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1. The point 4 (12, 12) lies on the parabola with equation y? = 12x. The point S is the focus
of this parabola. The line / passes through 4 and S.
(a) Find an equation of the line /.
3)
The line / meets the directrix of the parabola at the point B.
(b) Find the coordinates of B.
3
(a) ¢* =12x = Gax = a =3, sofocusSis (3, 0)
‘ _12-0 _12°_ 49
Gradient of | =-S—— ==~ ==
_9 0 -
I: y-0=5&-3)
I 4x—3y—-12=0
(b) Directrix: x = -3
x=-3: g=2(-3-3)=2x(-6)=-3
' 3 3
Bis (-3, -8)
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fz) =23 — 222 + 16z — 32

(a) Show that f(2) = 0
@

(b) Use algebra to solve f(z) = 0 completely.
3

(¢) Show, on a single Argand diagram, all three roots of the equation f(z) = 0
(2)
(a) f2) =22-202)>+16(2) —32=8-8+32-32=0

\

W) £f:) = G- 2)E* +16)

2Z2+16=0 = 22=-16 = 2=+

2=2, 2=4i 2=-4

x (0, 9)

0 2, 0)

x (0, -4)

~
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r=1 r=1

Zn:(Zr +5) = g[(an + by +c]

where a, b and c are integers to be found.

100
(b) Use the answer to part (a) to evaluate Z(2r + 5)?

r=0

Ca) Qr +5)? =477 + 20r + 25

(a) Use the standard results for Zr and Zrz to show that, for all positive integers 7,

©))

2

> Qr+8)P =643 rr+205 r+3y 2§

= ¢ x% nln +1D@2n + 1) + 20 X% n(n +1) + 25n

nln +1)DCn +1) +10nCn + 1) + 25n

w|\\>

=é nl 2Cn + 1DC2n + 1) +30(n +1) + 75 ]

-%[qn2+6n+2+30n+30+75.7

\

%[Qn2+36n+lo7]

=%[(2n+q)2-31+1071

=% (n +9)? +26]

a=2, b=9 c¢c=26

@) 5 Cre$? =00+ +3 (r+ )

100
3

\\

25 + [ (2Q00) + 9)? + 26 ]

=25 +% (4363) + 26) = 25 +% (43707)

\

25 + 1456900

\

1456925

~
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Question 3 continued
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Question 3 continued
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Question 3 continued
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7
fxy=2x*—— +16, x=0

x2

The equation f(x) = 0 has a single root o between x = —2 and x = —1

(a) Starting with the interval [-2, —1], use interval bisection twice to find an interval of
width 0.25 that contains a.

(€))

The equation f(x) = 0 also has a single root £ in the interval [0.6, 0.7].

34Y SHLNI LM IONOG

(b) Taking 0.65 as a first approximation to £, apply the Newton-Raphson procedure once
to f(x) to obtain a second approximation to £, giving your answer to 4 decimal places.

C))

(a) f(-2) = 2(-2)3 —(_—;)2 +16 =175 <0

#(-1) = 2(-1)? —(_—7)2 +16=7 >0

£(-1.5) = 2(~1.5)3 ’T/s)z +16 = 61383... >0

Sign change between =2 and —1.5, so -2 < a < -1.§

F(-1.75) = 2(-1.75)* ——2y7 + 16 = 2.9955.. > 0

Sign change between —2 and —1.75

i f"",': ]
BV

a lies in the interval [-2, —1.75]
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(b)) flx) =23 = x2 + 16
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f'(x) = 6x* + 19x73 = 6x° +;—Z
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£'(0.65) = 5§3.513607...
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fi _ =0.018797...
£'00.65) ~ 0.65 53.513607...

= 0.6503512...

B~ 0.6504 (4 dp.)
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5. The rectangular hyperbola H has equation xy = 16
. . 4 .
The point P, on H, has coordinates (4 D, —) where p is a non-zero constant.
P
(a) Show, using calculus, that the tangent to H at the point P has equation
x+p*y=28p
“)
Given that the tangent to /H at the point P passes through the point (7, 1)
(b) use algebra to find the coordinates of the two possible positions of P.
(C))
::E = - E.l = — -2 = ——E
(@) y=—r=1l6x" = 16x ”
= . ﬁ‘l = — 16 = —L
At P, x = Gp . Y 60 2
Tangent: y S A (x — 4p)
: PP
xp?: ply—9p=-x+4p
x +p*y = 8p  as reguired
W) 7,1 7+p0) =3p X
2 _%p+7=0 =
P P ‘=
G-Dlp-72=0 = p=1o p=7 =
Lo
sroc
f S
=] x= = =7: x= =4 SR
p=1l: x=4 y=4 p=17: x—28’,g—7 S
b
] — Gl
Pis (4,4) or (22?, > ) o
J

1
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Question 5 continued
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Question 5 continued
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6. It is given that o and f are roots of the equation
12x> = 3x+4=0
Without solving the equation,

2 2
(a) find the exact value of = + =

P @)

(b) find a quadratic equation that has roots — — £ and E — o giving your answer in
o

the form ax?> + bx + ¢ = 0, where a, b and c are integers to be found.

