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( N ¢
1: (a) Use the definition of coshx in terms of exponentials to show that

2cosh 5xcosh x = cosh 6x + cosh4x

2

(b) Hence determine the exact values of x for which

cosh 6x + cosh4x = 8cosh x

giving your answers in terms of natural logarithms in simplest form.
“4)
(a) 2cosh Sx cosh x = 2 x (% + e)/2 x (e + €)/2
= (eéx + e‘;x + e—‘fx + e—éx)/z
= (eéx + e——éx)/z + (e‘ix + e——‘ix)/z

= cosh 6x + cosh 4x  as required 3355

| VAWYSHINIZLMMIONOG

(b) cosh 6x + cosh 4x = Scosh x = 2cosh Sx cosh x = Scosh x B
2cosh x (cosh Sx — 4) =0  (cosh x # 0 since cosh x = 1)
= cosh Sx = ¢

Sx = *arcosh 9 = +n( G + J(4*> = 1) ) = xIn( 4 + NS )
x=0/S) MCG+S) or x=-=0/S) m( 4+ S )
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Question 1 continued
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(Total for Question 1 is 6 marks)
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r N 5553

2: Determine S

() j L & o
Vax® +8x +9 g

o &

=

(i1) jarcosthdx g
o

“) =

() a®+8x+9=40+1)*+S g
G + 8x + 9) dx = [ IMC4Cx + 1)* + 8) dx = Vo [ II(x + 1) + §/4) dx g
= Y arsinh( (x + DI(S12) ) + ¢ g

= Vo arsinh( 2(x + D/S ) + ¢

(i) By parts with u = arcosh 3x , dv/dx = | :

dufdx = 3/(° - 1), v=x

[ arcosh 3x dx = x arcosh 3x — [ 3x/\(9° = 1) dx

S 3x(a = 172 dx = (3/18) x 2(9* - 1)'? = (1/3)(9x* - 1)
o [ arcosh 3x dx = x arcosh 3x — (1/3)(9* = 1)'? + ¢

\ Y g
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Question 2 continued
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1 -1 4
M=|3 a b where a and b are constants
a 1 b
Given that i + 2j + k is an eigenvector of M,
(a) determine the corresponding eigenvalue.
(2)
(b) Hence determine the value of a and the value of b.
(2)
(c) Determine
(1) the other eigenvalues of M,
3)
(i) eigenvectors which correspond to these eigenvalues.
3)
(@) MG +2j +k) =NG + 2j + k). First row: Ixl + (=1)x2 + 4x] = \
= eigenvalue A = 3
(b) Second row: 3+2a+b=2A=6 = 2a+b=23
Thirdrow. a+2 +b=AX=3 = a+b-=|
Subtracting: a =2, b=-l
@) l-A -l 4
det(M — AI) =| 3 2 - A =
2 / = — A
=U-NIC-NEI =N +1T+13¢1 =N +2]+4[3-22-N]
=U-NO-r-1D+(30=-1) +40Cr-1)
=N+ +SA-6=0 = N-2M2-SA+6=0
A-3)\+rx-2)=0 = A-3)0-D(A+2)=0
Other eigenvalues: A\ =1 and A= -2
6
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( )
- | Question 3 continued
@W0U) N=1: x—y+42=x, 3x+2y-2=y, 2x+y-2=2

= y=42, 3x+y-2=0 = 3x+32=0 = x=-2
2=1: x=-1, y=4 (check: 2(-1) + 4 — 2(1) =0 v)
=/

eigenvector for A = | :| 4

A=-2: x—-y+b2=-2x, 3x+2y-2=-2y, 2x+y-2=-22

DONOTWRITEINTHISAREA

= 3x—-y+42=0, 3x+Gy—-—2=0, 2x+y+2=0

Subtracting the first two: Sy — S2=0 = y=2; then 2x +22=0 = x = -2
2=1: x=-1, y=1 (check: 3C-1) -1 +4=0 )
-l
eigenvector for A = =2 :| |
/
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Question 3 continued
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Question 3 continued
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4: y = arsinh x + arsinh (l) x>0
X

(a) Show that

x—1

vl + x?

&le

(2)

d
(b) Hence determine the exact value of y for which ay = 0, giving your answer as a

simplified natural logarithm.

€))

| VAWYSHINIZLMMIONOD

(a) dyldx = 1L+ x2) + I+ 1/2) x (=1/x%)
dyldx = 1/ + x2) = 1/CP/+ 157 )
S+ 1/2) = ol 20 + 12 ) = x5 + 1) since x > 0

dyldx = I+ x2) = 1/Cxf() + x2) ) = (k= DICxfll + x2) ) S

b) dyldx=0 = x-1=0 = x=|

y = arsinh | + arsinh(1/1) = 2arsinh |

=2+ P +1)) =2 ) ++2) =In( O +4+2)?)
g=m(3+242)
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Question 4 continued
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(Total for Question 4 is 5 marks)
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| —

dx n=0

6 -
I =j x"(3x - 2)
1
(a) Show that, for n > 1

(3+6n)1, =4nl, | +8x6" -2
6))

(b) Use the reduction formula in part (a) to determine the exact value of

6 1
J. x*(3x—2) 2dx
1
4)
(a) By parts: u =x", dvldx = B3x — 2)7? = dufdx = nx"", v =(2/3)(3x - 2)'?

