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1.

Answer ALL questions. Write your answers in the spaces provided.

A hyperbola H has equation
X’y . .
pEr 1 where a is a positive constant

The foci of H are at the points with coordinates (6, 0) and (-6, 0)
Find

(a) the exact value of the constant a,

3)
(b) the equations of the directrices of H.
3)
(a) ae=6 and b>=a%C*-1) = a°Ce®>-1) =19
a’e®> —a’° =9
36 -a°=29
a’ =27
a =427 = 33
V4 A y) 14 g
= — = —_— = = N 2 _ = —_ = = —
(b) e = p 33 W (check: e ! 3 ! 57 v)
; < s  a—— 9
Directrices: x = * - -2 33 x -5 =5

~
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2. (a) Starting from the definitions of sinhx and coshx in terms of exponentials, prove that

(i) cosh2x=2cosh’x—1 8

=

(i1) sinh2x = 2sinhxcoshx 91

@) 2

=

(b) Solve the equation e

2

cosh2x — 7coshx = -7 3

(7]

giving your answers as exact logarithms. :’g

&) T

/ex + e—x)z
(a)() RHS = 2cosh*x — 1 = 2 x = 5 -1
_—7/n2x-l—2 aaaaaa ZX) —n2+2+ez

- 4 - = 2 - ,

2x 2 2x 2 :

_ e +e - e* +e 5

= 3 +1-1= 5 g
= cosh 2x = LHS .. cosh 2x = 2cosh’x — | O
=

=

X — p=X X + X E
(i) RHS = 2sinh x cosh x = 2 x — 2" X — '2° 2
g

=
_2(e - &) _ 02X — o2 ;

2 2 o
= sinh 2x = LHS .. sinh 2x = 2sinh x cosh x >
) cosh 2x = 7coshx =-7
2cosh®*x = | = 7cosh x +7 = 0
2cosh®>x — 7coshx +6 =0
(2cosh x — 3)(cosh x —2) =0 8
et
3 SO

coshx=7 or coshx =2 =
s
oo 3 g ] m
cosh x = = =>x—-n(?+1/(?—l))—-n(7+7) 5

=
coshx=2 = x=+*InQ2 +W4-1)) =+ In(2 + 3) S

A
et

3+ 45 3 +45 X

x = In( 5 ), x = -In( 5 ), x=WQ2 +3), x=-In(2 + +3) i

_ J
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Figure 1

Figure 1 shows part of the curve C with equation

X
=3cosh| =
g (3)

The point P and the point Q lie on the curve. The point P has x coordinate —3a and the

point O has x coordinate 3a.

(a) Find the length of the arc PQ, giving your answer as a multiple of sinha.

Given that the length of the arc PQ is 12

(6))

(b) show that the x coordinate of Q is 3ln( p+ \/5 ), where p and ¢ are integers to be

found,

(c) show that the y coordinate of Q is s where 7 and s are integers to be found.

= X dy
(@) y-= 3cosh(3 ) = p

s = i; S+ (%%)2) dx = fg; S+ sinhz(%)) dx

= sinh(%)

2

2

N
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Question 4 continued
30 5 3
= j_ga cosh(%) dx = [35/';010(%) 1,
= 3(sinh a = sinh(=a)) = 3(sinh a + sinh a)
Arc length PQ = 6sinh a
b)) ésinha =12 = sinha=2
a =arsinh 2 = In(2 + 2% +1)) = In(2 + S)
xg = 3a = 3In(2 + 5) p=2,4=295)
(c) yq = 3cosh a = 3/ + sinh*a)
=3/ + 22) = 345
y coordinate of @ is 3+/S (r=3s=25)
J

13
I
AR AR TLTRNIRRIRN s con  um over »
P 5 6 4 8 0 A0 1 3 3 2


https://stemup.co.uk

Question 4 continued

Leave
blank

14

RO RARDIRRINN oo
P 5 6 4 8 0 A0 1 4 3 2



https://stemup.co.uk

Leave
blank

Question 4 continued

'DO NOT WRITE IN THIS AREA

LB
<
202058
S
020!
R85
KK
seess
&0

3%
o
55

555

SRS

Sotodedoteteds
e
S

3858
S
&

|
AREA:
3

Q4

(Total 9 marks)

15

stemup.co.uk Turn over »


https://stemup.co.uk

5. The plane /7 has equation

4 1 2
r=|2+40|+u|1
1 2 3

where 4 and u are scalar parameters.

(a) Find a vector perpendicular to /7
2

The line / passes through the point 4 with coordinates (2, —4, 0) and meets /7 at the
point with coordinates (3, 2, —1).

The acute angle between the plane /7 and the line / is a.

(b) Find a, giving your answer to the nearest degree.

“)
(¢) Find the perpendicular distance from 4 to 17
“)
I 3
(n) 0 = 1‘.!—7’/))//71’4—1‘.!.2’/)-— ) 0 2
4/ L4 A\ L =24V 4 (&7 L J T N/ 7 v &
2 | 3
=i(0-2) -j(3-4) +k(l -0)
n=-=2i+j+k

G+6 —k)(-2i+j+k)=-2+6-1=3

3 3 3
O +36+ D x4 +1+1)  BEx6 257 = 0.19867...

