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1. (a) Using the definitions of hyperbolic functions in terms of exponentials, show that
1 — tanhx = sech’x
3)

(b) Solve the equation

2sech’x + 3tanhx =3

giving your answer as an exact logarithm.
3)
(a) LHS = | — tanh’x
/ X — ¥ \2
Ve |
(ex + e—-x)Z _ (ex _ e-x)z
(ex + e-—x)Z
(e +2+e2) = (-2 +e%)
(ex + e—x)z
9 (2 2
(ex + e—x)Z \ex + e /

| — tanh®x = sech®x  as reguired

(b)) 2Q - tanh®x) + 3tanh x = 3
2 — 2tanh®x + 3tanh x = 3
2tanh®x — 3tanh x + 1 = 0

Qtanh x = 1)(tanh x = 1) = 0

x = artanh il L.’;';/ [+ 0.5 L.’Vf 3
2 27\1-05] 2
x = Iny/3
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A curve has equation
y=19 — x? 0<x<3

3
(a) Using calculus, show that the length of the curve is %r

The curve is rotated through 27 radians about the x-axis.

(b) Using calculus, find the exact area of the surface generated.

—X

(C))

(&)

9 — 2)12 w (_2y) =
U 4 T X/

V(9 - x°)
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31 p
3. M=| 1 1 2| wherep is areal constant
-1 p 2
(a) Find the exact values of p for which M has no inverse.
“4)
Given that M does have an inverse,
(b) find M ' in terms of p-
)

(a) det M = 3(1x2 = 2p) — I1(Ix2 — 2x(=1)) + p(Ixp — Ix(-1))
32 -2p) - 1(4) +plp + 1)
=6-6p-G+pP+p=p>—Sp+2

\

No inverse when det M = 0: p> —Sp+2 =10

S+ f25-3) S+ a7 S —7
P 2 =P 2 or-p 2

(b) Matrix of minors:
[2-2p 4 p+1)\
(2-—p2 6+p 3p+l)
\2-p 6-p 2 |
Matrix of cofactors:
[2-2p -4  p+1 \
(p2—2 6+p —Bp—l)
\2-p p-6 2
Transpose (adjugate) and divide by det M:
L 2= p-2 2-p)
D2—50+2( ¢ 6+p p—é)
N L B Ry

M =
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4. (1) f(x) =xarccosx -1<x<1
Find the exact value of £'(0.5).
3)
(i1) g(x) = arctan(er)
Show that
g"(x) = ksech(2x) tanh(2x)
where k is a constant to be found.
Q)
_ =/ _ X
| - | — x
£(0.5) = arccos 0.5 0.5 ul 0.5
i ) S = 0.5%) 3 W0.75
_ T | 7 V3 T — 43
3 V3 3 3
/’1";) n'/x) - I 262)( P 2e2x
/g X/ ,_,_(ezx)z ,_,_e(fx
-2 il xy -
e + e cosh(2x

q'(x) = —sech(2x)tanh(2x) x 2
9'(x) = —2sech(2x)tanh(2x), so k = -2
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5. I = jsec"xdx n=>0

(a) Prove that for n > 2

(n—1)[ =tanxsec’ “x+(n—2)[ ,

(6)
(b) Hence, showing each step of your working, find the exact value of
z
4 6
sec’ xdx
0
C))
— n — n-2 2
n
_ n-2 v _ 2 du _ n-3 _
> dx dx ’
) —_ nnrn-zv +ni1n v r /l/l 2 )t‘f\l‘n-z\l J-nu\z\/ A\
ly, <>CC A LUr;r A J A\ &/ oCC A LUr UA
— n-2 n—-2 2
— n-2 n n-2

l, = tan x sec"%>x — (n = 2)1, + (0 = 2)1,-,
l, + (n = 2)1,, = tan x sec"*x + (n = 2)1,-,

(= DI, = tan x sec"?x + (n = 2)1,-, as required

/4
— n T — T —
n q ) C,
/4 /4
,Z-J; secz"dX'[tanx] =)—0=1
0
/4
- 0. _ 2 _ 2 _
0
_ 4
g9 3
/4
_ - 4 - 4 4
0 3
Tl =4 ’6 = 28 — ] 28
ol -3 3 e 1S
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Question 5 continued
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6. The line / has equation
r=i+j+k+A31+3k)
and the line /, has equation
r=2i+sj+ui-2j+k)

where s is a constant and 4 and u are scalar parameters.
Given that /, and /, both lie in a common plane /7,

(a) show that an equation for /7, is 3x +y —z =3
(b) find the value of s.

The plane 7, has equation r.(i +j — 2k) =3

(c) Find an equation for the line of intersection of /7, and /7,

(d) Find the acute angle between 17, and 1, giving your answer in degrees to

3 significant figures.