1, = [ 2/3)x"(3x — 2)"2 1° = (2/3) [} nx""'(3x — 2)' dx

=(2/3)(" x4 -1x1) = @n/3)f’ x"'Gx = 2)(3x = 2)77 dx

= (8/3) x 6" = 2/3 = (2n/3)[} (3" = 2¢7)(3x = 2)7 dx

= (8/3) x 6" - 2/3 - (2n/3)(3I, - 2I,))

1, = (8/3) x 6" — 2/3 = 2nl, + (4n/3)],,

x3: 31,=8x6"-2-énl,+ bnl,,

= (3+6n)l,=4nl,, + 8 x 6" -2

) 1y=J Gx—=2)"dx=1[(/3)Bx-2)"?]° =(2/3)() - 2/3)0) = 2

n=1: 9 =68l +48 -2=8+4 =854 = | =56

n=2: 1§l,=8+288 -2 =48 + 286 =336 = |, =3364/I§

n=3: 2l;3=121, +1728 — 2 = 12 x 334/IS + 1726 = 9966/S

I3 = 9966/10S

IS x3(3x = 2)7 dx = 15 = 3322/3S
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Question 5 continued
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Question 5 continued
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(Total for Question 5 is 9 marks)
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1 k 2
A=|5 3 -2 where £ is a constant
6 -1 4

(a) Determine the value of k£ for which A is singular.

3)
Given that A is non-singular,
(b) determine A, giving your answer in simplest form in terms of .
“4)
(a) det A =102 - 2) — k(20 +12) + 2(-S - 18)
=10 — 32k — 96 = —32k — 36
A singular = det A=0 = -32k-36=0 = k=-9/8
)
10 32 =23
Minors:| Gk + 2 -8 -l — 6k
'——Zk——é -2 3——51('
10 -32 23
Cofactors:| =Gk — 2 -8 6k + |
'——21<——6 12 3——Sk'
10 -4k -2 -2k -6
Transpose (adjugate):| —32 -8 12
| —23 6k + 1 3——51('
det A = =32k — 36 = —(32k + 36)
10 -4k — 2 —2k—6\
ATl = —1/(32k + 36)| —-32 -¥ 12 \
| —23 6k + | B—Sk_/
J
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Question 6 continued
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Question 6 continued
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(Total for Question 6 is 7 marks)
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Va

Figure 1

Figure 1 shows a sketch of the curve with equation

N
=
VAN

y = C0s2x 0

I

The curve is rotated through 2z radians about the x-axis.
(a) Show that the area of the curved surface generated is given by

T

4
S = 24 cos2x\1 + 4sin’ 2x dx

0

(2)
(b) Hence, using the substitution 2sin2x = sinh #, show that
T
S = Z(ln(a + \/Z) + a\/Z)
where a and b are integers to be determined.
(7)

(a) y = cos 2x = dyldx = =2sin 2x , (dy/dx)? = 4sin®2x
S =2m [y L + (dyldx)?) dx = 27 fon/" cos 2x /(I + (~2sin 2x)?) dx
S =2m fon/q cos 2x /(I + 4sin®2x) dx

(b) 2sin 2x = sinh © =  4cos 2x (dx/d®) = cosh © = dx = cosh 6/(4cos 2x) do
Limits: x=0=sinh®=0=06=0;, x=T1/49=sinh6=2=0=arsinh 2

S = 21 [ cos 2x /(I + sinh*8) x cosh 6/(4cos 2x) dO

= (1t/2) f;’smh % cosh © x cosh 6 do = (71/2) f:’s""h % cosh®0 do

= (rt/2) f;'s""h 2 (¥ + Yocosh 20 ) do

= (11/4) [ 0 + Yasinh 20 17" 2
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e )
Question 7 continued
(b) continued: © = arsinh 2 : sinh 8 =2, cosh ® = (I + 2%) = 5
Yosinh 20 = sinh © cosh B = 245
S = (rt/4) arsinh 2 + 245 — (0 + 0) )
arsinh 2 =n( 2 + 22 +1) ) =n( 2 ++5)
S=0/a)(n( 2+ 5) + 245 )
a=2, b=S
‘ \ J

VD 0 00O 00 i
e stemup.co.uk >
P 7 6 3 9 3 A 0 2 1 3 2 Turn over


https://stemup.co.uk

7

Question 7 continued
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Question 7 continued
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(Total for Question 7 is 9 marks)
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8: The plane /1 has equation

4 7 -3
r=| 2|+4 5|+pul 1
-1 -6 2

where 4 and y are scalar parameters.

