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(i) f(x)=x3+4x—6

.>/

58

(a) Show that the equation f(x) =0 has a root a in the interval [1,1.5]

X

()

(b) Taking 1.5 as a first approximation, apply the Newton Raphson process twice to
f(x) to obtain an approximate value of a. Give your answer to 3 decimal places.
Show your working clearly.

ot

SIS

(C))

0%

(ii) g(x) = 4x> + x — tanx

XX

where x is measured in radians.

HRRHKARKXK

GGG

The equation g(x) = 0 has a single root f in the interval [1.4, 1.5]

RRRRRS

| vawsHiniamumiIoNod

Use linear interpolation on the values at the end points of this interval to obtain an
approximation to f. Give your answer to 3 decimal places.

4
() ()

FO) =1+4-6=-1<0

£f0.5) = 3375 +6 — 6 = 3.37S > 0

Sign change and f(x) is continuous on [l, 1.5]

f(x) = 0 has a root o in the interval [, 1.5]

(b)

flx) = 3% + ¢

_ o fa8) o _ 3375 _
X2 = 1.8 = z75 = 1.5 — == = 1186046...

£(1.186046...) = 0.91260S.., F(.186046..) = 8.2201]3...

0.912605...

a =136 (3dp)

(i)

901.9) = 60.4)* + 1.4 — tanl.4 = 3.99216...

901.5) = 401.5)* + 1.5 — tanl.S = —3.6014/4...

B-149 _ 1S5S-8
3.4942)16 3.601419

3.601419..(B - 1.4) = 3.992116..(L.5 - B)

B = 1.9 x 5.601919... + 1.5 x 3.9921l6... _ 10.205162...
3.601419... + 3.992116 7.043536

P 6 6 0 6 0 A0 2 3 2
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Question 1 continued
B = 1.448864...

B~ 1449 (3dp)
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Question 1 continued
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2. The complex numbers z, z, and z, are given by

z,=2-1 z,=p—-1 z,=p+i

where p is a real number.

. z,z . . . .
(a) Find -22 in the form a + bi where a and b are real. Give your answer in its

V4
1
simplest form in terms of p.

Given that GESE] 245

o

(b) find the possible values of p.

(a)

(&)

(C))

225 _ (=D +1i) _p*+1 o 2 H

=

2 2 - 2-7 2+
@ +NC+) _ P +FE+1)
4 — 2 S
2002+ 1) P>+,

st !

(b)

/2223 )2 = 4(p* +1)? + ? +1)? _ @ +1)?

2 25 25 S

@+ (2/5)? = 20

\

G>+1)2=100 = p>+1=10 (p>+1>0)
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Question 2 continued
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3. The triangle T has vertices A(2,1), B(2,3) and C(0, 1). A
The triangle 7" is the image of 7 under the transformation represented by the matrix g\
o 5
S
0 1 o
P = i,:;.l—l"_\
10 5\
=
(a) Find the coordinates of the vertices of 7" \g\
(2) %\
(b) Describe fully the transformation represented by P \
(2)

The 2 x2 matrix Q represents a reflection in the x-axis and the 2 x 2 matrix R represents a
rotation through 90° anticlockwise about the origin.

(c) Write down the matrix Q and the matrix R
(2)

(d) Find the matrix RQ
(2

(e) Give a full geometrical description of the single transformation represented by the
answer to part (d).

2
(a)
Fo1\/2 20\ _[/ 1 371
(—/ 0)(1 3 /) '(—2 -2 o)
Vertices of T: (I, -2), (3,-2), (,0)
)
Rotation through 90° clockwise about the origin O
(equivalently 270° anticlockwise about (0, 0))
©
, \ , \ L=
Qz(l 0) R=(0 —l) 3
0 -l / ! 0 sf \,
@ z
B
_fo=1\f1 o\ _[o 1)
RE = (| o)(o—/)’(/o) 2

10
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Question 3 continued
Reflection in the line y = x
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Question 3 continued
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4. A rectangular hyperbola H has equation xy = 25
. 5 . .
The point P(St, ;), t # 0, is a general point on H.

(a) Show that the equation of the tangent to H at Pis t’y + x = 10t
“)

The distinct points Q and R lie on H. The tangent to H at the point Q and the tangent to
H at the point R meet at the point (15,-5).

(b) Find the coordinates of the points O and R.

@

(a)

- Y ax _ a9y _ _5
x=35t, y=5 = F =5 4 2
a dy ax _ S 1 _ 1
dx dt = dt 2 S 2
Tangent at P: -2 = Lo-sp

g N t t2

xt’ t’y - St =-x+ St

t’y + x = 10t  as required

)

Substitute (1S, =S): t*(-S) + 1S = 10t

SE2+10t-15=0 = t?+2t-3=0

E+3)E-1)=0 = t=-3 or t=1

t=-3 x=-IS, y=—5 =3

t=6L x=S§ y=9$

4

® and R are (——IS, -%) and (S, S)

Leave
blank

14

P 6 6 0 6 0 A0 1 4 3 2

S
S
SPRS

Sanss
o%

S
S
Orerates
S

S

S
SN
,<A

Poges - Jof


https://stemup.co.uk

Leave
blank

Q38

XX
K XK
SRR

XX X XK
RIS
XX

XXX

25
X5
QL

RRLRLLLS
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Question 4 continued
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5. f(x) = (9x% + d)(x* = 8x + (10d + 1))
where d is a positive constant.