(6

@ a+B=-3=7, ap=1r-%

_2B+ 20 _2(a¥B) _2x1l9 _3
" B op I3 T2

B o B
2 _1 _2
T2 4 ¢
(< _ < _ -1 _ 9 _
Proa'uct—(“ B)(.B 0() o5 2 -2+ ap
—i_— i: —_ L=£
E CI+3 12 ‘i+3 3
x? = (sum)x + product = 0 = xz—%x+2?5=0

x )2 12x2 = 1Sx + 100 = 0

~
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Question 6 continued
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Question 6 continued
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-1 -3
NER

(a) Show that P? = &8I, where I is the 2 x 2 identity matrix.

P:

(&)

(b) Describe fully the transformation represented by the matrix P as a combination of two
simple geometrical transformations.

4)
(c) Find the matrix P*5, giving your answer in the form
P35 = ok -1 4
b -1
where £ is an integer and a and b are surds to be found.
(2)
! 1/‘” ! 1/3\ [=2 Zv‘\
S - -t =\ [ =
(@ P (_/3 -1 )(/3 -1 ) (-21,/3 -2)
[ =2 28\ =1 =)
=PP e s 2 )\ )
P Pl 2 Nz 1
[—2+6 2p3=253) (3% 0)
\ozoom ers |T\o g)7 BT as required o
\ v v / 5 .:}
S
(b) Enlargement, scale factor 2, centre (0, 0) 5%
followed by a rotation of 120° anticlockwise about (0, 0) %ﬁé%
S
N o L
. _ cos 120° —sin 120 s
since P =2( ", SRk
\ sin 120°  cos 120° s
$ess
ey
(0 P = B < = 0| 2 22
=23 =2 :

2

(=]
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Question 7 continued
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Question 7 continued
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8. (i) Prove by induction that, for n € Z*

(5 —8)" _ (1+4n —8n ]

(i) A sequence of positive numbers is defined by

u =8, u,=40

u. ,=8u  —12u n>1

Prove by induction that, for n € Z*

u =6"+72"

(©))

X [s=%) Frsa)=30) Y s =%)
() n=1: LHS =(\2 ~ ) RHS = )=(\2 _g)

20D 1 =4Q)

\ /

LHS = RHS, so the result is true for n = |

Assume the result is true for n = k :

/

\

=( I+ 4Cc+1) =80 +1)
\ 20 +1) ) =alc+1)
If the result is true for n = k, then it is true for n = k + .

As the result is true for n = |, it is true for all n € 7.

G) n=1: uy=6+2'=6+2=%8 v
n=2: u,=6>+22=36+4=490 v

So the result is true for n = | and n = 2

Assume u, = 6X + 2X and uy, = 64 + 21

Uz = BUir) — 120y

= 8(6* + 2¥) — 12(6% + 21)
48(6") + 16(29) - 12(6%) - 1221
= 36069 + 929

= 62(6%) + 22(2%) = k2 + k2

If the result is true for n = k and n = k + | then it is true for n = k + 2.

As the result is true for n = | and n = 2, it is true for all n € 7*.
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Question 8 continued
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Question 8 continued
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9. The complex numbers z, and z, are given by
z=-l—-1and z,=3 -4
(a) Find the argument of the complex number z, — z,. Give your answer in radians to 3
decimal places.
3
(b) Find the complex number i} in the form a + 1b, where a and b are rational numbers.
zZ
2
3)
(¢) Find the modulus of il , giving your answer as a simplified surd.
ZZ
2)
(d) Find the values of the real constants p and ¢ such that
+ig — 8z
S e T
p—1ig — 8z,
)
() 2s-2,=C-1-)D)-B-46) =-4+ 3
=4 + 3 lies in the second quadrant
o) eqm—tan' (3 )=t -
arg(z) — 2,) = T — tan ( 5 ) T — 0.649350))...
= 2.493091S... = 2.498 (3 d.p.)
2 _Sl=i 3 F 4 _=3=4i=3i= 4P
®) 2, 3-4 3+ 4 9 + 16
_=3=7i+4 _1=7
- 25 25
=
~ 25 2§
2] Yo (22 )2y A0
@ [ ]=«(35 ) () =5
—2VE _ V2
~ 25 S

@) p+ig— 82 = 3i(p — ig — 82,)

p +ig—3(-1 —i) =3ilp —ig — 33 — 4i))

p+ig+ 8+ 8 =3ilp—ig— 24+ 32i)
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Question 9 continued
p+8+(g+38)i=3pi+3g—72i -9
Real: p+8=3g-9 = p-3g=-104
Imaginary: ¢ +8 =3p—-72 = 3p—g =380
g=3p-380 = p-303p-30) =-104
-8p + 240 = -104 = p =43
g = 3043) - 80 = 49
p =143 ¢ =49

\
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Question 9 continued
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Question 9 continued

(Total 13 marks)
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