11.454...°
= 11° (nearest degree)

sin o =

\

Q
|

& N r(=2i+j+k) =4+ 2 +k)(2i +] + k)
r(-2i+j+k)=-8+2+1=-§
Ar Qi-4g)(-2i+j+k)=-4-4+0=-38

-2 — (-S)]) 3 %
—©° AR | \Ad

A= 07+ +7 -~ 6 - 2

N
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Question 5 continued
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ST Perpendicular distance from A to N = 5
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6.

The matrix M is given by

3
M=|1
4

S DO
W N =

(a) (1) Show that 5 is an eigenvalue of M.

(i) Find the other two eigenvalues of M.

(©))

(b) Find an eigenvector corresponding to the eigenvalue 5

(&)

The transformation represented by the matrix M maps the straight line /, onto the straight
line /
2

The equation of / is (r—a)xb =0 where a=2i+j—-3k and b=i+2j-k

(c) Find an equation for the line 7, giving your answer in the form (r —¢) xd =0 where
¢ and d are constant vectors.

)]
-2 0 !
C)() dettM =S =1 -3 2| ==-2((-3)(-2) —0) -0+ 1(0 - (-3)(4))
4 0 -2

® |

==12+12 =0, soS isan eigenvalue of M

3-A 0 !
! 2 -2
4 0 3-A

G-NVC-NVB-N-42-N=0
Q-NMNIGB-NMN*-4]=0

N8N +I7A-10=0
A-2)A-5)OA-1) =0

Other eigenvalues: A =1 and A =2

(i) det(M = AI) =

X+2y+22=8y = x+64x =3y = 3y = Sx

Gx + 32 = 52 = 2 = 2x

N
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blank
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Question 6 continued

Let x = 3: —eigenvector /f}\

\¢/

(c) |, passes through (2, 1, =3) with direction i + 2j — k

AT S A TN A

\o 0 3/\-2) \s+0-4/ \)

/3 0 /\//\ /3+o—/\ /2\

| 2 2 2\ =) +qg-2)=1|3

\o 0 3/\7] \avo-3/ \I]

I, passes through (3, =2, —1) with direction 2i + 3} + k

by r-Gi-2j-k)xQi+3+k=0

J

~
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I = Jcosh”x dx n>0
(o)
(a) Show that, for n > 2 g
o
nl =sinhx cosh"'x+(n—-1)1 | g
o
(6) z
T
(b) Hence find 2
-
X
J'cosh“x dx :
@) m
() 1, = f cosh’x dx = f cosh x cosh”"'x dx
u=cosh'x = u = (n—1)cosh"x sinh x; V' = cosh x = v =sinhx
l, = sinh x cosh"'x — f (n = 1)cosh"?x sinh’x dx
= sinh x cosh"'x = (n = 1) f cosh"?x (cosh®x — 1) dx
= sinh x cosh"'x = (n = 1) f cosh"x dx + (n = 1) f cosh"2x dx :
)
l, = sinh x cosh"'x = (n = DI, + (v = DI,_» el
ot
l, + (n = DI, = sinh x cosh™'x + (n = 1)I,_, =
nl, = sinh x cosh"'x + (n = NI, as reguired g
00T S
m
(b) n =4 al, = sinh x cosh® + 31, 5
n=2 21, =sinh x cosh x + I, ly = fl dx = x é
S
I o
I2—3sm X €0S x+?x >
3 PO B
41, = sinh x cosh’x + 5 sinh x cosh x + 5 X
. ) 3 3 e
j cosh dx = - sinh x cosh’x + 3 sinh x cosh x + 5 Xte
S
SR
=
S
5
=
«n
o
Hio
B
J
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8. An ellipse has equation

2 2
x_2+2’_2:1 a>0,b>0

N

The line / has equation y =mx + ¢ where m < 0 and ¢ > 0
Given that / is a tangent to the ellipse,

(a) show that ¢?>=b*+ a’m?

(C))

The tangent / meets the positive x-axis at the point 4 and the positive y-axis at the point B.
The origin is O.

Given that m varies,

(b) show that the minimum area of triangle OAB is ab.

N
Leave

blank

@)
x° Cmx—+-¢)?
(a) 7 + T =
b’? + a?>(m?<® + 2mex + ¢?) = a?b?
b? + a’m?)x® + 2a’°mex + a®*(c? = b?) =0
| is a tangent = repeated root = discriminant = 0
(2a’°mc)? — 4b? + a’°m?)a’(c? - b?) =0
Ga°m?c?® = 4a°(b? + a’°m?)(c? - b?)
a’m?c? = b%c? — b7 + a’m?c? — a?m3b?
0 = b*(c? - b? — a’m?), b #0
2 = b® +a’m*  as required
b)) y=0 = x=-—, x=0 = y=c
Ais(—%,O), B is (0, ¢) (—%>Oasm<0,c>0)
! ¢ e b2+ a’m?
AreaA—7 x(—W)xc-— e
e
A=-— 7 m - - 7 m
T B —
dm 2m? 2 0 = m'= a®
b
me<0 = m=—-—
a
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Question 8 continued

d2A b?
iz = o >0 sincem <0, so this gives a minimum
Mi b’ + a’(b*/a?) 2’ b
in area = — = =a
2(=b/a) 2b/a

Minimum area of triangle OAB is ab

B o
b
<L
S
%
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; :
e
%
S
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Question 8 continued
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