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1. (a) Express in partial fractions.

2
r

B 3)
(b) Hence find, in terms of n,
27
r(r* =1)
r=2
Give your answer in the form
n + An+ B
Cn(n+1)
where A, B and C are constants to be found.
3)
(a)
2 _ A B c
G-DG+D -1 7 T

2=ArCr+1) +BOC-DU+1)+Cr(r=1)

r=1 2=24 = A=
y=0 2=-B =» B=-2
r=-I: 2=2C = C=1
) iy B
(b)
ey =5 - )
ea 1ozt
r=3 é—%+%
r=4: é—%+%
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Question 1 continued
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r=m —_— =+ —
n—1 n n+ 1

Adding, most terms cancel:

n

< 43 o+ r_Z 0 _ 1 _ 1 T
2ar-p ! Tttty ot > .t
n

! /1 ! I
207 =D ’?(7‘7*_n+/>

nn+1) =2 +1)+2n

88 anln + 1)
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o FEn -2

S ~ an(n + 1)

\:’f;" A=1 B=-2 (=94
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Question 1 continued
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2. The transformation 7 from the z-plane, where z = x +iy, to the w-plane, where w = u + 1v,

is given by 55
SRELEK,
5 /’
z+2 ) i 5
w = - Z#1 o 2
— bosel 20
z—1 s

X

i

st

The transformation 7 maps the circle |z‘ = 2 in the z-plane onto a circle C in the w-plane.

NI 3

Find (i) the centre of C,

St

(i1) the radius of C.

iy

/?%-i
2°C
;//\’

®

o
a4
S

%
<y
\/
e

O
QR

wi-9D)=2+2 = wza-2=2+iw = 2(w-1) =2 +iw

.
2 + 1w
2 = —
w—1
l2| =2 » =250 =2 = 2+ iw] = 2w - 1]

w=u+ivv [2+iu-vl=2lu-1+iv
C-v?+u?=9[(u-1)?+ V]
4 — v+ V2 +u’ = 4 — Bu + 4 + 4

3 +3vV2 —8u+ 4v=20

w+vi-Su+—ov=20

/ g\ / 2\? _ 16 4 _ 20
-2) +(v+s) =2+ L =22

(“ 3,) (" 3,) 7 "9 "9

\

X 14 2 ; _ 4 2.
() Centre of C is (?, 3) ie. w=— —Zi

v 1

n A\

(i) Radius of C = V(z_qu) - 26
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3. The curve C, with pole O, has polar equation

r=14+cosf, 0<0 <

(SN

At the point 4 on C, the tangent to C is parallel to the initial line.

(a) Find the polar coordinates of 4.

(C))

(b) Find the finite area enclosed by the initial line, the line O4 and the curve C, giving

your answer in the form arx + b3, where a and b are rational constants to be found.

(a)

()

y =rsin® = (I + cos8)sin® = sind + ésinZG

dy
o c0sO + cos20

Tangent parallel to initial line: %.(GL =0

cosO + 2¢c0s’0 =1 =0 = (2cos0 — 1)(cos® +1) =0

cosO = é (cosH

\\

-1 gives © = T, outside the range)

_ T — -2
6—3, r—l+2 5

. 3
A s (3, ?)
(b)
] 71/3 | Jt/3
Area = > r’de = > (l + cosB)? do
) 71/3
== [, U+ 2cos6 + cos’8) db
] 77/3, ] \
=51, (I + 2c0sH + 7(c0526 + l)) /3]
| 77/3, 3 ] \
==, (? + 2c0s6 + 3c0329> de
) , 3 ] ~7/3
- 7(79 + 25in@ + --sin26|
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Question 3 continued
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4. Given that

d? d
ydxf 4( 2

2
Y1 43y-0
de Y

(a) show that
dy _ §(d_y) _ ﬁ(d_y)
d’  y* dx y \dx

Given also that y = 8 and % =latx=0

(©))

(b) find a series solution for y in ascending powers of x, up to and including the term in
X3, simplifying the coefficients where possible.

4)
(a) B
S
Py _ 4 (dy\ g s
ax> ~ ?( dx) - _
e b
&
3 3 / 2 o
Ly (), 3 () dy =
dx y° \ dxy y \dx/ dx

\
N

LR ) PR
3(,) 3 2

Py 28 ys 290y o7 g 4l
o 64(,) 5’(,) 16 3 16

4 \ g \

g = g0+ x(2L)s + S-(55)s + S (25)o + ..

_ S ¥ _a X
y=8+x-5 X5 -5 X

‘ XY
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Question 4 continued
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5. Use algebra to find the set of values of x for which

207 +x -3 >3(1-x)

[Solutions based entirely on graphical or numerical methods are not acceptable.]

