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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Solve the equation
2sinh?x + 3 coshx =7

Give your answers as simplified natural logarithms.
(6)

2sinh®x + 3cosh x = 7

2(cosh®x — 1) + 3cosh x = 7

2cosh®x + 3cosh x — 9 =0

(2cosh x — 3)(cosh x + 3) =0

cosh x = 3/2 (cosh x = =3 s rejected since cosh x = 1)

x = *arcosh(3/2) = *In( 3/2 + /94 - 1) )

x = *n( 3/2 ++5/2 ) = xIn( (3 + 5)/2 )

(B +5)12) = 2/(3+5)) =n( 203 - )/G-5)) =In( (3-5)/2)

ox=m(B+)2) or x=W( (3-45)/2)
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Question 1 continued

(Total for Question 1 is 6 marks)
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2. The hyperbola H has equation

kx’ —y*=9
where K is a positive constant.

Given that the point (6, 0) is a focus of H

(@) determine the value of k.

(b) Hence determine an equation of the corresponding directrix of H

(a) x*/Ca/k) - y*/9

\

= a2 =9k, b=

(4)

(2)

\

Focus (6, 0) = ae = 6

b? = a’(e? = 1) = a%e? — a?

9=36-a°> = a°>=27

9k =27 = k=1/3

(b) a=+27=3y3, e=6la=06/(3v3) =2/\3

directrix x = afe = 3,3 + (2/3) = 9/2

Eguation of directrix. x = 9/2
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Question 2 continued

(Total for Question 2 is 6 marks)
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4 )
3. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(i) Determine
5 L dx
4x° +12x + 25
(4)
(if) Show that
9
1
L X%+ 4x 17 d=ne
where a is an integer to be determined.
(6)
G) ax® +12x + 25 = (2x + 3)? + 16
J1/(ax? + 12x + 2S) dx = [ 1/((2x + 3)? + 4?) dx
let u=2x+3 du=2dx: =% [/ + 4%) du =Y x Yy arctan(u/4) + c
= (/8) arctan( 2x + 3)/4 ) + ¢
G) x> +a4x—17=K+2)-4-17=(+2)*-2]
L UNGE + Gx = 17) dx = [ I/ (x + 2)? = 21) dx = arcosh( (x + 2)/,2] )
I 1GE + 4x = 17) dx = [ arcosh( (x + 2)/v21 ) 1]
= arcosh(1/\21) — arcosh(5/+21)
= InC 21+ 21721 = 1) ) = In( S/R21 + 2521 = 1) )
= nC A1 + 100)/221 ) = In( (S + +4)/421 )
= nC 21121 ) = n( 721 ) = In( 2117 )
=ln3, so a=3
. J
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 10 marks)
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In this question you must show all stages of your working. S8
Solutions relying entirely on calculator technology are not acceptable. LK

oo 7 %5
0 95 % Nes
2 005%s oa%s

XIS

Q’Q@%

4— a 195 ® 1%

4
M=1|0

XXX
20
pase—2)es

3 Peogaradste

2

- O
where a is a constant. RS

Seavadely
1 X X

Given that | 2| is an eigenvector of M, SR

3 S
(@) determine the corresponding eigenvalue for this eigenvector. SIS

QOREKS
(2) HHHRR

(b) Hence show that a = 4 S5

pleteletede!

(2) K

- [950,9:0:%
Determine i

(c) the other two eigenvalues of M, S

QLY
QNG
(3) preseer i

(d) a normalised eigenvector for each eigenvalue of M. G

(5)

(e) Hence determine a matrix P and a diagonal matrix D such that s
P'MP =D

(2) S|

G |g 0 2 | 4+0+6 )\ 10 )

\
040\
|

!
2 ={0+2+Sa\= E+3a | =A|2 K
|3 |2+ 24 +20] |22 + 2a | |3 S

|2 a 20/3
Top row: 10 = A x| = eigenvalue \ =10 SIS

(b) Second row: 8+3a=20=20 = 3a=12 = a=4¢ Q-

(check third row: 22 + 2(4) = 30 = 3\ v ) Hence a = 4 e

) |4-n 0 2

0 4-A 4 = (4 - NG -NCQ0/3-N - 16] +2[0 - 2(4 - N] S

%
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Question 4 continued

d A=2/3: U0/3)x+22=0, (0/3)y+42=0, 2x+ 4y + 6z =10

\

= 2=-(5/3)x, y=-(6/S)2=2x. x=3:y=6, 2=-S

(check: 2(3) + 4(6) + 6(=S) =0 v )

