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1.	 	 d
d

2

2

y
x

 + 3x 
d
d
y
x

 = 2 cos x

	 (a)	 Express d
d

3y
x3

 in terms of x, 
d
d
y
x

 and d
d

2

2

y
x

(3)

	 At  x = 0 , y = 2  and  
d
d
y
x

 = 5

	 (b)	 Determine the value of  d
d

3y
x3

  at  x = 0

(1)

	 (c)	 Express y as a series in ascending powers of x, up to and including the term in x3

(3)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)  Differentiate with respect to x:

d3y
dx3  + 3

dy
dx  + 3x

d2y
dx2  = −2 sin x

d3y
dx3  = −2 sin x − 3

dy
dx  − 3x

d2y
dx2

(b)  At x = 0:   
d3y
dx3  = −2 sin 0 − 3(5) − 3(0)

d2y
dx2  = −15

(c)  At x = 0:   
d2y
dx2  = 2 cos 0 − 3(0)(5) = 2

y = y0 + x
dy
dx 0 + 

x2
2!

d2y
dx2 0 + 

x3
3!

d3y
dx3 0 + ...

y = 2 + 5x + 
2
2 x2 + 

−15
6 x3 + ...

y = 2 + 5x + x2 − 
5
2 x3 + ...
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Question 1 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q1

(Total 7 marks)

stemup.co.uk

https://stemup.co.uk


4

*P64154A0428*

Leave 
blank

	

	

2.	 (a)	 Write  3 1

1 1

r
r r r

+
− +( )( )

  in partial fractions.

(2)

	 (b)	 Hence find

3 1

1 1
2

r
r r r

r

n
�

� �
�
� ( )( )

      n  2

		  giving your answer in the form 

an bn c
n n

2

2 1

+ +
+( )

		  where a, b and c are integers to be determined.
(5)

 	 (c)	 Hence determine the exact value of

3 1

1 1
15

20

r
r r r

r

�
� �

�
� ( )( )

(2)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)  
3r + 1

r(r − 1)(r + 1)  ≡ 
A
r  + 

B
r − 1  + 

C
r + 1

3r + 1 ≡ A(r − 1)(r + 1) + Br(r + 1) + Cr(r − 1)
r = 0:  1 = −A ⇒ A = −1;   r = 1:  4 = 2B ⇒ B = 2;   r = −1:  −2 = 2C ⇒ C = −1

3r + 1
r(r − 1)(r + 1)  = −

1
r  + 

2
r − 1  − 

1
r + 1
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Question 2 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(b)  r = 2:      
2
1  − 

1
2  − 

1
3

r = 3:      
2
2  − 

1
3  − 

1
4

r = 4:      
2
3  − 

1
4  − 

1
5

r = 5:      
2
4  − 

1
5  − 

1
6

⋮

r = n − 1:  
2

n − 2  − 
1

n − 1  − 
1
n

r = n:        
2

n − 1  − 
1
n  − 

1
n + 1

Sum = 2 + 
2
2  − 

1
2  − 

1
n  − 

1
n  − 

1
n + 1

= 
5
2  − 

2
n  − 

1
n + 1

= 
5n(n + 1) − 4(n + 1) − 2n

2n(n + 1)

= 
5n2 + 5n − 4n − 4 − 2n

2n(n + 1)

Σ r=2
n 3r + 1

r(r − 1)(r + 1)  = 
5n2 − n − 4
2n(n + 1)       a = 5,  b = −1,  c = −4
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Question 2 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(c)  Σ r=15
20

 = Σ r=2
20

 − Σ r=2
14

= 
5(20)2 − 20 − 4

2(20)(21)  − 
5(14)2 − 14 − 4

2(14)(15)

= 
1976
840  − 

962
420  = 

1976 − 1924
840  = 

52
840

= 
13
210
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Question 2 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q2

