0 has a root α in the interval [1.4, 1.5]
(2)

	 (b)	 Determine f ʹ(x).
(3)

	 (c)	 Using x0 = 1.4 as a first approximation to α, apply the Newton‑Raphson procedure 
once to f(x) to calculate a second approximation to α, giving your answer to 3 decimal 
places.

(2)
___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)
f(1.4) = −0.435673...  < 0
f(1.5) = 0.598356...  > 0
Sign change and f(x) is continuous on [1.4, 1.5]
∴  f(x) = 0 has a root α in the interval [1.4, 1.5]

(b)

f(x) = x3 − 10√x − 4x
x2  = x3 − 10x−3/2 + 4x−1

f'(x) = 3x2 + 15x−5/2 − 4x−2

(c)
f(1.4) = −0.435673...,     f'(1.4) = 10.307200...

x1 = 1.4 − f(1.4)
f'(1.4)  = 1.4 − −0.435673...

10.307200...
x1 = 1.442268...
x1 = 1.442   (3 d.p.)
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Question 1 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q1

(Total 7 marks)

stemup.co.uk

https://stemup.co.uk


4

*P65754A0432*

Leave 
blank

	

	

2.	 The quadratic equation

5x2 – 2x + 3 = 0

	 has roots α and β.

	 Without solving the equation,

	 (a)	 write down the value of (α + β) and the value of αβ
(1)

	 (b)	 determine, giving each answer as a simplified fraction, the value of

		  (i)	 α2 + β2

		  (ii)	 α3 + β3

(4)

	 (c)	 determine a quadratic equation that has roots

(α + β2) and (β + α2)

		  giving your answer in the form px2 + qx + r = 0 where p, q and r are integers.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)

α + β = 2
5 ,        αβ = 3

5

(b)(i)
α2 + β2 = (α + β)2 − 2αβ

     = 2
5

2
 − 2 3

5  = 4
25  − 30

25  = − 26
25

(ii)
α3 + β3 = (α + β)3 − 3αβ(α + β)

     = 2
5

3
 − 3 3

5
2
5  = 8

125  − 90
125  = − 82

125

(c)

Sum = α + β + α2 + β2 = 2
5  − 26

25  = − 16
25

Product = (α + β2)(β + α2) = αβ + α3 + β3 + (αβ)2

     = 3
5  − 82

125  + 3
5

2
 = 75 − 82 + 45

125  = 38
125
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Question 2 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

x2 − (sum)x + product = 0   ⇒   x2 + 16
25 x + 38

125  = 0

× 125:
125x2 + 80x + 38 = 0
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Question 2 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 2 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q2

(Total 9 marks)
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3.	 	 f(z) = z4 + az3 + bz2 + cz + d

	 where a, b, c and d are integers.

	 The complex numbers 3 + i and –1 – 2i are roots of the equation f(z) = 0

	 (a)	 Write down the other roots of this equation.
(2)

	 (b)	 Show all the roots of the equation f(z) = 0 on a single Argand diagram.
(2)

	 (c)	 Determine the values of a, b, c and d.
(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)
f(z) has real coefficients, so complex roots occur in conjugate pairs:
Other roots:   3 − i   and   −1 + 2i

(b)

Re

Im

O

(3, 1)

(3, −1)

(−1, 2)

(−1, −2)
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Question 3 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(c)
z = 3 ± i:    (z − (3 + i))(z − (3 − i)) = (z − 3)2 − i2 = z2 − 6z + 10
z = −1 ± 2i:  (z − (−1 + 2i))(z − (−1 − 2i)) = (z + 1)2 − (2i)2

     = z2 + 2z + 1 + 4 = z2 + 2z + 5
f(z) = (z2 − 6z + 10)(z2 + 2z + 5)
     = z4 + 2z3 + 5z2 − 6z3 − 12z2 − 30z + 10z2 + 20z + 50
     = z4 − 4z3 + 3z2 − 10z + 50
a = −4,    b = 3,    c = −10,    d = 50
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Question 3 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 3 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q3

(Total 9 marks)
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4.	 (a)	 Use the standard results for r
r

n
2

1=
∑  and r

r

n

=
∑

1
 to show that

r

n

=
∑

1
(2r – 1)2 = 

1

3
n(4n2 – 1)

		  for all positive integers n.
(5)

