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1. fox) = x3 — 10‘/;2_ 4 x>0
* o)
(@)
(a) Show that the equation f(x) = 0 has a root « in the interval [1.4, 1.5] g
(2) =
g
(b) Determine f'(x). a
3) =
=2
-
(c) Using x, = 1.4 as a first approximation to a, apply the Newton-Raphson procedure é
once to f(x) to calculate a second approximation to a, giving your answer to 3 decimal b
places. =
2 2
(a)
£(1.4) = —0.935673.. <0
£(1.5) = 0.598386... > 0
Sign change and f(x) is continuous on [1.4, 1.5] '
.. f(x) = 0 has a root o in the interval [1.4, 1.5] _8
Z-ig
§5%z0e 940
(b) Z-iE‘-i
&
- S
flx) = x* - ’Mx—qu =x3 = 10x3? + 4x7! ;
flx) = 3x% + I1Sx~5? — 4x72 e
SRS
Z-i;‘-i
(C) ">1
£0.9) = -0.435673...,  £(.4) = 10.307200... SR8
_ 1o _ fQ9) _ ,_ Z0.435673.. AR
X =19 = Fagy =19~ J0307200 R
x) = 1.4922638... s
x =1942 @QGdp)
S
Z
B %
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e
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2. The quadratic equation
5x*-2x+3=0

has roots o and f.
Without solving the equation,

(a) write down the value of (a + ) and the value of af

1)
(b) determine, giving each answer as a simplified fraction, the value of
(@) o+ p?
(ii) o+ p°
Q)
(¢c) determine a quadratic equation that has roots
(a+ ) and (B + o)
giving your answer in the form px” + gx + » = 0 where p, ¢ and r are integers.
C))
(a)
o+ B KR CXB S
(b))

a’? + B2 = (a + B)? - 2aP

=(‘¢‘)2 -2(%) -4 _30 __2

S, \ 28 28 28

Gi)
o+ B3 =(a+B)? - 3ap(a + B)

_ /2 o/3\/2\ _ 8 _ 90 _ %2

- (5) 3(5,)(5,) ~ 128 125~ 128
()

_ 2 2 _2 _ 26 _ _16
Sum = a + B+« +B'$ 5< 5

Product = (o + B2)(B + a?) = ap + o + p* + (ap)?

_3 _ %2 (’i‘)z_/,s-xz+%_5x
-5 2 S/ = 125 28
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Question 2 continued

= 2 _ _ 06 3% _

E: x2 = (sum)x + product =0 = x>+ Sex+ 2 =0

Sn x |128:

0 0

l-z- : 125x*> + 80x + 38 = 0

; :
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3. fz)=z'+az’ + bz +cz+d

where a, b, ¢ and d are integers. 8
=z
The complex numbers 3 + i and —1 — 2i are roots of the equation f(z) =0 3
=
(a) Write down the other roots of this equation. )
@) m
2
(b) Show all the roots of the equation f(z) = 0 on a single Argand diagram. E'
(2) &
5
(¢) Determine the values of a, b, ¢ and d. =

)

(a)

f(2) has real coefficients, so complex roots occur in conjugate pairs:
Other roots: 3 —i and -l + 2i

(b)
Im
-1, 2) )& 4
\ | G
: / 0\; Re
/ N
-, -2) X 7
J
8
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Question 3 continued
< (c)
o 2=3ri GCG-G+)D)G-B-))=G-3)P°-PFP=22-62+10
<
w 2=-1%2ii G-C1+2))G-(C1-2)) =C+1)*-0i)?
E =22 +22+1+4=22+22+§
E fGz) = G* -62+10)E> +22+5)
g =29+ 223 + 522 — 623 — 1222 — 302 + 102° + 202 + S0
5 = 2% - 62% + 322 — 102 + 50
g a=-49 b=3 c¢=-10, d=350
Q
_ _J
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Question 3 continued
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Question 3 continued
Q3
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J

