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1. Given that
1 &k
2 -1 3
A = ( J and B=| 0 -3
-2 30
2k 2
where £ is a non-zero constant,
(a) determine the matrix AB
(2)
(b) determine the value of & for which det(AB) = 0
3)
k) K2k
2 - 3 _[2+0+6k 2k+3+6
(a) (-2 3 o)( 0 '3)’(—2+o+o —2k—<?+0)
\ 7 \Jk Z/ \ 7
2+ 6k 2k + q)
AB '( -2 =2k -9,
(b) det AB = (2 + 6k)(-2k — 9) — (-2)(2k + 9) i
= —Gk — 18 — 12I% — S4k + Gk + 13 s
= 1212 - S4k |
det AB =0 = —6kQk +9) =0
k20 = k=-—
X :/
L J ;\\’
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Question 1 continued

(Total for Question 1 is 5 marks)

EEOCm

AR O R 3
Turn over »
P 7 2 4 6 4 A 0 3 3 2 urnove


https://stemup.co.uk

2. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

n n
Use the standard results for Zr and Zrz to show that for all positive integers n

| VB sHLNLM IO

r=1 r=1
i(w —5) = %(7;1 +1)(4n + B)
r=1
where 4 and B are integers to be determined.
(6)
(7r = 8)% = 4972 — 70r + 2§
ﬁ (r - 8)?* = qqé r2—70£ r+ﬁ 28
=49 x2 (0 + D@0+ 1) =70 x5 (n +1) + 25n
=2 [49C2n? + 30 + 1) = 2100 + 1) +150 ]
=% (a8n% + 1970 + 49 — 210n — 210 + 150)
=% (98n2 - 63n - 1)
== On+ D04 = 1)
so A=14 B =-]
.
4
VDO A acCa
P 7 2 4 6 4 A 0 4 3 2
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Question 2 continued

(Total for Question 2 is 6 marks)
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

f(z) = 4z° + pz? — 24z + 108

where p is a constant.
Given that —3 is a root of the equation f(z) =0
(a) determine the value of p

(2)
(b) using algebra, solve f(z) = 0 completely, giving the roots in simplest form,

“4)
(c) determine the modulus of the complex roots of f(z) =0

(2)
(d) show the roots of f(z) = 0 on a single Argand diagram.

(2)

Ga) f(-3) =0 = 4(-3)* + p(-3)*> — 24(-3) + 108 = 0
—108 + 9 +72 + 108 =0 = 9p = 72

p=-8

(b) 423 — 822 — 242 + 108 = (2 + 3)(42°> — 20z + 36)
622 =202 +36 =0 = 2°-52+9=0

S+ L25-36) SELA) S *iNl
= 2 - 2 -7

z=5+iw1 _S -l

2 0 4T

Roots: 2 = -3,

@ el =(5 ) + (L) =Z g o -y
Modulus = 3

(d) Argand diagram:

NN 0 0 O mcrm
P 7 2 4 6 4 A 0 6 3 2
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 10 marks)
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10

f(x):l—%+ 2

8xt  7x7

The equation f(x) = 0 has a single root, a, that lies in the interval [0.15, 0.25]

x>0

(a) (i) Determine f'(x)

(i) Explain why 0.25 cannot be used as an initial approximation for a in the
Newton-Raphson process.

(i11) Taking 0.15 as a first approximation to « apply the Newton-Raphson process
once to f(x) to obtain a second approximation to a
Give your answer to 3 decimal places.

(b) Use linear interpolation once on the interval [0.15, 0.25] to find another
approximation to o
Give your answer to 3 decimal places.

7
_4 s 7 2 _ap_ 1
Fl) =g x> -5 x5 x 28 X"
G)  F0.25) == I —S12-512=0

200.25)5 ~ (0.25)7

The Newton-Raphson process would require division

by £(0.25) = 0, so it cannot be used.
Giii) £00.15) = -27.332S..,, £(0.15) = 1484.137...

