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where «a is a constant, a # 3

(a) Determine M in terms of a.

3)
Given that M' =2M + 81 where I'is the 2 x 2 identity matrix,
(b) determine the value of a.
3)
(a) det M = (1)(-S) — 3a = =S — 3a
! =5 =a
- _ . —
M= 53 (—3 I)
) ! (’—5 —a‘) ,2('/ a‘) +g(’”‘)
-S-3a\-3 1] ~“\3 -5 \0 1
! (I-—b -—a‘) _ (4+8 za‘) ('io za‘)
-S-3a\-3 1] ~\ 6 -l0+3, \ 6 -2,
top left elements:
=S _ _c_ e _
ﬂ =10 = S ’0( S 30)
= -5=-50-30a = 30a=-4S5
= a=->
)
check (bottom right): ﬁ =-2 v
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Question 1 continued
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The matrix P represents the transformation P.

)

(a) Describe P fully as a single geometrical transformation.

Q=

The matrix Q represents the transformation Q.

|

50
0 5

|

(b) Describe Q fully as a single geometrical transformation.

The transformation R is a reflection in the line y =—x

(c) Write down the matrix representing R.

The transformation R maps the point (4, 3) to the point 4.

(d) Determine the coordinates of 4.

The transformation P followed by the transformation O maps the point B to the point A.

(e) Determine the coordinates of B.

(a) Rotation through 90° clockwise about the origin O

(eguivalently 270° anticlockwise about 0)

(b) Enlargement, scale factor S, centre the origin O

057
@ (3 73)(3) - (Z)

@ = (5850 = (57)

(5o = (5) - -
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Question 2 continued
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(1) fx)=x"+5-8"
Given that the equation f(x) =0 has a single root, a, in the interval [0, 1]

use interval bisection to determine an interval of width 0.25 that contains a.

3
(ii) g(x)=3""—3cosx
where x is in radians.

(a) Show that the equation g(x) = 0 has a root, £, in the interval [4, 5]
(2)

(b) Use linear interpolation once on the interval [4, 5] to determine an
approximation for £.
Give your answer to 4 significant figures.

(2)
() flx) = x> +5 - 8

£(0) = 4 > 0, () = -32762 < 0

£00.5) = 025 + S5 — 8%° = -175.769.. <0 = a € [0, 0.5]
£(0.25) = 0.0625 + § — 825 = -8.39184... < 0

= a € [0,025]

\

Gi)a) ¢(4) = 3% — 3cos 4 = 2.396... > 0
q(8) = 3% — 3cos § = —0.502... < 0
sign change and g(x) is continuous on [4, 5],

so there is a root B between x = G and x = S

B-4 _ S$-B
®) 2.396.. — 0.502..

- 2.3963S...
B=9+ 530635 +050226..

B~ 43827 (4 sf)

= 4.82672...
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Question 3 continued
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13
o NN OO R RO v -
P76 4609 A0 1 3 36 Turn over



https://stemup.co.uk

4: The rectangular hyperbola C has equation xy = 81 :

) 9 ) U 3

The point P(9t, —j, t#0, lieson C. ‘o

’ z

(a) Use calculus to show that the normal to C at P has equation g

y=rx+9(1-1") St

4) =

The normal to C at P meets the y-axis at the point 4. é _
B

(b) Determine the exact coordinates of 4 in terms of ¢. SR

(2) 0% - 1008

| P

Given that 7= 3 5885

¢) find the exact area of triangle OPA, where O is the origin. Soeae

(c) g g

?2) s

(a) g % Blx” = dx x? Sz

TR

at P, x =9t 5 3122 P2

gradient of normal = t*

y- 7 =r&-w

ty — 9 = t’x — 9t i

= ty=tx+ 90 - t) as reguired S

B x=0: ty=90-t) = y=-—1= S

90 =) e

A ( 0) t ) o %

o

_ L (- L) - 2

@t=5: PG 20D, gyw=27(1-+ 2 =

z

! ! 30 -

Area OPA = ? x OA X xp = 7 X ? x 3 S

s

\ ) \\/
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Question 4 continued
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Question 4 continued
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5: The complex number z, is given by 5
T .. I« g
z =r|cos— + isin— S0
=
o
"vq«',
where r is a positive constant. g
The complex number z, has modulus 5 E
Given that |z,z,|=15 g
(a) state the value of . : '
Given further that z +z, is a real number, %
(b) determine the possible complex numbers z, in the form a + bi whereaandb |
are constants.
(3) R
(c) Show z, and the possible complex numbers z, on a single Argand diagram. o
@) S
) lz]lz2] =15 = Sr=1S§ = r=3
=3 e0s TN s ian ) =38 _ 3,
(b)z,-B(c056 +/$m6) 5 5 .
let 2, =a +bi. 2 +2,real = Im(z +2,) =0
3 3
-5 +b=0 = b'E
r 3 2 q,. \
l2o] = & a® + (? ) =25 = a?-= - \
VAl
=+ NI )RR
e R —
. _ . _ U
= v 2 =V 2 S0
2, 5t or 2, 5t 5 3
2O
5 a
AR
=
X
MY
B
B
- )
18

NN LA RO o e
P 7 6 4 06 9 A 0 1 8 3 6


https://stemup.co.uk

( )
Question 5 continued
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where k is a constant.

fo)=3x"+kx—5

The equation f(x) = 0 has roots o and f.

