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1. Given that

2n +1 A B
=—+

n? (n + 1)2 n? (n + 1)2

(a) determine the value of 4 and the value of B
1)
(b) Hence show that, for n > 5

n

Z 2r+1  n*+an+b
rz(r+1)2 c(n+1)2

r=>5

where a, b and c are integers to be determined.
C))
@) 2n +1 = Aln + 1)? + Bn?

n=0: 1=4 = A=

\

n=-l: -1=B = B=-]

) <

’ 2r+ 1 _ L7l !
® 3 e =L (7 )

! !
resi @ Tw

r=n-1: S
Cn =1 »?

!

/
r=mn: — -7
. (n+1)?

All terms cancel except the first and the last:

2r +1 ! !

R ) A A )2

1 )2

W F1)?P=25 _nmFEmF =25 _n*+2n=24
25(n + 1)? 25(n + 1)? 25(n + 1)?

a=2 b=-29 ¢=25
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Question 1 continued
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Question 1 continued
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Question 1 continued

(Total for Question 1 is 5 marks)

O0mm

AR Y O 0 5
Turn over »
P 7 2 4 0 2 A 0 5 3 2 urnove


https://stemup.co.uk

r
2. (a) Use algebra to determine the set of values of x for which

9
x+3

x—-5<

(6)

(b) Hence, or otherwise, determine the set of values of x for which

2

(a)x—S<X:3 Multiply by (x + 3)? > 0 :

(x = S)(x + 3)? <a(x + 3)

(x=85)(x+3)2-9(x+3) <0

O+ 3)[0x—S)(x+3)-91<0

x+3)%-2x-15-9) <0

(x +3)0% —2x — 29) <0

x+3)x-6)x+49) <0

Critical values: x =-49, x=-3, x=6

Cubic with positive x* coefficient is negative for

XxX<—9 or -3<x<6b

(b) For x > =3, |x + 3] = x + 3 so solutions as in (a): -3 <x <6

A

(1

Forx <=3, x—5<0 ana’m

> 0 so it is always true

x<6, x#-3
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Question 2 continued

(Total for Question 2 is 8 marks)
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3. The transformation 7 from the z-plane to the w-plane is given by

z # -4

z+ 41

The circle with equation |z| = 3 is mapped by T onto the circle C
Determine
(i) a Cartesian equation of C

(ii) the centre and radius of C

G) wiz+4) =2 = wz+4w-=2

®)

aiw
| —w

200 -w) =4w = 2=

lol =3 = //q—iw [-3

w

laiw] = 3]l —=w] = 4lw] = 3]l —w/

letw=u +iv:

KX
RIS

16Cw? + v?) = 90l — u)? + v?)

S

166 + 16v2 = 90l = 2u + v® + v?)

g
S
o Te%
S XS

.

5w )000
SR

Sl

platorar st

16u° + 16V2 = 9@ — |18u + 9? + Q2

S eig%es
bosevateles
0% a-aled
X

W+ W+ 18u —9=20

C: WP+ +18u—-9=0

Gi) v? + v? +&u—%=0
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 8 marks)
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4. (a) Determine the general solution of the differential equation
d
4 —3ytan x = e* sec’ x
dx
giving your answer in the form y = f(x)
)
(b) Determine the particular solution for which y=4 at x=0
(2)
(a) |F = e/ —3tanxdx = g3lncosx = plncos = ne3y
d .
cossxz,% — 3y sin x cos?’x = e* sec®x cos’x = e
d 3 4x
— (y cos’x) = e
y cos®x = [ e™ dx
3000
i e
y cos’x =—e™ + ¢ G
g o:{
_( 1 3
y=(7ge"tc)secx
7] N S
(b)y—‘f,x—o. CI—(Z'PC)X’ = C—T S
b
S S
,‘ < |
y =7 (e™ +15) sec®s B
g %
RRXX
1%
G
3:3
S
3:3
S
& ég:::
G
83
SRS
5)0‘0
>
\_ J
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 7 marks)
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5. Given that

¢y (v )2
—+2[—| -2y=0 >0
y &2 ( & y Y
3 2
(a) determine 4y in terms of &y , d and y
dx? dx?  dx
)
Given that y =2 and Y _ 1 at x=0
dx
(b) determine a series solution for y in ascending powers of x, up to and including the
term in x*, giving each coefficient in its simplest form.
C))

(dividing by y)

Ly _,_ 2 7dy
(a) 5% =2 y(dx

i’z-iz'z(zz P_2, ,dy oy
d " ¢* dx \dx y dx dx?
13 P ) 3 ’ ) 12
9y _< (% _199 &
dx® Jz(dx) y dx d
(b)x=0,g'2,%§f—l: %:2—ix12=[
ﬂzi 3 _49 _r_,__3
o Tg Xy xlxl=g-22-5
g=2+lxx+%x2+%x3+m
= L1 s
Y=2+x+5x -7+

J
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 8 marks)
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B
O » Initial line
Figure 1
The curve shown in Figure 1 has polar equation
r=4a(l+ cosb) 0<l<r

where a is a positive constant.

The tangent to the curve at the point A4 is parallel to the initial line.

