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1. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) Show that
43 8

. 16+ X%°

where p is a rational number to be determined.

(3)

(ii) Determine the exact value of k for which

(4)

) = Zav'ctam/i )
]~ .

/7

J = 2(Carctan 3 = arctan 1)

PR 2 2 !

W m—aZ = 200 -2 TG -2

r 2 .

e ax = arcsm(% ) = arcsm(%

-~

\
J /
[ [2x \1- [ 2k'\ [1\ _ =
|aresin\ 5= ||, = aresin\ 5 | = aresin 5 | = 5

2
2x
3
k 2k

2k \ 1

e At
6 12 3 4

~—

arcsm/— - - = arcsin/
\3 ) \

2k . \ W2

— =sm/1 =
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Question 1 continued
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Question 1 continued

(Total for Question 1 is 7 marks)
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4 )
2.
2 3 7 6 -1 -4
T=[3 2 6 U=|15 ¢ -9
a 4 b -8 a 5
where a, b and ¢ are constants.
Giventhat TU = |
(@) determine the value of a, the value of b and the value of ¢
(4)
The transformation represented by the matrix T transforms the line |, to the line I,
Given that |, has equation
£:—1=—y—=z+2
3 —4
(b) determine a Cartesian equation for I,
(4)
(a) TU =1
row 3 of T x column | of U: 6ba + 60 —8b=0 = 6a— 8b=-60
row 3 of T x column 3 of U: —Ga — 36 +Sb =1 = —Ga+ Sb = 37
= |2a — 16b = =120 and —12a + I1Sb =1l = b= -9
) =60 + 72 -
= b=9 a= — =2
6
row | of T x column 2 of U -2+ 3c+7a=0 = 3c=2-149=-]2
a=2, b=9 c¢c=-4
[1\  [3)
) ey r= ( 0 ) + 7\(-—4) T maps |, to 1y, so U = T maps |, to |,
\74] V1
[6 -1 —a\[1+3\ [s+mn+ar+s-ar\ [1g+13)
(IS -4 —q)( -G\ | = (IS+QS)\+16)\+18—97\) = (33+52)\)
\—8 2 S/ \—2 + A \—8 =29\ =38 =10 +'5A/ \—43 = 27A/
[\ [z
e 1= (33) +7\( 52)
\-ii/ \—27/
b x—19 y — 33 2+ 18
g 18 52 -27
. J
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 8 marks)
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where b is a constantand 0 < b < 7 K&

.. . . oo ve 1958
The eccentricity of the ellipse is e e

Soozeds;

(@) Write down, in terms of e only,
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(i) the coordinates of the foci of E

X
o
$v
RN
plete?

%
0%
o
0% =
o

(if) the equations of the directrices of E

)

Given that
o the point P(x, y) lies on E where x > 0
» the point S is the focus of E on the positive x-axis
» the line | is the directrix of E which crosses the positive x-axis
» the point M lies on | such that the line through P and M is parallel to the x-axis
(b) determine an expression for

(i) PS?intermsofe, xandy

(ii) PM?in terms of e and x

(2)

(c) Hence show that

b’ =49(1-¢%)
)

Given that E crosses the y-axis at the points with coordinates (0, + 43 )

(d) determine the value of e

(2)
Given that the x coordinate of P is %

(e) determine the area of triangle OPM, where O is the origin.

C(a)(G) foci (%7e, 0)

3)
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Question 3 continued

b)) PS? = (x — 7e)? + ¢

/ \?

Gi)—Pm* = \% = x)

(c) PliesonE so PS=exPM = PS>=¢e’PM

/7 AY

. )7 \?
(x—/e/‘+g‘=e‘\; —'X/

X2 — ldex + G9¢° + 4> = 49 — lGex + >

20 - e) + ¢ = 43l - &)

x2 u2

N
)

X

) y
I, compare with  —— + L—Z =1

49 T 490 — D)

B

s b2 =490 - €%)

@) b*=(4v3)* =43

48 =490 = ¢°) =

!

e=7

. @p)? . Ia - ! I
2 T 49 43 7

. 7 , ) y
=36 = y=6 (taking V(; ) b),‘ y = =6 gives the same area)

7 . Al sy R, A4
X =—=49 0 mM(49, 6)  and PM =49 == =—

Area OPM =

273
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 11 marks)
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M =

1
-2
1

Given that is an eigenvector of M

(@) determine its corresponding eigenvalue.

Given that -3 is an eigenvalue of M

(b) determine a corresponding eigenvector.

