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1. (a) Use the definition of sinh x in terms of exponentials to show that

sinh3x = 4sinh®x + 3 sinhx

()]

(b) Hence determine the exact coordinates of the points of intersection of the curve with
equation y = sinh 3x and the curve with equation y = 19sinhx, giving your answers as
simplified logarithms where necessary.

(6

(b) sinh 3x = 19sinh x = 4sinh®>x + 3sinh x = 19sinh x
Gsinh®x — 16sinh x = 0 = 4sinh x(sinh’x — ¢) = 0

sinhx =0 or sinh’ =4 = sinh x = +2

simhx =0 = x=0, y=20: point (0,0)

sinhx=2 = x=arsinh 2 =2 + 2% +1)) = In(2 + +5)
y=19x2=38

sihx ==2 = x=-n(2++5), y=19x(-2)=-3%
Points: (0, 0), (n(2 + +5), 38) and (-In(2 + +5), —38)
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2. Determine

W )32 112 2

N X" + X + (4)
(i1) ! dx

J V27 - 6x — x? @)

G) 3% +12x + 29 =302 + 4x + 8) = 3[(x + 2)? + 4]

/ I ¢ /

f dx = dx
J 32 + 12x + 24 3 (x+2) + 22

Gi) 27 —6x—x* =02+ 6x —27) = =[(x + 3)*> — 36] = 36 — (x + 3)?

/

r o = [ ! vy
J V027 -6éx—x) T VT -G+ 3)H)

~
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3 4 k
M =1 -2 k| wherekisa constant 8
I -5 5 p=
(@)
-
Given that 3 is an eigenvalue of M, 5
=
(a) find the value of k. 3%
) =
=3
(b) Hence find the other two eigenvalues of M. ;’;
3) S
>
(¢) Find a normalised eigenvector corresponding to the eigenvalue 3
3)
0 -4 k
(a) dettM -31) =1 =S k| =0
I =5 2
0+6(x2—-kxl)+k(lx(=5)-(S)x1)=0 8
42— 1) +k(0) =0 = B-Gk=0 = k=2 3
ol
=
=
3-A -4 2 S
(b) det(M - AI) = / -2 - A 2 =0 s
/ S S T
=
G-NIE2-NE =N +10]+4[(§-N -2]+2[-S+2+N =0 2
G-NW-30+4GB-N-2B-N=0 >
G-V -3A+2)=0 = G-NA-1DA-2)=0 R
Other eigenvalues: A =1 and A = 2
[3 -4 2\/x\ [x\ 3
(c)(l -2 2)(y)=3(g) = 3x—-4y+22=3x, x-2y+2z=3y =
s s \e) e z
Gy +22=0 = 2=2y x=8y—-22=8y-4y =y 'E"
/ ] \ Z~ig‘-i
Eigenvector ( | ), magnitude (I + 1° + 2%) = 6 I
3 2
\ / Z~i§‘i
| /I \ :
Normalised eigenvector: 7( / ) e
“\z] -
i
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4. I = Ix" cosxdx
(a) Show that, forn > 2

I =x"sinx+nx"" cosx —n(n— DI,

n

(C))
(b) Hence find the functions f(x) and g(x) such that
Jx“ cosxdx = f(x)sinx + g(x)cosx + ¢
where c is an arbitrary constant.
(6))

av _ du

l, = X’sin x + nx""'cos x — n(n = 1I,_,

) 1y~ [eosx de = s x B

ly = x%sin x + 4x3cos x — 4(3)1, = x%sin x + 4x3cos x — 121,

I, = x?sin x + 2x cos x — 2(1)1y = x?sin x + 2x cos x — 2sin x
4

ly = x%sin x + 4x3cos x — 12(sin x + 2x cos x — 2sin x)

= x%in x + 4x3cos x — 12x%sin x — 24x cos x + 24sin x

4 — (Y : 3

fx) = x" = 12x° + 264,  g(x) = 4x® — 24x

~N
Leave

blank

1

N

P 6 4 7 7 0 A0 1 2 3 2

VIdVY SIHLNI LM LON-Oa


https://stemup.co.uk

Leave
blank

13

Question 4 continued

Turn over »

1 3 3

P 6 4 7 7 0 A O

LSTE
4 o Sate b terels

KRR N [ <R
e B % )k R
R LS L UY oo e, BN,
G IR IR R IR TR HILRH RIS
LRLRRERLRRLRERRLRRRRLRILIRLRILK CRERLRRLRLRRLRIRRK


https://stemup.co.uk

Question 4 continued

Leave
blank

14

P 6 4 7 7 0 A 0 1 4 3 2

A
SRRIBEE %

gﬁpqgug %%

35

35

0902090209009 %% %%

<5

oo
IR
QIR

%
X8
0%

5

KRRKKRL

dotodel
25K
O Sotetetotetotetetoted

X5
Dosasesatatotototototores

oo tatetetetetetetotetotet

R R

096%%%
potototels
Patatatete!

Satatatete!
Ptetete%e!

2K

S
QS

K
55

S
o X
BaStoie 0%
LS

T

B

o%
RS
o050
KRXAKS
K-
Sl

poses ool



https://stemup.co.uk

il
e
<L
“u
ite o
s
=
w
E
=
=
Jos
i)
=
(o]
‘a

Leave\
blank
Question 4 continued
Q4
(Total 9 marks)

J

15
) 0 R O Turn over »

P 6 4 7 7 0 A 0 1 5 3 2


https://stemup.co.uk

2 2
5. The hyperbola H has equation *_ _ 2
25 4

The line / has equation y = mx + ¢, where m and ¢ are constants.
Given that / is a tangent to H,

(a) show that 25m° =4+ ¢°

(b) Hence find the equations of the tangents to H that pass through the point (1, 2).