(a) Show that the polar coordinates of 4 are (6(1, %)
(6)

T
The point B lies on the curve such that angle 40B = 3

The finite region R, shown shaded in Figure 1, is bounded by the line 4B and the curve.

(b) Use calculus to determine the area of the shaded region R, giving your answer in the

form a? (mr + pﬁ + q), where n, p and ¢ are integers.
(7)

(a) rsin® =4a sin © + 4a sin © cos © = 4a sin © + 2a sin 26

d(rsine)
de

Tangent parallel to initial line: Ga cos © + 4a cos 26 = 0

= Ga cos © + Ga cos 26

c0sO +2¢cos’0—-1=0 = 2cos’0+cosO-1=0
(2 cos®-1D(cosO+1) =0

cos 8 =é (cos © = =1 gives © = T, not in range) = © =%

r=4ia(l+cos%)=é;ax%=60 soAis(éa,%)

R 0 KR AR AR ormm
P 7 2 4 0 2 A 0 2 0 3 2
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Question 6 continued

) /3
(b) Area under curve =é J' b 16a%() + cos 6)? d®

/3

\

Za? r b (I + 2 cos © + cos’0) do

\\

'rr/2 N
2a’ f b (I + 2 cos © +é ( + cos 26))a’9

/3

\

3a2[§ 0+ 2sinbd +% sin20]

\

8‘0[(2+

5+ )-(5+1+2)]

\

S’az(%+ B 1) =2ma + 830 -

OA = 6a, 0B = cm(/ +cos%)= ba + 2+/3a

Triangle OAB =

— x 6a x (4a + 2+/3a) x sm— 6a° + 3+/3a°

Area R = 210’ + 81/302 - 3a° — (6a° + 31/302)

Area R = a’Qmt + §3 - 19)

J

O0mm

P 7 2 4 0 2 A 0 2 1 3 2
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 13 marks)
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r

7. (a) Show that the transformation y =xv transforms the equation

2y 6dy 6
Ty 0D, O 5, 2 xz0

& xdr ¥
into the equation
2
E TSI S (I1)
dx2
(6)
(b) Hence obtain the general solution of the differential equation (I), giving your answer

in the form y = f(x)

(6)

- dg _ av
(@y=xw = =V X

aC d Tax TXaE T 2a T X ae

Substitute into (1):

3(2%+x%)—% (v+x%)+%+3xv=x2

+x (x#0): 3% +3v=x (1) as required

) 302 +3=0 = N=-] = A=*1

CF. v=~Acos x+ B sinx

) ).

av

Pl: try v =kx + 1, W=k, dx2=0
3x0+30x+1)=x
=1, 31=0 = k=-, =0

. !
v=Acosx+Bsmx+?x

g=xv=x(Acosx+Bsinx+éx)

. !
Axcosx+Bxsmx+§x2

<
\

J
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Question 7 continued
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Question 7 continued

(Total for Question 7 is 12 marks)
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( ) &%

8. (a) Use de Moivre's theorem to show that

sin50 = 16sin’ @ — 20sin*@ + 5sind

oN 0

C))

1

(b) Hence determine the five distinct solutions of the equation

1y

i3

1
16x° —20x3+ 5x + g =0

IV SIHLN

XXXAKX

giving your answers to 3 decimal places.

5) :

(c) Use the identity given in part (a) to show that

K
SRRHKERKHKRKK

J-4(4sin5(9 — 5sin’ 0 — 6sin0)d0 = a\/z +b

0

/. /// /// 000 0 0 006
< RKERR KRR IKIKRKIRR KR
XOKKAKAKXK A XX XX <

where a and b are rational numbers to be determined. :

(4)

(a) cos 56 + i sin S8 = (cos © + i sin 8)° (de Moivre) 0
let c = cos B, s=sinbo: S

(c +is)® = ¢ + ScUs) + 10c3(Cis)? + 10c%(is)? + Sc(is)? + (is)*

5%

= ¢S + Sicts — 1063s% = 10ic?s® + Ses? + isS :‘,7 :

Eguating imaginary parts: s
sin §8 = Scfs — 10¢%s> + s°
=50 - $°)*s = 10() = s2)s* + §°
SU - 2s% + s)s — 10s® + 10s° + s° 83
= Ss — 10s® + §s* = 105> + Is®

sin $8 = 16 sin®*0 — 20 sin®0 + S sin B  as required

\

\.\;

5
ol

(b) 16x5 — 2053 + Sx +§ =0 o 16 — 203 + Sx = -%

':",/ic

o

e

Let x = sin 6 : sin $6 = ——%
S0 = —11.537..°, —168.463..°, 191.537..°, 348.463..°, —371.537..°
0 = -2.3074..°, —33.6926...°, 38.3074..°, 69.6926..°, —74.3074..°
x = sin 8 = -0.040260..., —0.554737.., 0.6198%0...,

0.937844..., —-0.962727...

x = —0.963, —0.555, —0.040, 0.620, 0.933

oot setoneotesasoseatosetotesesosetoseseser

IR

R
,"\y’-_ ' ",j"\.,v TN
X :/}\;/,7\,})\2'\,;//'\14;?\,8;\,

O
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Question 8 continued
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Question 8 continued
(Total for Question 8 is 14 marks)
TOTAL FOR PAPER IS 75 MARKS
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