1

0
-1
3

-1 3

4 -1

-1 0

)

(2)

Hence, given that | 1| is also an eigenvector of M

1

(c) determine a diagonal matrix D and an orthogonal matrix P such that D = P'TMP

/0+2+3

(4)
!

-1-8-1| =

\3+2+0

!

/
=ﬁ4
\

—~——  —

eigenvalue A = S

- 3\

w

~N
|
<
\

[
W) (M + 3)x = 0 (—
\

3 = 31\

3x—y+32=0,

x+7y—2=10

7 x first + second: 20x + 20z = 0

=

2=-x, then y=3x+32=0

[1)

eigenvector ( 0_ )

7

J
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Question 4 continued

! /0-l+3\

()

N NN

\

N
—_— T
- — =

)

>

\\

N

/
L (\: - (\—5,:’ iq+—0,/) -

eigenvalues -3, 2, S with eigenvectors (I, 0, -1), (, 1, 1), (U, -2,1)

lengths: I +0+1 =42, A+1+1=v3 I +6G+] =46

[ 11z 113\ 16\
normalised: ( 0 |, I3 ), —2/16)
\=1"v2 \Iv3| 176 /

N2 I3 6 -3

P=| 0 I3 -2/v6 D=

S ©
S NS
n S

=2 13 IE

.
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 8 marks)
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5. (a) Use the definitions of hyperbolic functions in terms of exponentials to prove that

1 —sech’® x = tanh? x

l1n2

I = ’ tanh” 3x dx neZ n

WV
o

(b) Show that

n—-1

pog P
" 3(m-1)

where p is a rational number to be determined.

(c) Hence determine the exact value of

11n2

tanh’ 3x dx

giving your answer in the form a Inb + ¢ where a, b and c are rational numbers to
be found.

[ 2 \2 4 _ (e*+e*) -4

3)

(4)

(4)

(o) . }h2 =] = —_— = -_ =
(a) 1 =sech’x =1 \ p— / / YL YL

er + 2 + e—2x _ q er -2 + e—2x _ (ex _ e—-x)Z

(e + )2 = (e + e*)? = (& + e )2

= tanh’x I =sech®x = tanh®x

18
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Question 5 continued

Y3ln2 Y3ln2
71N ) P ) 2 2 ) bap—2. pa ) ) )
/) 1, = J tanh™ “sx tanh“sx ax = J tanh™ “sx (I — sechsx/) ax
0 0
Ysln2
) r Ln—2-9 ) 2o )
=2~ tanh"*3x sech“3x dx
0
/. ) ) A Y 4 AY ) ) )
— (Lanh™ '5x) = s(n — 1)Tanh™ “5x secn®sx

dx

p ) 2 2 ) ) )
= J tanh™ “sx secnsx ax = 20 — ’) tanh™ "s3x
’ r o Ysln2
l, = l,-0 — —F—= | tanh™ "'5X
R TOR)) I_ Jo

eZInZ —)

_ 4

tanh 0 =10
49+

==
e + ] K

a5

3(n-1)

PN ¢ .y A 3l

7 3@ T "7 7500

(3/5)* 9

l;:l,—w —i/'

Ysln2

e +e? 2412 _§ !

cosh(ln 2) =

2 T2 Ty
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Question 5 continued
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Question 5 continued

(Total for Question 5 is 11 marks)
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6. The points A, B and C have coordinates (3, 2, 2), (-1, 1, 3) and (-2, 4, 2) respectively.

The plane /7, contains the points A, B and C

(a) Determine a Cartesian equation of /7,

Given that

e point D has coordinates (-1, 1, -2)

* line | passes through D and is perpendicular to 17,
* plane II, has equation r.(14i—j - 17k) = -66

e | meets I7

, at the point E

(b) show that DE = p~/22 where p is a rational number to be determined.

The point F has coordinates (4, 3, q) where q is a constant.
Given that A, B, C and F are the vertices of a tetrahedron of volume 12

(c) determine the possible values of q

[-s\

W

(4)

(5)

3)

2
2

NN
— —
\
A

L
— —_—

>

(9

\\

<

[
—_— T

\
=12
/ /

(a) AB = /)
/ \?