(a) Find the four roots of f(x) giving your answers in terms of d.

3
Given d =4
(b) Express these four roots in the form a + ib, where a, b € R.
2
(c¢) Show these four roots on a single Argand diagram.
2
(a)
W +d=0 = x2=—% = x=:t%

8+ 64 -400d+1)) _ 8%

J(60 =404d)

x2=3x+00d+1) =0 = x-= 5

2

x =4+ /S - 10d)

Roots: x =W = I 4 IS = 10d), x =4 IS — 10d)

3 3

(b)

d =4 x=t§i and x =4 + f(-25) =4 + S

Roots: 0 + =i, 0 - =i 9 +S8i, 4g-35i
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Question 5 continued
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Question 5 continued
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6. The parabola C has Cartesian equation )* = 8x

.>/

58

The point P(2p*,4p) and the point Q(24°,4q), where p,q # 0, p # q, are points on C.
(a) Show that an equation of the normal to C at P is g\
. :~:$'\
y+px=2p +4p B
5) *“EJ'\
};:‘z;‘_\
(b) Write down an equation of the normal to C at O G 8
:\;;;;U?:i
The normal to C at P and the normal to C at O meet at the point N g
-
(c) Show that N has coordinates \/
:\\:t/‘-\
SR
(2(p* + pg + ¢* + 2),-2pq(p + 9))
)
The line ON, where O is the origin, is perpendicular to the line PO
(d) Find the value of (p + ¢q)° — 3pq
)

(a)

Gradient of normal at P = —p
y = 4p = -pix — 2p°)
y—Gp=-px+2p’

y + px = 2p® + 4p  as required

(b)
Y +gx = 2¢° + 4q

(c)

Subtract: px — gx = 2p® — 26> + 4p — 4q

p-g)x=200-g)@° +pg +¢°) + 4(p - g¢)

p # g, divide by (p — g): x =2(p?> + pg + ¢*>) + 4 = 2(p* + pg + ¢*> + 2)
y=2p°+4p —px=2p° + bp — 2p° — 2p%g — 2pg® — Gp

y = —2p%q — 2pg*> = —2pg(p + ¢)

Nis QQ? + pg + ¢*> + 2), —2pglp + g)) as required
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Question 6 continued
(d)
Gradient PQ = 222 - ZZZ = z(qq-(?p)—(f)»f PR - p
Gradient ON = Z(PZ—ip' zac'p ++qzq)+ 2 TP ;ppqa(p ++qu)+ P
Perpendicular: X — ;p pr ++azq)+ > = -
opg= (P rpg @ +2)
pP+pg+q’+2=2p5 = p’-pg+q =-2
(p+9)° —3pg =p> +2pg +¢* — 3pg = p* — pg + ¢
(p+¢)° —3pg =2
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Question 6 continued
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7. (a) Prove by induction that for n € N

ir2 = %(n +1)(2n+ 1)

)
(b) Hence show that
S ?+2) = %(a;f +bn+c)
r=1
where a, b and c are integers to be found.
“)
(¢) Using your answers to part (b), find the value of
25
Y (*+2)
r=10
(2)

(a)

I

n=1>0 LHS=1P =1 RHS %XZXB=I, so true for n = |

\

’
Assume true for n = k; Z r?

L+ Dk + 1)

k+!

n=k+l Zrz=;:(k+l)(2k+l)+(k+l)2

\\

2T fkCok + 1) + 6Ck + DT = KL (2 + 7k + 6)

\\

L+ 220k +3) = L+ D)+ D@+ D + D)

This is the result with n = k + |.

True for n = |, and if true for n = k then true for n = k + |,

therefore true for all n € N by mathematical induction.

(b)

,é('2+2)=,é’2+22=%(n+l)(2n+l)+2n

= %[(n +DCn+ 1) +12] = %(an + 30+ +12)
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Question 7 continued

=%(2n2+3n+13)
a=2, b=3 c¢=13

(o)

gﬂ(rz+2)=§(r2+2)—yé(r2+2)

\

%(ZXZ52+BXZS+13)—%(qu2+BXQ+13)

= 2> %338 — - x 202 = 5575 — 303
R = §272

o

=

R
0.!.0‘:

o
22
A

)
B
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Question 7 continued
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2n+1

8. Prove by induction that 4" + 5" s divisible by 21 for all positive integers n.

(6)

Let f(n) = 4"*% + 52!
n=1 f)=6+5=64+125=189=2]x9, sotrue forn =
Assume true for n = k, ie. f(k) = 4 + §2* s divisible by 2)
Bk + 1) — FO) = g3 4 §2k+3 _ (ghv2 4 g2kel)

= G x G2 4 2§ x S2H _ g2 _ gokrl

= 3 x G2 4 2q x §2H

= 3(4k*2 4 §2kH) 4 2] x G2+l
3fCk) + 2] x §%k+

e+ 1) = 4fCk) + 21 x §2!

fQk) is divisible by 21 and 2] x $?*! is divisible by 2,
so flk + 1) is divisible by 2].

If the result is true for n = k, then it is true for n = k + |.

\

As it is true for n = |, the result is true for all positive integers n

by mathematical induction.
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Question 8 continued

(Total 6 marks)
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