	 (b)	 Hence find the exact value of the sum of the squares of the odd numbers 
between 200 and 500

(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)
(2r − 1)2 = 4r2 − 4r + 1

Σ
n

r=1
(2r − 1)2 = 4Σ

n

r=1
r2 − 4Σ

n

r=1
r + Σ

n

r=1
1

     = 4 × 1
6 n(n + 1)(2n + 1) − 4 × 1

2 n(n + 1) + n

     = 1
3 n[2(n + 1)(2n + 1) − 6(n + 1) + 3]

     = 1
3 n[4n2 + 6n + 2 − 6n − 6 + 3]

     = 1
3 n(4n2 − 1)    as required

(b)
Odd numbers between 200 and 500:   201, 203, ..., 499
2r − 1 = 201  ⇒  r = 101,          2r − 1 = 499  ⇒  r = 250

Σ
250

r=101
(2r − 1)2 = Σ

250

r=1
(2r − 1)2 − Σ

100

r=1
(2r − 1)2

     = 1
3  × 250(4 × 2502 − 1) − 1

3  × 100(4 × 1002 − 1)

     = 20 833 250 − 1 333 300
     = 19 499 950
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q4

(Total 9 marks)
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5.	 The rectangular hyperbola H has equation xy = 64

	 The point P p
p

8
8
,







, where p ≠ 0, lies on H.

	 (a)	 Use calculus to show that the normal to H at P has equation

p3x – py = 8( p4 – 1)
(5)

	 The normal to H at P meets H again at the point Q.

	 (b)	 Determine, in terms of p, the coordinates of Q, giving your answers in simplest form.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)

xy = 64  ⇒  y = 64x−1  ⇒  dy
dx  = −64x−2 = − 64

x2

At P, x = 8p:   dy
dx  = − 64

64p2  = − 1
p2

Gradient of normal  mN = p2

y − 8
p  = p2(x − 8p)

× p:    py − 8 = p3x − 8p4

p3x − py = 8p4 − 8
p3x − py = 8(p4 − 1)    as required

(b)

y = 64
x :    p3x − 64p

x  = 8(p4 − 1)

p3x2 − 64p = 8(p4 − 1)x
p3x2 + 8(1 − p4)x − 64p = 0
(x − 8p)(p3x + 8) = 0

x = 8p (at P)   or   x = − 8
p3

y = 64
x  = 64 × −p3

8  = −8p3

Q is   − 8
p3 ,  −8p3
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q5

(Total 9 marks)
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6.	 (i)		  A = 
1 0

0 3







		  (a)	 Describe fully the single transformation represented by the matrix A.
(2)

		  The matrix B represents a rotation of 45° clockwise about the origin.

		  (b)	 Write down the matrix B, giving each element of the matrix in exact form.
(1)

		  The transformation represented by matrix A followed by the transformation 
represented by matrix B is represented by the matrix C.

		  (c)	 Determine C.
(2)

	 (ii)	 The trapezium T has vertices at the points (–2, 0), (–2, k), (5, 8) and (5, 0), where k is 
a positive constant.  Trapezium T is transformed onto the trapezium T ʹ by the matrix

5 1

2 3−






	 Given that the area of trapezium T ʹ is 510 square units, calculate the exact value of k.
(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(i)(a)
Stretch, scale factor 3, parallel to the y-axis

(b)

B = cos45°
−sin45°

sin45°
cos45°  = 1

√2
1

−1
1
1

(c)

C = BA = 1
√2

1
−1

1
1

1
0

0
3  = 1

√2
1

−1
3
3

(ii)

Area of T = 1
2 (k + 8)(5 − (−2)) = 7

2 (k + 8)

det 5
−2

1
3  = 5 × 3 − (−2) × 1 = 17

Area of T' = 17 × area of T
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Question 6 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

17 × 7
2 (k + 8) = 510

k + 8 = 1020
119  = 60

7

k = 60
7  − 8 = 4

7
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Question 6 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 6 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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___________________________________________________________________________ Q6

(Total 10 marks)
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7.	 The parabola C has equation y2 = 4ax, where a is a positive constant.

	 The line l with equation 3x – 4y + 48 = 0 is a tangent to C at the point P.