_ f(o‘,S) _ 0 ,S _ —27.3325...
£01s) ~— 1424.137...

= 0.168416...
a = 0168 (3dp.)

oy = 0.1S

(b) £0.15) = -27.3325.., £(0.25) = S.57I4...

a-0IS _ _025-o _ a-0IS _025-a
0 - 7(0.15) ~ #(0.25) — 0 27.3325.. _ S.57l4..

P 7 2 4 6 4 A 0 1 0 3 2
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Question 4 continued
_ 0. x 27.3325..  _
a =015 + = 573305 - 0:233067..
a=0233 (3dp)
\_ J
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Question 4 continued
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( N s

5. The quadratic equation

4x2 +3x+ k=0 sy

)
. ::o.-‘,\.
where £ is an integer, has roots a and S g
. . . =
(a) Write down, in terms of k& where appropriate, the value of o + f and the value of aff =
2 2
, (2) =
(b) Determine, in simplest form in terms of 4, the value of 12 +— e
o 4 iz
0) 2
(c) Determine a quadratic equation which has roots :
X
m
% and ﬁz >
a
giving your answer in the form px? + gx + r = 0 where p, g and r are integer S5
values in terms of k 5
3) 5
s
4

(a)a+[3=—%, op

a B _a®+B* _ (a+B)-3uBla +B)
) BZ Tz o?pZ (ap)?

_(=3/9)% - 3Qk/49)(=3/4) _ -27/64 + k/I6
- Ck/4)? - /16

_36k-27 16 _ 36k - 27
64 k2 4l

(c) Sum of roots =36k =27

=% B 14
Product of roots = 7 *o o8 "k

(B )t

Gix? — (36k — 27)x + 16k = 0

14

00 T R R acrm
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18

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The rectangular hyperbola H has equation xy = 20

The point P(zt\/g , Z\t/;} t # 0, where a is a constant, is a general point on
(a) State the value of a
(1)
(b) Show that the normal to H at the point P has equation
ty—fx—235(1-r*)=0
“4)
The points 4 and B lie on H
The point 4 has parameter f = ¢ and the point B has parameter ¢ = L , where ¢
is a constant. 2
The normal to H at 4 meets H again at B
(c) Determine the possible values of ¢
C))
(a) xg=2tq/ax2—;/a=4fa=20 = a=3§
(b)gz% = %‘xiz—%; at P, x = 2t4/5: %%=—%=—%2
Gradient of normal = _,—/Itz =t
Normal: y —% = ?(x — 2t+/S)
ty — 245 = tPx — 2t°S
ty — 2 — 245 + 245t = 0
ty — t3 — 2450 — t*) = 0 as required
(c) Normal at A (t = ¢c): cy— Sx — 24500 — ¢%) =0
Bit=-o = x=2t5=-L y=28 - g
NN Y O A0 OO
P 7 2 4 6 4 A0 1 8 3 2
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Question 6 continued

e(-bevs) - (=L ) - 2450 - ) = 0

—4c?\S + S — 245 + 24/5¢% = 0

2¢" = 3¢-2=0

Q2 +D?-2)=0 = =2 or c2=—%

?>0 = ?=2

C=42 or €= -2

J
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(1)
(0 _lj
P=
-1 0

The matrix P represents a geometrical transformation U

(a) Describe U fully as a single geometrical transformation.

(2)
The transformation V, represented by the 2 x 2 matrix Q, is a rotation through 240°
anticlockwise about the origin followed by an enlargement about (0, 0) with scale
factor 6
(b) Determine the matrix Q, giving each entry in exact numerical form.
2
Given that U followed by V is the transformation 7, which is represented by the
matrix R
(¢c) determine the matrix R
(2)
(i1) The transformation W is represented by the matrix
( 2 23 J
243 2
Show that there is a real number 4 for which W maps the point (4, 1) onto the point
(44, 4), giving the exact value of 4
6))
(1)(a) Reflection in the line y = —x
0 @=s( 2 o) =6 o)
(137
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Question 7 continued
_[-3 3)
R ’( 3 343
o -2 2,/3) ()\) _(tm) (—2)\ * 2q/3) _(qx)
@) (21/3 2J\1)7\ a) T \ 2a+2]7\ g
2N+ 243 =G\ = b\ =243 > ;\zg
2BA+2=4¢ = 2B =2 = A= f; =?
Both equations give the same value, so such a real N exists: A =g
.>‘ L J
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= R O 0 O Turm over »
P 7 2 4 6 4 A 0 2 3 3 2