3|

eigenvector| 6 \ , Ivl = 9 + 36 + 25) = /70

A=64: Ox+22=0, 0y+42=0, 2x+ 49+ (8/3)2 =10

= 2=0, x=-24. =-l: x=2

\
<

—
l

WG + 1 +0) =5

Y
\
eigenvector ——I) ,

A =10 : eigenvector (I, 2,3), [v] = + 4+ 9) =14

Normalised eigenvectors:

/N4 2/VS 3/:70

>
\
<

-

A=10:|2/V4 =I/vS A=2/3:| 6/170

| 3/V14 | 0 | —S/V70 |

IIVG  2/vS  3//70 [10 0 o

P=|2ma —itus 60|, p=l0 4 o0

340 =S/y70, o o 213,

.

.
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 14 marks)
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Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of the curve C defined by the parametric equations

3
x = (2t +3)2 y:%t2+3t+6 —%<z<3

(@) Show that
4_ —_
dt dt
where a is an integer to be determined.

Hence, using algebraic integration, determine

(b) the exact length of C,

(c) the exact area of the surface generated when C is rotated through 360° about the
X-axis, giving your answer in the form kz where k is a rational number.

(a) dx/dt = (3/2)(2t + 3)"? x 2 = 3(2t + 3)'? | dy/dt = 3t + 3

(4)

3)

(4)

(dx/dt)? + (dy/dt)? = 92t + 3) + (3t + 3)?

=18t + 27 + 92 + 18t + 9

=9t2 + 36t + 36 = 9(t* + 4t + §)

=90t + 2)? so a=29
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W) s=/2,, ot +2))dt=[>,3¢+2)dt (t+2>0)
=3[t/2 +2t]°,,

392 +6) - (98 -3) ]
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610 12, ( (BI2)E3 + 62 + 12t + 12 ) dt

6 [ (B/8)t% + 283 + 6t + 12t 1°,,

3. 243/ + 54 + S4 + 36 = 1395/3

—3/2 ¢ 243/128 — 27/4 + 27/2 — 18 = —1197/128
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 11 marks)
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6.

The plane I7 has equation

where 1 and u are scalar parameters.

(a) Determine a vector perpendicular to 77

The line | passes through the point A(1, 7, 3) and meets /7 at the point B(-1, 5, 2)

The acute angle between /7 and | is a

(b) Determine the value of « to the nearest degree.

(c) Determine the exact shortest distance from A to 77

(a) 2\ |3 [0x3 — 7x(-2)\ |14

(2)

(4)

(4)

n=_0 X{—Z ={ 7x3 — 2x3 \={IS

\ 3 \Zx(-Z) - OXB/ \-q

(b) 1\ -

| ]2
direction of | : 7\ - S\ ={2
3/ \2) |

cos B = (19x2 + 15x2 — 4x1)/( 142

+15% + 6%) x (22 + 2° +17) )

=

S4/(437 x 1) = 18//437 = B = 30.56..°

\

90° — B = 59.93..°

o4
04

\

59° (nearest degree)

(c) Plane: r(14, 15, -4) = (-1 S, 2)-(14, 1S, -4) = =14 + 7S — 8 = 53

distance = |1Gx] + 15x7 — 4x3 — §3| [ +/437

\

1107 — $3] / /437

\

54/+437
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Question 6 continued

20

P 7 5 6 0 2 A 0 2 0 2 8

|l

PMT!

LSRR
S
CRRKS

09%8S
[909696%%
IR

IR
De%e%e

AR
SR5IK
[909696%%
D Setatetes

KRS
258

SR
50K

[909696%%

DoSetatetets

y 9%
U
SIS
SRBRL


https://stemup.co.uk

<
%

SRS

X
5%
s

%o
SRR
9
&5

CRERKRAL

ool

096202000 2626 % %%

X

%

%%
kB Y SRR
CRORLXSS

%
ptetetele!

Yosegetetetesss

%
K RIRRKRK AKX AN

%

25

< KA

5 SRS

A REIRIEE,
CXELRS

A SRRRHALS

R
S
ED
f
)

B

Q5

9
R
A

9%
58

SRS

SRR

'
258

X
(RS
0‘0‘0'0‘0
odedslodel
255

%
BRI

' K&
UGS
LRLRIRRKRIRLRKRRS

35S

I Etstie
25
&
oo

<
ot
2%

!