@ n=G0G+3)x0-2+k

(C))

(O))

(C))

(C))

ik

n=|1 0 3|=0+6)i-0-3)j+2-0k

I -2

\

n==6+2—2k oruse3i+j -k

a, 0,0 onl 300 +10) - 10) =3

Mg 3x+y—2=3 as reguired

) (2, 0) liesonN: 32) +s-0=3 = s=-3

(c) Direction of line = (3i +j — k) x (i +j — 2k)

ik
=3 ) | =C2+Di-C6+1)j+B-Dk
)

= =i+ & + 2k so direction | — S — 2k

My x+y—22=3. Lletx =0

y-2=3and y-22=3 = 2=0, y=3, point (0, 3,0)

r=3+AG - S - 2k)

Leave
blank

HXHXAKKK

R RRRRRRRRS,
Yayuy:
SRS ote

XX % XX

%

X
5
:
S
55
3
S
35

g

20

P 6 0 7 0 5 A0 2 0 3 2


https://stemup.co.uk

oY
J
ot

RS
:b"
5

XX

R
XXX
\\.Q

5
KK
-

X
5
RS
o%
KD

QIR
Qg%%?g%?
.

RIS
0.0%
5553

S
B
XX

%

XX

OO
538
b3l
Yoo
0’\
SR

KK

XX X
gif

K

X
X
o

OO
Patototetetetotototese
LI
LERLOCF
KRRRZISK,
SRR

%
+%%
1]
QL

I
LIRS
fppﬁguyw
34

SR80
$RRRKS

0
%
P
1
< o
SIRRLLKS

O 000000,
0SRKKEKK,
(Pe0 R 0G0 00
KNOYT AN
OF:W
RRRRKKS:

R

OO
XK
ﬁﬂﬁz
N
SRR
SRR,

o

o %
A0
SRR,

OO
ootetetetotete%
DO0L0 2 Y
fa%etode! 3
Patesos
S0RRRI
SRR,

(00
258

&&ﬂ’

oS ootetetete!

SRR

LB

RIIES
% %&&
KL
P00

X X
XX
!

XL

<5
%55

fotoses
1%6%%%

GRS

SRR
0058
%6%e%

0%
X

RS

ootes

o%!

,ﬁﬁﬁf
AN
QR

Question 6 continued
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@ Gi+j-k)G+j-2k)=3+1+2=6

6 6 V6

SO = T T T DT T+ A

8 =42.392.° = 42.4° (3sf)
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7. Using calculus, find the exact values of

- [ 1
@ X2 —4x+5
3)
3
(i) J —“x22_3 dx
N
(5)

G) *»-49x+S5S=K-2)?+1

r J dx = [ arctan(x —2) I
\J (x—2)°+1 I. b J/
= arctan 0 — arctan(=1) =0 (7 _ 7

\ 4/ 4
,Y . o du X dv I
R VGG - 3)° dx X2’ %
rV(XZ-B) 3 V(x? = 3) r! X

2 \ Av
Tdx T E-3) 7

A — 3) f ’ dx S — 3) arcosh/ x ) +c
X J VO3 - 3) X \v3/
Pae-3 [ =3 x|\
Jﬁ X X \ V3 /va
_[_6
3
= arcochi/2 V6 _ Inlt3—+-+/2) V6
urcoovin/=2 3 Wwiwv=2> 1T &/ 3
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8. The hyperbola H has equation

43’ -y’ =4
(a) Write down the equations of the asymptotes of H.
1)
(b) Find the coordinates of the foci of H.
(2)
The point P(secd, 2tand) lies on H.
(c) Using calculus, show that the equation of the tangent to H at the point P is
ytanf =2xsecf — 2
4)

The point V(—1, 0) and the point (1, 0) both lie on H.
The point Q(sec, —2tan 0) also lies on H.

Given that P, O, V and W are distinct points on H and that the lines VP and WQ intersect
at the point S,

(d) show that, as @ varies, S lies on an ellipse with equation

2 2
X
—2+ =1

Q
%[

where a and b are integers to be found.

)

2 2
(a) XT - % =1 a=1 b=2 Asymptotes: y =2x and y = —2x

W) b =a%C*-1): g=1*-1) = e=S
Foci (zae, 0): (S, 0) and (-5, 0)

dy _ 4x _ G4sec® _ 2secB

(c) 3’x-2g£ll=0 =

dx dx ~ y ~ 2tan® ~ tan®
_ 2secd ,
y—2tand = 5 (x — secB)

y tan® — 2tan’0 = 2x sec® — 2sec’®
y tand = 2x sec® — 2(sec’d — tan’6)

sec’® —tan’0 = | = ytand = 2x sec® — 2 as required

.o, 2tan® - 0 _ 2tand
(d) VP: gradient = 63T YT o] (x+1)
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Question 8 continued
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