(¢) Find the coordinates of the point of contact each of these tangents makes with H.

2
(o) ;‘25 _ Gmx : D o — 25O 4 2mex+ €)= 100

2sm? = §)x* + SOmex + 25¢% + 100 = 0

Tangent = repeated root = b*> = Yac:

(Some)? = 4Q25m* — 4)(25¢* + 100)

2500m*c? = 2500m>c? + 10000m* — 400c® — 1600

10000m* = G00c® + 1600 = 2Sm?’ =c* +4 = 25m? =G + ¢

(b) Through (U, 2): =m+c = ¢c=2-m
25m> =2 - m)? + G =m? — m + 8
24m* +am —8=0 = m*+m-2=0 = Cm-1DBm~+2) =0

C))

C))

€))

N
Leave

blank

m=L c=i or m=——£ c=i

2’ 2 3’ 3
Tangents: g=éx+% and y=—%x+§
(o) m=é,c=§: %xz+§x+%=0 = 9% + 1S0x + 625 =0
(Bx +285)? =0 = xz—%, g:é(—%>+%:_§
m=—%,c=§: 6—:x2—— 320“ 2{’00 =0 = 64> — 300+ 2500 =0
- 502 =0 = x=2, g:—%(% 22
Points of contact: <—%, —%) and <2_q5, —%)
16
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6.
1 -1 1
A=(1 1 1| a=#l 8
1 2 a §
(a) Find A" in terms of a. =
) 3
Tk
I -1 1 =
B=[1 1 1 T
1 2 4 43
=
The straight line /, is mapped onto the straight line /, by the transformation represented by =
the matrix B.
The equation of /, is
(r — (12i + 4j + 6k)) x (-6i + 2j + 3k) = 0
(b) Find a vector equation for the line /| o
“) o
(@) det A=1a-2)+1@a-1) +1(2-1) =2a-2 §
/a——2 | —a I\ /a—2 a+2 —2\ 5
Cofactors: ( a+2 a-1| -3 ) transpose: ( l=a a-1 0 ) a
\ 2 0 2/ \ ! -3 2/ S
S
 Ja-2 a+2 -2\ =
-l — U _ _ :
A= 5—(1-a a-1 0 | >
\ ! -3 2/ i
2 6 -2\
k) a=4 B'=—(-3 3 o0 | e
\I3 2 e
Point on ly: r= (2 - 6\)i+ (4 + 2\)j + (6 + 3Nk ‘g
o
2 6 —2\[1z-6x\ [ 36-6r\ z
B7r = é( -3 3 0 )( 4 + 2\ ) = é( —24 + 2G)\ o
\7 =z 2 \sramn ]\ z-an | 5
o
[ 6-a\ 5
= ( -4 + g\ ) E
2 - A v
o :
[6\ [\ 2
e r={ -4+ 4 | e
\2 A\
i

20
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7. The curve C has parametric equations

x=cosht+1t,  y=cosht—t 0<t<In3

2 2
(%) + (d_y) = 2cosh’¢
dr dr

(a) Show that

(€))

The curve C is rotated through 2z radians about the x-axis. The area of the curved surface

generated is given by S.

(b) Show that

In3
S = 2n\/§J (coshzt - tcosht)dt
0

(c) Hence find the value of S, giving your answer in the form

72

5 (a + bln3)

where a and b are constants to be determined.

o d
(o) o = sinh-t +1, o =sinh-t —1

2 2
<%> + <%%> = sinh’t + 2sinh t + | + sinh’t — 2sinh ¢t + |

= 2sinh’t + 2 = 2(] + sinh*t) = 2cosh’t

n3
) s = 27ng ds = ZT(‘[ Ceosh t — )/ 2cosh?t)dt

n3 In3
= 27‘(\[ (cosh t —t)2 cosh t dt = ZNﬁI Ccosh?t —t cosh t) dt

() fcoshzt at = f(é + écosh 2t>dt = ét + %sinh 2t

ft cosh -t dt =t sinh t — fsinhta’t=tsinht—cosht

n3

S—= 27‘(1/2[%1: + %sinh 2t — t sinh t + cosh t}

0

2

)

N
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8. The plane I, has equation
x—5y+3z=11
The plane I, has equation
Ix-2y+2z=7
The planes 11, and I, intersect in the line /.

(a) Find a vector equation for /, giving your answer in the form r = a + Ab where
a and b are constant vectors and 4 is a scalar parameter.

C))
The point P(2, 0, 3) lies on 11,
The line m, which passes through P, is parallel to /.
The point Q(3, 2, 1) lies on 11,
The line n, which passes through O, is also parallel to /.
(b) Find, in exact simplified form, the shortest distance between m and n.
C))

(a) Direction of I: nyxny =G = 8§ + 3k) x (3i = 2j + 2k)
=(10+8)i—-Q -9+ 2+ 1k =-4i + 7 + 13k
Pointonl: 2=0 = x—-Sy=1 and 3x — 2y =7
x=ll+8 = 33+1Sy—-2y=7 = y=-2, x=1
or=G0-2) + A4 + 7 + 13k)

() wm:r=2i+ 3k + N(=4i + 7] + 13k)
mr=3+2j+k+ul=4i + 7 + 13k

PR =QGBi+2j+k) —Qi+3k)=i+2 -2k

(41 + 7/ +13k) x G+ 2j — 2k) = (-1 — 26)i — (3 - 13)j + (-8 — 7k
= =40/ + § — 1Sk

[-40i + §j — 1Sk] _ (40° + §2 +15%) _ 1850

A S R G T E
_ S5 _ S1924 _ 104438
T 326 78 78

Sv48)

Shortest distance —d = 39

N
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Question 8 continued
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Question 8 continued

(Total 10 marks)
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