11
D AR 0 AR 0 Turn over »

P 6 5 7 5 4 A 0 1 1 3 2


https://stemup.co.uk

Leave\
blank
4. (a) Use the standard results for Zrz and Zr to show that
r=1 r=1 @)
n 1 o
=
1P == 2_
;(21” 1y = 3n(n’=1) S
g
for all positive integers n. =
®) -
=2
-
(b) Hence find the exact value of the sum of the squares of the odd numbers é
between 200 and 500 e
“) E
(a)
Cr-1°%=47 - 4r+1
2 Qr-1)?=43r-43r+31
=QX%n(n+l)(2n+I)——C/Xén(n+l)+n 8
S
/ Z-i—o‘|‘-i
= gn[z(n +1DC@n+1)-6m+1)+ 3] ‘s
R
S
] S
=?n[(m2 +6n+2—-6n-6+ 3] 2
B85 9%
=
= 5 n(an as reguire :-au
>
)
0dd numbers between 200 and 500: 201, 203, ..., 499 SRS
2r — 1 =201 = r =10, 2r—1 =499 = r =250
250 250 100 RS
,;., Cr-1)? = Z Cr-1)? - Z C2r - 1)? -
z
= 5 x 25004 x 250> - 1) — 5 x 100(4 x 100° - 1) ;\:;
=20 ¥33 250 — | 333 300 :-sz
ST
=19 499 950 Z
-
A
Z-ia?ﬂ
>
) LR
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Question 4 continued
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Question 4 continued
Q4
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5. The rectangular hyperbola H has equation xy = 64

. 8 ) o

The point P(Sp, —) , where p # 0, lies on H. o

p 2

g

(a) Use calculus to show that the normal to A at P has equation s

2

3 _of o

px—py=8(p -1 =

®) z

&

The normal to H at P meets H again at the point Q. :

o

(b) Determine, in terms of p, the coordinates of O, giving your answers in simplest form. =

“)
(a)
_ d - 649

xg=64i=>g=6¢/x'=>;,%=——64x2= > ,

= N ﬂ.\(L = o9 = ! :-iu

At P, X gp. dx 64'02 pZ :‘ig
Gradient of normal my = p? oS
8 5 i
y-—- =p&-3p) -
f E
xp:  py—8=px- 38’ 3
pgx -py = gp(’ - % SRS
p’x — py = 3(p° — 1) as required E‘:

0, -

P3X2 - 64,0 = g(Pq - ’)X Sosateoats
p3X2 + 3(/ - pq)x - 66;,9 =0 :~i8‘-t

(x—8p)(PP’x + 8) =0 %
oze

2 :fs:f

x=38p(atP) or x=-—= 2
/ I

649 I —p3 E

y = =6ax(F) = -3 z
8 =

| | s

Qis (=5 -5’) 2

16
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Question 5 continued
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Question 5 continued
Q5
(Total 9 marks)
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6. @ A—lo
. (1) “lo 3

(a) Describe fully the single transformation represented by the matrix A.

The matrix B represents a rotation of 45° clockwise about the origin.

(b) Write down the matrix B, giving each element of the matrix in exact form.

2

(1)

The transformation represented by matrix A followed by the transformation

represented by matrix B is represented by the matrix C.

(¢) Determine C.

2

(i) The trapezium 7 has vertices at the points (-2, 0), (-2, k), (5, 8) and (5, 0), where £ is
a positive constant. Trapezium 7 is transformed onto the trapezium 7" by the matrix

)

Given that the area of trapezium 7" is 510 square units, calculate the exact value of k.