(a) Determine (7i + 5j — 6k) x (=3i + j + 2Kk)

1)
(b) Hence show that the equation of /7, can be written in the form
r.(8i+2j+11k)=p
where p is a constant to be determined.
(2)
Given that
* the plane /7, has equation x —y +z =7
* the planes /7, and /1, intersect in the line /,
(c) determine an equation for / giving your answer in the form (r —a) x b = 0 where
a and b are constant vectors.
3)
Given also that
» the point 4 has coordinates (2, 1, 3)
» the point B has coordinates (3, 0, 2)
* the line [, passes through 4 and B
(d) determine the shortest distance between / and [,
“4)
(a) §x2 = (=6)xl 16
i+ 85— 6k) x (-3i +j+2k) =| (-6)(-3) —7x2 | =| 4
7x) = §x(-3) 22

=16/ + 4 + 22k
(b) Normal 16i + 4 + 22k = 2(8i + 2j + k) ; (4, 2, —1) lies on N,
p=C4i+2— k)8 +2+1lk) =32+4-] =25

r-(8i + 2 + k) = 2§

(c) Direction of I, = (3i + 2j + 1lk) x (i —j + k)
=Q+IDi-@-1)j+ (-8 -2k =13 +3j — 10k

NN AR LT T TROO o e
P 7 6 3 9 3 A 0 2 4 3 2
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< )
| Question 8 continued

(c) continued: x=0: 2y +1l2=25 and -y+2=7

=» y=2-7 = 22-14+12=25 = 2=3, y=-4; point (0, -4, 3)

e Cr=C=4 +3k)) x U3+ 3 —10k) =0

(d) Direction of I, = (3i + Qf + 2k) — Qi +j + 3k) =i —j — k
n=C~30+3-10k) x(G-j-k)

= (-3-10)i — (13 +10)j + (=13 — 3k = —I3} + 3j — 16k
Vector joining the lines: (=4j + 3k) — (3i + 2k) = -3i — 4 + k
d=|(=3i — 4 + k)-(-13i + 3 = 16k)| | L13% + 32 +16°)
=139 — 12 - 16] / +434

Shortest distance = 11/,/434

DONOTWRITEINTHISAREA =
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Question 8 continued
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Question 8 continued
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(Total for Question 8 is 10 marks)
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9: The hyperbola H has equation X Y =1and eccentricity e.

V113

64 49

(a) Show that e = 9

The point (8secd, 7tanf), where 0 < 0 < %, lies on H.

(b) Use calculus to show that the tangent to H at P has equation

ﬁsecﬁ - Ztan& =1
8 7

The tangent to H at P meets the y-axis at the point Q.

(c) Write down the coordinates of Q.

The normal to H at P

* has equation 8xcos@ + 7ycotd =113

* meets the y-axis at the point R

(d) Write down the coordinates of R.

(e) Hence show that the circle with OR as a diameter passes through the foci of H.

(a) b? =a%(? - 1) :
64e® = 49 + 69 = |13

e>0 = e=3/8

499 = 649(* - 1)
= e =113/64

(b) x=8sec®, y=7tan O : dx/do = 3sec 6 tan B, dy/dd = 7sec’d
dyldx = 7sec’0/(8sec © tan ©) = 7sec 8/(8tan B)
y — 7tan © = ( 7sec 8/(8tan 8) )( x — 8sec 6 )

8y tan B — Sétan’e =
’x sec B — 8y tan 6 =

7x sec © — S6sec’d
S6sec’0 — S6tan’d = S6

+S56: (x/8) sec ® — (y/7) tan 6 = |

(c) «x

\\
S

\

) x

—(y/7) tan® =1 = y=-7c0t0; Q, —7cot 6)

0: 7ycot® =113 = y=(3/7)tan0; RO, (13/7) tan 8)
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_ DONOTWRITEINTHISAREA

= DONOT WRITE IN-THIS AREA

s

N
Question 9 continued
(e) Centre = midpoint of QR = ( 0, %5( (113/7)tan © — 7cot ) )
=0, (N3/19)tan 6 — (7/2)cot B )
Radius = QR = % ( (113/7)tan 6 + 7cot © ) = (113/19)tan 6 + (7/2)cot ©
Let A = (113/19)tan © , B = (7/2)cot B : circle x> + (y — (A - B) )> = (A + B)?
y=0: X+ (A -B)=((A+B)P = x=04AB
x> =4 x (3/1)tan 6 x (7/2)cot © = 113  (tan © cot © = 1)
= x = t 13, so the circle meets the x-axis at (113, 0)
Foci of H:  (2ae, 0) = ( £8 x WN13/3 , 0 ) = (113, 0)
Hence the circle with @R as a diameter passes through both foci of H.
§ J
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Question 9 continued
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7

Question 9 continued

(Total for Question 9 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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