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L Cl4x+1 2-x
Find the range of values of x for which the determinant of the matrix M is positive.
)
det M = 3x(2 — x) — 7(4x + 1)
=6x—3x* - 28x - 7
= -3 -22x -7
det M>0 = —3x* —22x-7>0 = 3% +22x+7<0
33 +2x+7=0 = Bx+Dk+7)=0
= x=-7 or x= —%
positive x* coefficient, so the quadratic is < 0 between the roots
So=7<Xx< —é
J
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2. The complex numbers z and z, are given by

21=3+5i and 222—2+6i

(a) Show z, and z, on a single Argand diagram.

(2)
(b) Without using your calculator and showing all stages of your working,
(i) determine the value of |z, |
1)
(i1) express A in the form a + bi, where a and b are fully simplified fractions.
Z
3)
(c) Hence determine the value of argi
)
Give your answer in radians to 2 decimal places.
(2)

(a) Argand diagram:

2) in Ist guadrant, 2; (-2 + 6i) S
: oo 2 (3+5)
2, in 2nd quadrant T — X !
-2 0 3 Re

W) |2 = W32 + $2) = 34

G) 2L-3*S  —2-6i
2, 2 +6i -2 -6

=6 =18 =10i = 30 24 =28

4 + 36 40
_3 7
—Ss 0
(o) arg% = arctan ( '3/;;0 = arctan ( —é )
Re > 0, Im < 0 so 4th quadrant
arg(z)/z,) = —0.86217... = —0.36 radians
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Question 2 continued
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3. The parabola C has equation y° = 18x
The point S is the focus of C

(a) Write down the coordinates of .S

1)
The point P, with y > 0, lies on C
The shortest distance from P to the directrix of C is 9 units.
(b) Determine the exact perimeter of the triangle OPS, where O is the origin.

Give your answer in simplest form.

(C))

(a) > = 4ax, 4a =18 = a-=

s(3.0)

() directrix x = —

NI~C)

NI~C»

\

focus-directrix property: PS = distance to directrix = 9

0s

\
NI&;
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Question 3 continued
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4. The equation
x'+ A+ B+ Cx +225=0

where 4, B and C are real constants, has
* acomplex root 4 + 3i

* arepeated positive real root

(a) Write down the other complex root of this equation.

(b) Hence determine a quadratic factor of x* + Ax” + Bx” + Cx + 225

(¢) Deduce the real root of the equation.

(d) Hence determine the value of each of the constants 4, B and C

(a) 4 - 3i

0y

2

2

(&)

) (x- 0+ 3))K-0-3)) =K-9)72- (30)?

=x> =8 +16+9=x>-38x+ 2§

(¢) product of roots = 225, product of complex roots = 2§

> 225 _
(real root)? = < 9

repeated root is positive = real root = 3

@ G2 - 8x +25)(x — 3)?> = (% — 8x + 25)(x*> — 6x + 9)

=x" =63 + W% — 33 + 48°% — 72x + 25x° — I1SO0x + 228

= x7 = 163 + 82x* — 222x + 22§

A=-l4, B=2%82 (=-222
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Question 4 continued
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V3
5. P- 2
1
2

1
2
V3
2
The matrix P represents the transformation U

(a) Give a full description of U as a single geometrical transformation.

2

The transformation V, represented by the 2 x 2 matrix Q, is a reflection in the line y = —x

(b) Write down the matrix Q

(1)

The transformation U followed by the transformation V is represented by the matrix R

(c) Determine the matrix R

The transformation W is represented by the matrix 3R
The transformation W maps a triangle 7 to a triangle 7"
The transformation ' maps the triangle 7" back to the original triangle T’

(d) Determine the matrix that represents W'

2

3

(a)cose—;, s/'n9=§ = 0 = 60°

U is a rotation about O through 60° anticlockwise

@ w=_0GrR"T 3R =§ ( v ")

detGGR) = (2 )" (m)(B) = (D) = 4 x (0)

J.\|~t>
\
|
)

»\

o = L3 (M L)

)
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Question 5 continued
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The quadratic equation
A’ +5x-12=0
where A4 is a constant, has roots « and S

(a) Write down an expression in terms of 4 for

i) atp
(i) ap
(2)
The equation
43 ~5x+B=0
. 3 3
where B is a constant, has roots & — — and f — —
[
(b) Determine the value of 4
3)
(¢) Determine the value of B
3)
@@ a+p=-+
" 12
Gi) op = “x
_ _3_3. _ 30+p)
(b) sum of new roots = a + B i B oB
B —SIA S S
=% 2 Tam A4
sum of roots of 4x> — Sx + B = 0 is %
S5 _S S S
A TG T p Ty 2 A2