() (a)
Stretch, scale factor 3, parallel to the y-axis

)
8 = (i dotae) =520 1)

©

-1 5) -2 (43)

@,

Area of T = 2 (k + 8)(5 = (-2)) = Z(kc + 3)

det<_§;> =5x3-(-2)x1=17

Area of T =17 x area of T

S))

N
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blank
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Question 6 continued
17 x 4 Ck + 8) = S0
1020 60
k+38=" =
60 _o_ 49
k = 7 g 7
21
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Question 6 continued
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Question 6 continued
Q6
(Total 10 marks)
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7. The parabola C has equation y* = 4ax, where « is a positive constant.
The line / with equation 3x — 4y + 48 = 0 is a tangent to C at the point P.

(a) Show thata =9
“)

(b) Hence determine the coordinates of P.

2

Given that the point S is the focus of C and that the line / crosses the directrix of C at the
point A4,

(c) determine the exact area of triangle PSA.

(a)

“4)

-Gy + 48 =0 = x= 4T

¢ = Gax = ¢ = Qa(ﬁy;—%>

3¢* = l6ay — 192a » 3¢* - iéag +192a = 0
| is a tangent so equal roots: b* = 4ac
(16a)%> = § x 3 x 192a

2560 = 23040 = 2S6ala —19) =0

a>0 = a=9 as reguired

()
a=9 3¢ 1494y +1728 =0 = ¢* - 43y + 576 = 0
(y-24)=0 = y=24

v = quq;g—qx .y

Pis (16, 24)

()
Focus S is (4, 0), directrix is x = —9

x=-9 3(-9) -4y +48=0 = 4y=21 = y== =525

A is (-9, 5.25)

Line | meets x = 9 at B: 27 — Gy + 48 =0 = ¢y =18.75, B(4, 13.75)
SB is vertical, length 18.75; A is 18 to the left, P is 7 to the right

N
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Question 7 continued

Area PSA = % x 18.75 x I8 + é x 18.75 x (16 — 9)
= 168.75 + 65.625 = 234.37S

Area of triangle PSA = %
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Question 7 continued
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Question 7 continued
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8. (i) Prove by induction that, for n € Z*

i 2rr -1 n?
Pr+1)* (n+1)?

r=1

(©)
(i) Prove by induction that, for n € Z*
f(n)=12"+2x5""
is divisible by 7
(©)
@)
. _ 2= _ _ 1? _ _
n=1 LHS= Ty RHS T - g true for n =1
2r =1 I

Assume true for n = k' Y —r——5 = 77y

k+1 N

- : 27 =1 __ @ 20c+1)> =1
RS NI cory) Bl ) N (E ) (EF )

_ 1EGc+2)2+ 20+ 1> =1
Qe+ )20 + 2)?

K+ Gl + G + 20 + gk + 2 =1 _ k' + 4l + 6l + Gl + 1
e+ 1)%Ce + 2)? Ce +1)%C + 2)?

3

_ G +1)4 O+ Ge+)?
TG+ 1)U +2) T k+2)? T (k+1)+1)?

This is the result with n = k + |.

If the result is true for n = k, then it is true for n = k + .

As the result has been shown to be true for n = |, the result is

true for all n € 7" by mathematical induction.

Gi)

n=1 f0)=12+2x8=12+2=14=2x7 diisible by 7

Assume true for n = k, ie. fF(k) = 12% + 2 x §<' is divisible by 7

Qe +1) = 12" + 2 x sk

fle + 1) — FCk) = 12K + 2 x Sk — |2k — 2 x sk

=1l x 12K+ 10 x $' = 2 x §!

=) x 12k + 8 x §k!

= N02% + 2 x §<1) — 14 x Sk

NeGk) - 14 x sk

\

N
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Question 8 continued
o Fle+ 1) = 12FC) - 19 x S = 12FCk) - 7(2 x §<)
(k) is divisible by 7 and 7(2 x §') is divisible by 7,
so fCk + 1) is divisible by 7.
If the result is true for n = k, then it is true for n = k + .

As the result has been shown to be true for n = |, the result is

true for all n € 7% by mathematical induction.
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Question 8 continued
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Question 8 continued
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