Critical values:

)

When 2x2 + x — 3 2 0:

24 +x-3=3(-x) = 2> +4x-6=20

¥ +2x-3=0 = x+3)K-1)=0 = x=-3 x=1

\

When 2x2 + x — 3 < 0:

-0x* +x-3)=3(1-x) = -2x* = x+ 3 =3 - 3x

2% = 2x=0 = 2x(x-1) =0 = x=0, x =1

Critical values: x = =3, 0, |

Check regions:

x =-4: [|25] = 25 > 1S true

x=-: |-2] =2 > 6 false

x =058 [|-2] =2 >S5 true

x=10 0>0 false x=2: 7] =7>-3 tre

x<=3 o 0O0<x<l| or x>
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Question 5 continued
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Question 5 continued
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6. (a) Find the general solution of the differential equation

2
G N
A dx

(b) Find the particular solution of this differential equation for which y = 1 and

d—y:OWheanO
dx

(a)

®

(6

m>* —ém+38=0 = m-2)m-4) =0 > m=2, 4

CF: y = Ae*™ + Be™

Pli gy =M +x+v, <L =2x+p, o4 =2\

2N — 60N + ) + 8O + pux + v) = 2x° + x

X SN=2 = A=+

X =RAN+8u=] = -3+8u=1 = p:%

const: 2\ —6bu+38v =0 = %—3+8\)=0 = \)=%
g=Ae2"+Be""+%xz+éx+%

e = K - i :l
x=0, y=1 |=A+B+ = A+B=—

E.,‘L: 2x 4x L L
o 2Ae“* + GBe +2x-rr2

x=0 X =0 0=24+6B+L = 2A+4B=—F

Ix 2 2
- _1 =I5

24+4B-20A+B) = — -1 - 23=0

S R
B=—g, A= *t% =3
1> a_ B o 1 2, I N
Y=-3 e tgX Xt
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(a) Use de Moivre’s theorem to show that

4tanf — 4tan’ 6
1—6tan’é + tan* 0

tan40 =

(b) Use the identity given in part (a) to find the 2 positive roots of
X236 —-2x+1=0

giving your answers to 3 significant figures.

(a)

()

(&)

By de Moivre: (cos® + i sinB)? = cos4® + i sin4O

Let ¢ = cosH, s = sinb:

(c +is)? = ¢ + 4c3(s) + 6¢%(is)? + 4c(is)? + (is)?

= ¢ + Gic3s — 6c%s% — Gics® + $°

Real parts: cos40 = cos’® — 6cos’0 sin’0 + sin“®

Imaginary parts: sin40 = 4cos>8 sin® — 4cosO sin>0

Sin4®  _ 4cos>0 sin® — 4cosO sin’
c0s46 c0s'0 — 6c0s’0 sin’0 + sinO

tan4go =

Gtan® — Gtan>0
— 6tan’0 + tan‘0

Divide top and bottom by cos“®: tan4® = ,

as reguired

(b)
X+ 223 -6 —2x+1=0 = X' —éx* + 1 =2x -2
2x = 2x° =)
| — 6x* +x7 "

_ o Gtan® = Gtan’® _ _ T _
Let x = tan®: & X g~ = | = —tandd = |

tan40 = 2 = 46 = 110714.., 1.10714.. + T, ..

0.276787..., 1.06218S... (for tan® > 0)

D
I

x = tan(0.276737...) = 0.284074... = 0.234

x = tan(1.06218S...) = 1.793604... = 1.79

Positive roots: x = 0.284, x = 1.79
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8. (a) Show that the substitution v = y? transforms the differential equation

% + 6xy = 3xe” Y’ x>0 (D

into the differential equation

dv 2
— —12vx = —6x¢” >0 11
™ 12 X X (1)

(©))
(b) Hence find the general solution of the differential equation (I), giving your answer in

the form y? = f(x).
(6)

dy _dy  dv _ g dv

dx dv dx 2 dx

Sub into (1): —fzﬂ% + bxy = 3xe*y?

Divide by —fzﬁ % - 12xy™% = —6xe”

2 )
.
.

% — 12vx = =6xe*  (ll) as required

(b)

Integrating factor = e/71% & = ¢7¢¢

d - . . S
E(Ve 6)(2) = "6Xexz X e o = "'6xe o pasesetess!

2 N
= ) ) I.e‘ = 7 SKAX)
Y (3/5)eX + ce* Y 3¢ + ke®* B
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Question 8 continued

(Total 11 marks)

Leave
blank

Q8

TOTAL FOR PAPER: 75 MARKS

END

32

P 6 0 7 0 4 A 0 3 2 3 2

pssd
SRS
P
BB
ot et

(== %

S
SRIR
Doroatite%s
0’0‘?7‘ o5

¢
R
X
:.4 18
R

oS
2930508
Boo%
KKK
S

X
8K
”:’:’
ootels
%02
RRS

0%

S
20
o2

s
0%
Sotodels

O

%e%%
%
%
XS
%%

<

%5

5
3K

$RXS

&

<
SRR
%ol
Stotode
RIS,
odeteodetodes

6
%%
ode%0e!
202eted
3555,

oo
o

X
X
3558
23008l
odesote?
R

..
%
o
%%
090
355

¢
0%l
o

¥
%

%

%
¢
LN
000K

%5
SRR
L85
BRES


https://stemup.co.uk