	 (a)	 Show that a = 9
(4)

	 (b)	 Hence determine the coordinates of P.
(2)

	 Given that the point S is the focus of C and that the line l crosses the directrix of C at the 
point A,

	 (c)	 determine the exact area of triangle PSA.
(4)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)

3x − 4y + 48 = 0  ⇒  x = 4y − 48
3

y2 = 4ax  ⇒  y2 = 4a 4y − 48
3

3y2 = 16ay − 192a  ⇒  3y2 − 16ay + 192a = 0
l is a tangent so equal roots:   b2 = 4ac
(16a)2 = 4 × 3 × 192a
256a2 = 2304a  ⇒  256a(a − 9) = 0
a > 0   ⇒   a = 9    as required

(b)
a = 9:   3y2 − 144y + 1728 = 0  ⇒  y2 − 48y + 576 = 0
(y − 24)2 = 0  ⇒  y = 24

x = 4(24) − 48
3  = 16

P is  (16, 24)

(c)
Focus S is (9, 0),   directrix is  x = −9

x = −9:   3(−9) − 4y + 48 = 0  ⇒  4y = 21  ⇒  y = 21
4  = 5.25

A is (−9, 5.25)
Line l meets x = 9 at B:   27 − 4y + 48 = 0  ⇒  y = 18.75,   B(9, 18.75)
SB is vertical, length 18.75; A is 18 to the left, P is 7 to the right
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Question 7 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

Area PSA = 1
2  × 18.75 × 18 + 1

2  × 18.75 × (16 − 9)

     = 168.75 + 65.625 = 234.375

Area of triangle PSA = 1875
8
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Question 7 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

stemup.co.uk

https://stemup.co.uk


27

*P65754A02732* Turn over     

Leave 
blank

	

	

Question 7 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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8.	 (i)	 Prove by induction that, for n ∈ +

2 1

1 1

2

2 2

1

2

2

r
r r

n
n

r

n
−

+
=

+
=

∑ ( ) ( )

(6)

	 (ii)	 Prove by induction that, for n ∈ +

f(n) = 12n + 2 × 5n – 1

		  is divisible by 7
(6)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(i)

n = 1:   LHS = 2(1)2 − 1
12(1 + 1)2  = 1

4 ,     RHS = 12
(1 + 1)2  = 1

4 ,   true for n = 1

Assume true for n = k:   Σ
k

r=1

2r2 − 1
r2(r + 1)2  = k2

(k + 1)2

n = k + 1:   Σ
k+1

r=1

2r2 − 1
r2(r + 1)2  = k2

(k + 1)2  + 2(k + 1)2 − 1
(k + 1)2(k + 2)2

     = k2(k + 2)2 + 2(k + 1)2 − 1
(k + 1)2(k + 2)2

     = k4 + 4k3 + 4k2 + 2k2 + 4k + 2 − 1
(k + 1)2(k + 2)2  = k4 + 4k3 + 6k2 + 4k + 1

(k + 1)2(k + 2)2

     = (k + 1)4

(k + 1)2(k + 2)2  = (k + 1)2

(k + 2)2  = (k + 1)2

((k + 1) + 1)2

This is the result with n = k + 1.
If the result is true for n = k, then it is true for n = k + 1.
As the result has been shown to be true for n = 1, the result is
true for all n ∈ ℤ+ by mathematical induction.

(ii)
n = 1:   f(1) = 12 + 2 × 50 = 12 + 2 = 14 = 2 × 7,   divisible by 7
Assume true for n = k, i.e. f(k) = 12k + 2 × 5k−1 is divisible by 7
f(k + 1) = 12k+1 + 2 × 5k

f(k + 1) − f(k) = 12k+1 + 2 × 5k − 12k − 2 × 5k−1

     = 11 × 12k + 10 × 5k−1 − 2 × 5k−1

     = 11 × 12k + 8 × 5k−1

     = 11(12k + 2 × 5k−1) − 14 × 5k−1

     = 11f(k) − 14 × 5k−1
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Question 8 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

∴  f(k + 1) = 12f(k) − 14 × 5k−1 = 12f(k) − 7(2 × 5k−1)
f(k) is divisible by 7 and 7(2 × 5k−1) is divisible by 7,
so f(k + 1) is divisible by 7.
If the result is true for n = k, then it is true for n = k + 1.
As the result has been shown to be true for n = 1, the result is
true for all n ∈ ℤ+ by mathematical induction.
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Question 8 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 8 continued
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Question 8 continued
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TOTAL FOR PAPER: 75 MARKS
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