(Total 9 marks)
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3.	 Use algebra to obtain the set of values of x for which

x x
x

2
3 10

2

+ +
+

 < 7 − x

(9)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

x2 + 3x + 10 = (x + 
3
2 )2 + 

31
4  > 0  for all x

Case x > −2 :     
x2 + 3x + 10

x + 2  = 7 − x

x2 + 3x + 10 = (7 − x)(x + 2) = 14 + 5x − x2

2x2 − 2x − 4 = 0  ⇒  x2 − x − 2 = 0
(x − 2)(x + 1) = 0  ⇒  x = 2 ,  x = −1

Case x < −2 :     
−(x2 + 3x + 10)

x + 2  = 7 − x

−x2 − 3x − 10 = 14 + 5x − x2

8x = −24  ⇒  x = −3

Critical values:  x = −3 ,  −2 ,  −1 ,  2
Test:  x = −4:  LHS = 7 < 11  ✓           x = −2.5:  LHS = 17.5 > 9.5  ✗

x = 0:  LHS = 5 < 7  ✓              x = 3:  LHS = 5.6 > 4  ✗

x < −3    or    −1 < x < 2
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Question 3 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q3

(Total 9 marks)
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4.	 (a)	 Express the complex number  18 3  − 18i  in the form 

r (cos θ + i sin θ)      −π < θ  π
(3)

	 (b)	 Solve the equation 

z 4 = 18 3  − 18i

		  giving your answers in the form  reiθ  where  −π < θ  π
(5)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)  r = |18√3 − 18i| = 18 (√3)2 + 12  = 18 × 2 = 36

tan θ = 
−18
18√3  = −

1
√3    (4th quadrant)  ⇒  θ = −

π
6

18√3 − 18i = 36 cos −
π
6  + i sin −

π
6

(b)  z4 = 36 cos 2kπ − 
π
6  + i sin 2kπ − 

π
6

z = 361/4 cos
12kπ − π

24  + i sin
12kπ − π

24  ,   361/4 = √6

k = 0 :     z = √6 e−πi/24

k = 1 :     z = √6 e11πi/24

k = 2 :     z = √6 e23πi/24

k = −1 :   z = √6 e−13πi/24

z = √6 e−13πi/24 ,   √6 e−πi/24 ,   √6 e11πi/24 ,   √6 e23πi/24
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

stemup.co.uk

https://stemup.co.uk


13

*P64154A01328* Turn over     

Leave 
blank

	

	

Question 4 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q4

(Total 8 marks)
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5.	 The transformation T from the z-plane to the w-plane is given by

w = 
z
z

−
+
3

2

i

i
      z ≠ −2i

	 The circle with equation   | z | = 1   in the z-plane is mapped by T onto the circle C in 
the w-plane.

	 Determine

	 (i)	 the centre of C,

	 (ii)	 the radius of C.
(7)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

w = 
z − 3i
z + 2i   ⇒  wz + 2iw = z − 3i  ⇒  z(1 − w) = 2iw + 3i

z = 
i(2w + 3)

1 − w

|z| = 1  ⇒  
|i| |2w + 3|

|1 − w|  = 1  ⇒  |2w + 3| = |1 − w|

Let w = u + iv:     |(2u + 3) + 2iv| = |(1 − u) − iv|
(2u + 3)2 + 4v2 = (1 − u)2 + v2

4u2 + 12u + 9 + 4v2 = 1 − 2u + u2 + v2

3u2 + 3v2 + 14u + 8 = 0

u2 + v2 + 
14
3 u + 

8
3  = 0

u + 
7
3 2 + v2 = 

49
9  − 

8
3  = 

25
9

(i)   Centre of C is −
7
3  , 0      (i.e. w = −

7
3 )

(ii)  Radius of C is 
5
3
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________
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Question 5 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q5

(Total 7 marks)
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6.	 Obtain the general solution of the equation 

x2 
d
d
y
x

 + (x cot x + 2) xy = 4 sin x      0 < x < π

	 Give your answer in the form  y = f (x)
(8)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

÷ x2 :     
dy
dx  + 

x cot x + 2
x y = 

4 sin x
x2

IF = e∫(cot x + 2/x) dx = eln sin x + 2 ln x = eln sin x × e2 ln x = x2 sin x

d
dx (yx2 sin x) = x2 sin x × 

4 sin x
x2  = 4 sin2x

yx2 sin x = ∫ 4 sin2x dx = ∫ 2(1 − cos 2x) dx
yx2 sin x = 2x − sin 2x + C

y = 
2x − sin 2x + C

x2 sin x
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Question 6 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________ Q6

(Total 8 marks)
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7.
A

4aO

C
R

B

Initial line

Figure 1

	 The curve C, shown in Figure 1, has polar equation

r = 2a (1 + cos θ)      0  θ  π

	 where a is a positive constant.