%
S
KEETESS
SR

2
AN NN X
POl euzetoeboleteratetel
JIRRIKESS K

0%
X XA]
KRR
PISNNgosel
RRRKL

o
5

X

£ RIIERIIIHKIIA
oS X QSRR
O AT Ra oo to RS tato oo e e g S REEY
LS K \
KL

28

LRI
BB

00 KRRN

LKL
SRS

SR

%
XA

7

Question 6 continued

(Total for Question 6 is 10 marks)
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e ™
7. The ellipse E has equation
x2 2
—+ ;—2 =1 a>b>0
The point P(a cosé, b sind) lies on E where 0 <6 <%
(@) Use calculus to show that an equation of the normal to E at P is
by = ax tan6 + (b’ — a°) sin@
(4)
The normal to E at P meets E again on the y-axis at the point B.
2
Given that O is the origin and that the area of triangle OBP is %
. 1
(b) show that sin@ = 5
(5)
(c) determine, in terms of a only, the exact coordinates of the point P.
3)
(o) x=0acosB, y=bsin®: dx/dd =-asin®, dyldo =b cos B
dyldx = (b cos 8)/(-a sin B) = gradient of normal = (a sin 8)/(b cos 6)
y—bsin® =(Casin6)/bcosb))(x—acosB)
by cos 8 — b? sin © cos B = ax sin B — a® sin B cos O
+cosB: by—b’>sin® =axtan 6 —a’sin 0
by = ax tan © + (b* — a®) sin ©
(b) B is on the y-axis and on E, below 0, so B is (0, —b)
x=0,y=-b: -b*>=0W>-4%) sino a)
Area OBP = Y5 x 0B x (x-coordinate of P) = Y5 x b x a cos © = 3b%/4
= 2aco0s0=3b = b=_Qa/3)cos® = b®>=_(43°/9) cos’0
Sub into (1):  —(4a*/9) cos®0 = ( (4a°/9) cos*® — a° ) sin ©
x 9/a®> :  —G¢c0s’*0 = (4cos’® — 9) sin O
4(1 - sin’*6) = (9 - 40 — sin®*0) ) sin © = (S + 4sin’6) sin O
4sin®0 + 4sin®e + Ssin ® — 4 = 0
(2sin © — 1)(2sin’0 + 3sin © + 4) = 0
2sin’0 + 3sin © + 4 = 0 has discriminant 9 — 32 < 0, so no real roots
- J
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Question 7 continued
(b) continued: . sin © = 1/2
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(c) sin®=1/2, 0<O<T/2 = B =T/, cosB = +3/2
b = (2a/3) cos © = (2a/3)(v3/2) = (v3/3) a

(a cos 0, bsin®) =C(3I2)a, (v3/3) axk)

Pis ((v3/2) a, (¥3/6) a)
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Question 7 continued

(Total for Question 7 is 12 marks)
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-
8. Given that
y = e* cosh 2x
prove by induction that for ne N

n n n
dy _ e %costh + %sinth

(6)
n=1: dyldx = 3¢* cosh 2x + 2e* sinh 2x = e*( 3cosh 2x + 2sinh 2x )

RHS with n = 1 : > ((5 + 1)/2) cosh 2x + ((§ = 1)/2) sinh 2x ) = **( 3cosh 2x + 2sinh 2x )

so the result is true for n = |

Assume true for n = k . dyldx* = e>( ((§* + 1)/2) cosh 2x + ((S* — 1)/2) sinh 2x )

Then d“'y/dx'! = 3e>( ((S* + 1)/2) cosh 2x + ((§* — 1)/2) sinh 2x )

+ e (S + 1) sinh 2x + (S = 1) cosh 2x )

=X ( 305+ 1)/2 +5=1) cosh 2x + ( 3(5K = 1)/2 + S + 1) sinh 2x ]

= X[ ((BxS“ + 3 + 2x5% = 2)/2) cosh 2x + ((BxS* — 3 + 2x§* + 2)/2) sinh 2x ]

\

e3> ((5xS< + 1)/2) cosh 2x + ((5xS* = 1)/2) sinh 2x )

= > (5 + 1)/2) cosh 2x + ((S< = 1)/2) sinh 2x )

So if the result is true for n = k, then it is true for n = k + |

As the result is true for n = |, by mathematical induction it is true for all n € N.
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Question 8 continued

(Total for Question 8 is 6 marks)

TOTAL FOR PAPER IS 75 MARKS
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