W(s) - -9))

L7 ) 1)

s\ | @ - we) \)

=13

[-2
=(.-5
\

———

| \CD@)=CNES)

My  2x+ Sy + 132 = 42

J
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Question 6 continued

/
wh) ) r= ( In) +)\(
\

Moe 19(=1 + 20) = (1 + SN) = 17(=2 + I13)\) = =66

=16 + 28\ — | — SN\ + 34— 22|\ = =66 = 19 — 198\ = —66

_ 35 35422 _ 85
3722 66 P =56

(c) AF =

w o
|
— ——
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Question 6 continued
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Question 6 continued

(Total for Question 6 is 12 marks)
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4 )
7.
y = arccos(sech x) x>0
(@) Show that
& = sech x
dx
©)
VA
C
F)
>
0] X
Figure 1
Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = arccos(sech x) + coth x x>0
The point P is a minimum turning point of C
(b) Show that the x coordinate of P is ln(q + \/5) where ¢ = l(1 + \/E) and k is an
integer to be determined. 2
(6)
P . dy .
a/ cos Yy = secn x = —sin Yy d—‘)’( = ——sech X tann X
sin y = vl — cos’y =« — sech’x = (ftanh’x = tanh x (x >0)
. y . . dy .
= tanh x —— = sech x tanh X = —— = sen X
ax adx
(b) Ff(x) = sech x — cosech’x = 0
, I -2 ) )2 N )
= — = sinh°x = cosh x = cosh“x — 1 = cosh x
cosh x sinh®x
cosh’x — cosh x — 1 = 0
. J
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Question 7 continued
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cosh x =24 D Lt o5 — <1, rejected)
. -/ —\ , _ )+ S ) L
x = arcosh g = In(q +vg" = 1), where g = === 50+

g satisfies ¢> —g—1=0, so ¢>-1=q = g7 —-1=44

) / I pa <) ya
= — -+ + 1
X /Vi\ 2 U+ v W7

.

A

C+5 /‘)

~

e, x = (g + +g)  where q=7('+1//‘, k=5

093
o teleds

o
00000,
S

%
o205e0e}

X

5
KL

o o

LI
Setele! 093
LRILHRLRRRRIRRL

S
2RKS

X
gt
09305}
035!
XL

hess%es
QS

QRS
oot
58S

XS
o

35S
RS

09¢
RS

02000020
9%
5
KL

>
S
%
bt
5

XA

R o
RN e

otaseds! S
K

X

O

o0l
gt

85
S
(5

:‘0‘000‘ Attt los o S8 A 6 5%
XL o teteds 2

5
<5
KL

S0
ZRRRRLRLRSE:

. J
27

VA0 DA O 0 OO A A A —
[ Turn over »
P 7 3 4 8 8 A 0 2 7 3 2

0%
55
R
XK



https://stemup.co.uk

7

Question 7 continued
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Question 7 continued

(Total for Question 7 is 9 marks)
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

YA

<V

Figure 2

Figure 2 shows a sketch of part of the curve C with equation y* = 8x and part of the
line | with equation x = 18

The region R, shown shaded in Figure 2, is bounded by C and |

(@) Show that the perimeter of R is given by
] I
+ 2 1+=—d
* J T
0
where a and f are positive constants to be determined.

(b) Use the substitution y = 4sinh u and algebraic integration to determine the exact
perimeter of R, giving your answer in simplest form.

(3)

(6)

P 7 3 4 8 8 A 0 3 0 3 2

(@) =38 = g =L X _ Yy
4 g’ dy 4
x =18 ¢* =144, y =12, so the length of | is 24
12 12
po r r— - 2 Al T pa y
arcof C="| I ¥ (dx/dy)ay =2 | I +y /16 dy  (symmetry)
-12 0
12
R ay PR N w—" v 2 oy ,. ‘e
perimeter =24+ 2 | I + y°/16 ay, a=249 B=12
0
\. J
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Question 8 continued

P , dy S
(b) gy =4sinhu = Ty - deoshu

VI + 16sinh?ull6 = I + sinh’u = cosh u

l iﬂ ¥ ﬁg dy = l cosh u X Yecosh u du =4 l coshzu du

I,

AY

<O

r N R
J— cosn Zu + 1

. [ . ]\ .
2 du—‘l\zsmhéu-l—?u/——SIV)héu+éu

\\

= 2sinh u cosh u + 2u = 2sinh u I + sinh’u + 2u

\

y=0 = u=0;, y=12 = sinkhu=3 = u=arsinh 3=+ 0)

12 'I arsinh 3

JP I+ 416 dy = [Zsmio u I+ sinhcu ¥ ZuJo
0

=203)\I0 + 2In(3 + 10) — 0 = 610 + 2In(3 + +10)

perimeter = 24 + 2(6+/10 + 2In(3 + 410))

=24 + 1210 + GIn(3 + 10)
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Question 8 continued

(Total for Question 8 is 9 marks)

TOTAL FOR PAPER IS 75 MARKS
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