	 The tangent to C at the point A is parallel to the initial line.

	 (a)	 Determine the polar coordinates of A.
(6)

	 The point B on the curve has polar coordinates  ( )2 3 ,
6

 +  
πa

	 The finite region R, shown shaded in Figure 1, is bounded by the curve C and the line AB.

	 (b)	 Use calculus to determine the exact area of the shaded region R.

		  Give your answer in the form

( )2

3
4

− +a dπ e f

		  where d, e and f are integers.
(7)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)  y = r sin θ = 2a(1 + cos θ) sin θ = 2a sin θ + a sin 2θ

dy
dθ  = 2a cos θ + 2a cos 2θ = 0   (tangent parallel to initial line)

cos θ + 2cos2θ − 1 = 0  ⇒  2cos2θ + cos θ − 1 = 0

(2cos θ − 1)(cos θ + 1) = 0  ⇒  cos θ = 
1
2   (cos θ = −1 gives θ = π, at O)
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Question 7 continued

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

θ = 
π
3  ,     r = 2a 1 + 

1
2  = 3a

A is 3a , 
π
3

(b)  Area under arc AB = 
1
2 ∫π/6

π/3
 r2 dθ = 

1
2 ∫π/6

π/3
 4a2(1 + cos θ)2 dθ

= 2a2∫π/6
π/3

 (1 + 2cos θ + cos2θ) dθ

= 2a2∫π/6
π/3

1 + 2cos θ + 
1
2 (1 + cos 2θ)  dθ

= 2a2
3θ
2  + 2sin θ + 

1
4 sin 2θ π/6

π/3

= 2a2
π
2  + √3 + 

√3
8  − 

π
4  + 1 + 

√3
8

= 2a2
π
4  + √3 − 1

Area of triangle OAB = 
1
2  × 3a × (2 + √3)a × sin

π
3  − 

π
6  = 

3a2(2 + √3)
4

R = 2a2
π
4  + √3 − 1  − 

3a2(2 + √3)
4

= 
a2

4 (2π + 8√3 − 8 − 6 − 3√3)

Area of R = 
a2

4 (2π − 14 + 5√3)
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Question 7 continued
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Question 7 continued
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___________________________________________________________________________ Q7

(Total 13 marks)
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8.	 (a)	 Show that the transformation  x = eu  transforms the differential equation 

	 x2 d
d

2

2

y
x

 + 3x 
d
d
y
x
 − 8y = 4 ln x      x > 0	 (I)

		  into the differential equation

	
d

d

2

2

y
u

 + 2
d
d
y
u
 − 8y = 4u	 (II)

(6)

	 (b)	 Determine the general solution of differential equation (II), expressing y as a function 
of u.

(7)

	 (c)	 Hence obtain the general solution of differential equation (I).
(1)

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

(a)  x = eu  ⇒  
dx
du  = eu  ⇒  

du
dx  = e−u

dy
dx  = 

dy
du  × 

du
dx  = e−u

dy
du

d2y
dx2  = −e−u

du
dx

dy
du  + e−u

d2y
du2

du
dx  = e−2u

d2y
du2  − 

dy
du

Substitute into (I):

e2u × e−2u
d2y
du2  − 

dy
du  + 3eu × e−u

dy
du  − 8y = 4 ln(eu)

d2y
du2  − 

dy
du  + 3

dy
du  − 8y = 4u

d2y
du2  + 2

dy
du  − 8y = 4u     (II)  as required

(b)  Auxiliary equation:  m2 + 2m − 8 = 0  ⇒  (m + 4)(m − 2) = 0
m = −4 ,  m = 2         CF:  y = Ae−4u + Be2u
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Question 8 continued
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___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

___________________________________________________________________________

PI:  try y = au + b  ⇒  
dy
du  = a ,   

d2y
du2  = 0

0 + 2a − 8(au + b) = 4u

u:  −8a = 4  ⇒  a = −
1
2  ;      constant:  2a − 8b = 0  ⇒  b = −

1
8

y = Ae−4u + Be2u − 
1
2 u − 

1
8

(c)  u = ln x :     y = Ax−4 + Bx2 − 
1
2 ln x − 

1
8
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Question 8 continued
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Question 8 continued
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Question 8 continued
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TOTAL FOR PAPER: 75 MARKS
END

Q8

(Total 14 marks)
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