https://stemup.co.uk

7

Question 7 continued

24

P 7 2 4 6 4 A 0 2 4 3 2

EEC .

oS lel
(%0 » »
SET
bo% 3%
Bogs

S

K
oS torersts
SoseTer gy’
X
QS
Boseelels
SKPTE

%&
v%;
N
2%

< X%

9%
X
XX

%% %
036%6%6%%%

XIHK

3255 %
PO & e
]

<
696%%%%

O
3RS
LXK

<
IR
RS
150

oo

)
oot totetetotetoted

0
08

o%
%%
otete e e 0%

<X
SIS
Sl
RO

S

avi.lo

5
Doct:s @ 98
%Vo":.

R
5


https://stemup.co.uk

%

a N

/
IR

o
S
3
KK
X KKK KX
KK
25!

<
K XK
RS

<L
%
X
%

&
s
osses

258
<K
X5
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. A parabola C has equation y*> = 4ax where a is a positive constant.

The point S is the focus of C

The line /; with equation y = k where £ is a positive constant, intersects C at the point P
(a) Show that

_ k? + 4a*

4a (3)

PS

The line /, passes through P and intersects the directrix of C on the x-axis.

The line /, intersects the y-axis at the point 4
(b) Show that the y coordinate of 4 is ﬂ
k* + 4a® 3)
The line /; intersects the directrix of C at the point B
Given that the areas of triangles BP4 and OSP, where O is the origin, satisfy the ratio

area BPA : area OSP = 4k2: 1

(c) determine the exact value of a

C))

2 2
T _
(a)y'k.k—fmx:x—qa, $0 P(‘m,k)

S is (a, 0) and the directrix is x = —a

PS = distance from P to the directrix (focus-directrix property)

2 2 2
pS:k__,_a:k"'—L’a

% » as required

(b) 1, passes through P and (-a, 0)

i k-0 _ k __ Gak
Gradient of |, = 1loa +a - O+ 4aDlea ~ 1+ 6a?

Gak
bt g =gz O+ @)

Gak 4a°k

AAX=0 Y=g e X = o

as required

R 0 0 R ORI mcrm
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Question 8 continued
() Bis (-a, k). Area OSP =é xaxk =07k
BP =5—: +a =% ,  height of A below |, = k — kzqufmz =2 fqaz
Area BPA =é X £ Zaqaz % -1:3402 =§’_:
e o5 = e = = 9
> l6a? =) = o =
a>0 = a =%
3 )
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(Total for Question 8 is 11 marks)
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9. Prove by induction that for all positive integers n i
oo 2 o |
n=1I LHS= Z logQ2r = 1) =log I,  RHS = log (2’2_x’l’ ) = log | _‘Z;\
. S
LHS = RHS, so the result is true for n = | E\
.';’.;E:\
) SR
Assume true for n = k: é, log(2r = 1) = log (%2,% %x
Then gi log(2r — 1) = log (%21% ) + logQ2Ck +1) = 1) :
=log (G2 ) + logCak + 1) = log (L2 2k+ 1
o () oo (i) 223
= log ( 2k x(22;<k++21))!x k! ) log _gz’k(lj—fi),
which is the result with n = k + .
So if the result is true for n = k, it is true for n = k + .
As it is true for n = |, by mathematical induction the result is
true for all positive integers n.
§
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Question 9 continued
(Total for Question 9 is 6 marks)
TOTAL FOR PAPER IS 75 MARKS
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