(c) product of new roots = (a -—%) (B '%) =aB -6 +0l.3

4

A=-2 = aB=--5 =6

product = 6 — 6 +

O\I-cs
|
\\»|w
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Question 6 continued
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Leave | /\
blank & f 58
In this question you must show all stages of your working. ;\\
Solutions relying entirely on calculator technology are not acceptable. g\
O3S % 103!
The rectangular hyperbola H has equation xy = 36 2/\
The point P(4, 9) lies on H 2)\
(a) Show, using calculus, that the normal to H at P has equation \%A\
T
4x -9y +65=0 SIS
) 52
The normal to H at P crosses H again at the point O /
SIS
(b) Determine an equation for the tangent to H at O, giving your answer in the form \/
y =mx + ¢ where m and c are rational constants.
)
= - ﬁ.l = — -2 = —i
(a) y = 36x" = o 36x =
36 9 4
at P(Q, Q).‘ mT=——7 =—Z = My = 7
normal: y — 9 = % (x-4)
9y — 8l = 4x — 16
= 4x — 9y + 65 = 0 as reguired
S 3 e (2 - ﬁ
b)y=—: 4 Q(X)+65 0
4x* + 6S5x — 324 = 0
Cax + 8D (x — 4) = 0 o
/
8l 3l 16 »ff'
x#4 = x=-5, y=36+ (-3 )=-7
3l 16
e(-%.-7)
g - __ 36 __ S8 _ 64
dx T (=81/9)° T 6561 729
16— 64 ¢ 3
tangent: y + = "7 (x + 2
__69 16 _ 16
~ 729 9 9
J ¢

»
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f(x) = 2

2
3 1

5
+ =X =
2 3x-5 2

The table below shows values of f(x) for some values of x, with values of f(x) given to
4 decimal places where appropriate.

X 1 2 3 4 5

f(x) 0.5 | —1.2601 | —0.2885 | 04508 | 0.5834

(a) Complete the table giving the values to 4 decimal places.

(2)
The equation f(x) = 0 has exactly one positive root, a.
Using the values in the completed table and explaining your reasoning,
(b) determine an interval of width one that contains a.
2
(c) Hence use interval bisection twice to obtain an interval of width 0.25 that contains a.
3
Given also that the equation f(x) = 0 has a negative root, £, in the interval [-1, —0.5]
(d) use linear interpolation once on this interval to find an approximation for .
Give your answer to 3 significant figures.
3

(a) £f(2) = -1.24901, £(4) = 0.1508 (in table)
(b) f(3) = —0.288S < 0 and £(4) = 0.1508 > 0: change of sign

and f is continuous on [3, 41 (F is not continuous on [, 2] as x = % is

an asymptote, so that sign change does not give a root)
a lies in the interval [3, 4]
(c) f(3.5) = —0.064922... < 0, f(4) >0 = a € [3.S, 4]
£(3.75) = 0.04359.. > 0, f(3.5) <0 = o € [3.5, 3.75]
@) f(-1) = -0.375, £(-0.5) = 0.57364...

B-C1) __—05-B _ B+l _-05-B

0-f(-1) ~ £f(-05) -0 0.875 ~ 0.57364...
 h e 05 X057884..

B=-05 0.57864... + 0.375

B = —0.69903.. = -0.699 (3 s.f.)
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(a) Prove by induction that, for n € N

2r3 = l112(n +1)
r=1 4

)
(b) Using the standard summation formulae, show that
. 1
N+ D)r-1)= 71+ A+ B)(n + C)

r=1

where 4, B and C are constants to be determined.

4

(c) Determine the value of n for which

3ir(r+ DH(r—1)= 17§r2
r=1 r=n (5)

!
(@) n=1 LHS = > rP=1 RHS=

so the result is true for n = |

k
Assume true for n = k: y r

k+l )

)3 r3=%k2(l<+l)2+(k+l)3

r=i

\

% e+ D203 + QU+ D] = — G+ 1D?*0AE + 4k + 4)

I
4

7 U+ D% +2)% = - G+ D2+ D) +1)?

\

which is the result with n = k + |.

If the result is true for n = k then it is true for n = k + |.

It is true for n = |, so by mathematical induction it is

true for all n € N.

n

WS G+ DG-D=5 (F-n

r=1

\

RS’ 2 _ 1
qn(n+l) 2n(n+l)

\

% nln + Dnln +1) = 2] = nn + 1) +n - 2)

I
2

N
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- % nn + D0 = D + 2)

soA=1] B=- C=2

2n 2n n=I
@Dy r=yr-357r

= £ (2n)(an + DCn + 1) = + (o = Dn(2n - 1)

% nl2(8n?> + én +1) — (2n? = 3n +1)]

\

% nClan® + 1Sn + 1) = % nCn + D0an + 1)

3 x % nln + D =Dl +2) =17 x %n(n + DU4n + 1)

n#0, -l = =Dh+2) =2 Uan+1)

x12: 9 =D + 2) = 3604n + 1)

M> + 9 — 18 = 476n + 34

M? — G67n — 52 = 0

(i +Dh-52)=0

n= —% (reject, n must be a positive integer) or n = S2

SLon =852

J
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Question 9 continued
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