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1. The curve C has equation

y:

1 arcosh (2x) 7 <x<13
2 2

Using calculus, determine the exact length of the curve C.

Give your answer in the form p\/a , Where p and q are constants to be found.
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2. Given that
coshy=x and y<0

use the definition of coshy in terms of exponential functions to prove that

y=In{x—+/x2-1

(6)

= 2xe¥=¢e%+|

= e -2xe!+1=0

4

X Mx)P - ax ) x]) _ 2x + 4P - 4)
c ;2 ;2

= et=x+02-1)

Since y <0, e¥<l. x=coshy>1 so x+%=1) >,

so we need the negative root: e = x — 0O — 1)

ooy =Inle = AOE-1)) as required
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3. The ellipse E has equation
2 2
X_ + y_ e 1
64 36
The line | is the normal to E at the point P(8cos@, 6sind).
(@) Using calculus, show that an equation for | is
4xsinf —3ycosf = 14sin6 cos
(4)
The line | meets the x-axis at the point A and meets the y-axis at the point B.
The point M is the midpoint of AB.
(b) Determine a Cartesian equation for the locus of M as @ varies, giving your answer in
the form ax? + by? = ¢ where a, b and c are integers.
(®)
Y o en o, dy _ dyld® _ bcos ©® _ 3cos B
e CETS T TR dx/de —2sin © 4sin ©
:radi . ) _ I 4sin B
' mr 3cos 6
1 £etn0 asin 8 (v Rrne )
E’ [NV amv) E;C1)$ E) A [24 v/
3y cos © — 18sin 6 cos 6 = 9x sin © — 32sin 6 cos O
= 4x sin © — 3y cos © = 14sin B cos © as reguired
J
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Question 3 continued
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4. The matrix M is given by
-1
k 3
-2 1 k
(@) Show that detM =5k — 10
(2)
Given that k =2
(b) find M™"in terms of k.
(4)
The points O(0, 0, 0), A(4, =8, 3), B(-2, 5, —4) and C (4, —6, 8) are the vertices of a
tetrahedron T.
The transformation represented by matrix M transforms T to a tetrahedron with volume 50
(c) Determine the possible values of k.
®)
@ detm=2|2 21 o ¥ 21 pl k3
=2Bk-2)-0-Ck+6)
=6k—-4G—-—k-6=5k-10 as reguired
[3k-2 K+4 k+6)
(b) Minors: ( | 2k — 2 2 ) Cofactors:
\ 3 49 + k 6 /
[3k-2 —2—4 k+6)\ [3c-2 - 3\
| -1 k-2 -2 | AgM=(-P-4 2k-2 -4-k |
\ 3 -4 - k 6 / \ k + 6 -2 6 /
o Jam-2 o 3\
M= | P-4 2k-2 -4k
\ k + 6 -2 6 /
(c) a=0A=6/—8 +3k b=0B=-2/+S5 -4k c=0C=24 — 6 + Sk
bxc=040-249)i—- (=16 +16)j + (12 — 20)k = 16i + Qj — Bk
a.(b x c) = 406) + (-8)(0) + 3(-8) = 64 — 24 = 40
y,
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Question 4 continued
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Question 4 continued
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5. The skew lines I, and I, have equations
|, :r=(i+2j - 5k) + 2(5i +j)
and
L, :r=(2i — 4 + 4k) + 1 (8i — 2j + 3Kk)
where A and u are scalar parameters.
(a) Determine a vector that is perpendicular to both |, and I,
)
(b) Determine an equation of the plane parallel to |, that contains 1,
(i) inthe form r=a+sb +tc
1)
(ii) in the form rn=p
)
(c) Determine the shortest distance between |, and I,
Give your answer in simplest form.
(®)
ik
(@ Gi+)x@i-2/+3)=|S | 0
g -2 3
=GB-0i-0Us-0)j+ (10 -38)k=3—15 — 18k
WG r=Qi-4 +ak) +s(8i — 2j + 3k) + t(Si +j)
G) n=3i—15 18k Qi-¢4 +4k).(3i —1Sj — I18k) = 6 + 60 — 72 = -6
r.(3i — 15 — 18k) = -6
(c) Point on Ii: (I, 2, =S); point on 2 (2, -4, 4)
AB=Qi-¢4 +46k) —(G+2j—Sk) =i-6 + %k
In] = (3% + 152 +18%) = /558 = 3./62
o 1ABm| |G =65+ ).(Bi - 15 —18k)| _ |3 + 90 — 162]
o Inl V5S8 V558
69 _ 69 _ 23 _ 23462
V558 362 V62 62
y,
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(@) Prove that, for n > 5
n-1

=== —%m—nm—$h4

(b) Hence, determine the exact value of I, giving your answer in its simplest form.

J(7t/2) av |

(6)

©)
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A hyperbola H has equation

where a is a positive constant.
The eccentricity of H is e.

(@) Determine an expression for e2 in terms of a.

(1)
The line | is the directrix of H for which x > 0
The points A and A’ are the points of intersection of | with the asymptotes of H.

(b) Determine, in terms of e, the length of the line segment AA'.

3)

The point F is the focus of H for which x < 0
i . . 16
Given that the area of triangle AFA' is 5

(c) show that a is a solution of the equation

30a’ - 164a” + 375a — 4100 = 0
(4)

(d) Hence, using algebra and making your reasoning clear, show that the only possible

.20
value of a is ?

(3)
25 + a2
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Question 7 continued
a
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GO
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| S
2

[ 25 + 24°
\ 25 +a° |

!
Z-.
g

=14
10

o

2!

= 37Sa + 30a° = 164(2S + a%) = 4100 + 164a°
= 30a® — 169a° + 375a — 4100 = 0 as reguired

@a=22: 30[ 22V 16422V 4 375( 22 _ 4100 =0
3 \ 3/ \ 3/ \ 3/
so (3a — 20) is a factor:
300 — 164a® + 375a — 4100 = (3a — 20)(10a* + 12a + 20S)
10a® + 12a + 20S = 0: b? — 4ac = 12% — 4(10)(20S) = -8056 < 0
so the guadratic has no real roots, and the only real root of the cubic is
20 .
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(c) Use the substitution v/x = ~cos0 to show that

b

IR

1

1

8 /X

———dx=— | cos?6d@
_"0\/1—4x 4],

where a and b are limits to be determined.
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(d) Hence, determine the exact value of

1

"arccos (2 Jx ) dx
(4)

() dy _ -l o4 (2512) = -1 e y~112
N dx WO = Cw)?) " odx T 7 T M- ax)
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