(a) State the value of af.

Given that a + f = 9af

(b) determine the value of k.

¢) By first expanding (« + B8)° prove that
(c) By p g p

&+ = (a+ ) ~3ap(a+p)

Without solving the equation f(x) =0

(d) find a quadratic equation with integer coefficients that has roots

(" +4) and (o +57)

(1)

(2)

(2)

(6)

(c) (a +B)? = o>+ 3a°B + 3ap? + B>

= o +p3=C(a+B)? - 3a°B — 30p?

= (a + B)? — 3aB(a + B) as reguired

~

@ oa+B=-1S of=-=

3

Sum: (a® + B) + (o + B2 = (a + B) + (o + B)? — 2aP

=15 + (~1S) 2( 3) IS + 225 + 3

Product: (o? + B)(a + B2) = o® + o?B? + o + B°

= (o + B)? - 3aB(a + B) + ap + (ap)?

=(—15)3—3(-%)("5)' %’ * ('%’)7

vau s s
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Question 6 continued
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f(z) = Pz* — 362 + Q" + 192z + 68
where P and Q are real constants.
Given that 3 + 5i is a root of the equation f(z) =0

(a) write down another root of the equation f(z) =0

(1)
(b) Hence determine a quadratic factor, with real coefficients, of f(z)
(2)
(c) Determine the value of P and the value of Q.
(5)
Without using a calculator,
(d) determine the other roots of the equation f(z) =0 giving your answers in
simplest form.
(2)
(a) 3-Si
W) G-B+S))i-0B-S5))=0G-3)?- ()
=22 -62+9+25=22-62+ 34
(c) P2% — 3622 + Q2% + 1922 + 68 = (2? — 62 + 34)(a2? + bz + ¢)
=02 + (b — 60)2> + (c — 6b + 39a)2° + (34b — 6¢)2 + 34c
constant: 34c = 68 = ¢ =2
20 36b—6¢c=192 = 36b-12=192 = b=6¢
22 b-6a=-36 = 6-6a=-36 = a=17 soP-=
222 Q=c—6b+ 3% =2-36+238 = 204
P=7 Q=204
) 722 +62+2 =0
5 = =6+ H6>=4x7x2) _ =6+ /(=20) _ S5 251
2 x7 14 14
z=—% +“/—;/ and z=—%—L;/
26
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Question 7 continued
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Question 7 continued
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: (a) Using the standard summation formulae show that

2n

Z(2r2 - 1) = gn(n + 1)(an + b)

r=1

where a and b are integers to be determined.

(3)
(b) Prove by induction that, for » € N
- *(n+1)(9n -7
Zr(3r—2)2 _ (n )( ! )
4
r=1
3)
Using the results from parts (a) and (b) and showing all stages of your working,
(c) determine the value of n for which
n 2n
Szr(sr ~2) = 152(%2 -1)
r=1 r=1
(Solutions relying entirely on calculator technology are not acceptable.)
3)

2

@ zzl (2#—/)=2§r2- 5 )
=2x26—"(2n+l)(6m+l)-2n
= 2 [Con + D(an + 1) - 3]
= (3w bn-2) = L (on” + 30 - 1)

=%n(n+l)(¢m-l) a=4, b=-l

Px2x2
4

() n=1 LHS=1(3-2)>=1] RHS = =] v true forn =1
P

Assume true forn = ki 5 rQ3r - 2)* =
r=1

k+]
s 1(3r - 2)? = K&+ ’)q(‘*k =7

r=1

12Cc+ 1)k =7)
4

+ (ke + )3k + 1)?
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Question 8 continued

= XL peQc- 1) + 4ok + 6k + 1]

= L1 @ + 2002 + 29k + @)

= L Ger DG+ 2k + 2)

_ G )W+ ) +D@Uk+1)=7)

2

which is the result with n = k + .

The result is true for n = |, and if it is true for n = k then it is

also true for n = k + |. Hence, by mathematical induction, it is

true for all n € N.

() 8x L0+ "/;(‘"’” ~2 205 x L onln + DCan - D)

20’ + 1) = 7) = 20n(n + 1)(4n = 1)

n>0 2n(Cn-7)=200(a4n-1)

18n? = 16n = 80n — 20 = 180> — 9%n + 20 = 0

M —4Gm+10=0 = (@Wm-2)n-5)=0

n = % (not an integer, reject) or n =35

n=35

J
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Question 8 continued
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(Total for Question 8 is 13 marks)
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Figure 1

Figure 1 shows a sketch of a parabola C.
The point P lies on C at a distance 5 units from the focus of C.
The points Q and R lie on the directrix of C, where PQ = PR = 10 units.

Determine the exact length of OR giving the answer in simplest form.

Let M be the foot of the perpendicular from P to the directrix.

C))

By the focus-directrix property, PM = PS = §

Triangle PMQ is right-angled at M:

QM = (P — PM?) = 10 — $?) = IS = $4/3

similarly RM = $+/3, with ® and R on opposite sides of M

QR = 2 x $/3 = 1043
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Question 9 continued

(Total for Question 9 is 4 marks)

TOTAL FOR PAPER IS 75 MARKS
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