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Given that y = In(5 + 3x)
3
(a) determine, in simplest form, F
X

3)
(b) Hence determine the Maclaurin series expansion of In(5 + 3x), in ascending powers
of x up to and including the term in x°, giving each coefficient in simplest form.
(2)
(c) Hence write down the Maclaurin series expansion of In(5 — 3x), in ascending
powers of x up to and including the term in x°, giving each coefficient in
simplest form.
(1)
(d) Use the answers to parts (b) and (c) to determine the first 2 non-zero terms, in
ascending powers of x, of the Maclaurin series expansion of
(5 + 3x)
In
5-3x
(2)
(a) y = In(S + 3x)
Yl = T3
g
12 - _ T
dyldx® = G
s4
> S = ~ !
Fyldx = (5 + 3x)3
3 9S4
(b) Atx=0: y=Ins, y =<, Y =735, Y T 735
3 9 x* $4 x>
’V)(S+3X)~/V}S+?X—f*2—! +IT‘3! + ..
3 9 9
~ = _ ‘ 3
In(5+3x)~ln5+5x SOXZ'FIZSX +
3 9 9
- ~ ey Sy R A
(c) Im(§ —3x) xInS X~ X 125 X + ..
D (522 ) = InCs + 30 - In(s - 3
(d) Vlkm/— n(S + 3x) = In(§ — 3x)
_/153 qlqj\/lsz 9 59 3)
=S+ ox—ggxX +psx/ — S —ox=ggx = pgx/
2
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Question 1 continued
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Question 1 continued
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2. (a) Express
1
(2n=1)(2n +1)(2n + 3)
in partial fractions.
()
(b) Hence, using the method of differences, show that for all integer values of #n,
z": 1  n(n+2)
bt (2r = 1)(2r +1)(2r +3)  a(2n+b)(2n+c)
where a, b and c are integers to be determined.
“4)
) A B ¢
@ T DG D3 =21 T T T i3
| = ACn + 1D0Cn + 3) + BCn = 1)0n + 3) + cC2n = D020 + 1)
= L= s A=
n= 1= DERARNEE-7
= —Lir==8 5 B=-
n=-z:1=-4B = B=-7
=2 =3 ==
n = —?. =¥C > (= ?
! — / / /
Cn-DCn+D@n+3) ~ 3@n-1) _ a@@n+1) ' 3Cn+3)
W) 5 J L (-2 )
o D D+ % AN Tl T ez’
L1 2 1) B
rek g4 -3 +35/
z
L2 ) s
r=2 gz -5+3/
| | 2 1) L
r=3 —(=-< +=X g
g\s ~7 39/ s
Z
L/ ) 2 LY C
=n - = : - = : b 18
ren=b g\ =3 ~m-7 t w1/ >
. L £ ) 2 ) _X
r=m g\ =T Tl T3/ o
Q J 58
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P 7 2 4 6 7 A 0 6 3 6


https://stemup.co.uk

N
/

Turn over »

0 7 3 6

A

7 2 4 6

P

7

~N
—~|+
aw ™M
I\
+ AN
— ” I'l
N ..n. + M
~
N ™M ~ nm_ <
| \2# + 7
™~ + < m”\l/ o
< 1 S I
|+ |+ 0, 3 DY) .M S
N N N o
NEEE S R L Bos
S + <|S N
3 * * s VX 0
R '1_3 - N — -
< N>
= + Moot I~
S + T < S ™M ~
N N + [)a)
TS ™ N s\ +
Q@ 3 |™ Sls
s S ) = VIS s
E S : 1 TNV YN
T 5 ~|™n T+
g 3 v 5 )
e S =+ |
S S |5 | DY) I~y | +
a 3 = S Sl
= v I\ '\ e x \— N
= 3 N
£ § g ~ | [0 ~[% N ™
Q 3
g~ 9 I 1 1 I I
o

'I

e ?.?..j.., R
000 .f...i.x..:. EILLY WION | ’“ .u_v:. ST iotoss 1 & SIHL r,e.q o
0000%0%0 NI 0“0 ““ “000 0000«“"%000%0“0«0 “ \\0 SRS ’

oo 03 4&
(000&0000&0 0 SRR SRR IRI LI LR R LR RS \x\\\x\\A\\ otk

EEOCm


https://stemup.co.uk

7

Question 2 continued
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(Total for Question 2 is 6 marks)
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1
3. (a) Show that the transformation y = — transforms the differential equation
z

d
x2—y+xy=2y2 @
dx
into the differential equation
dz =z 2
——=-= 1
dx x x’ an
3)
(b) Solve differential equation (II) to determine z in terms of x.
“4)
(c) Hence determine the particular solution of differential equation (I) for which y = 3
at x=3
Give your answer in the form y = f(x).
(2)
| dy———F—dz
@ 9=7 = 4 =7k
7 ) d> ) 7 1) 7 1)
W7/ +X(7/ =2/
x> dz X2 1tild b
a7 multiply by ——7 .
dz 2 2 -
>  x- Z (1) as reguired

x|~

2 [ 20/ /
==/ - X = +c
x - J Z
)
2=— +cx
X
S )
C — =2 = — 4+ ¢X
g X
3 3 2 1 13 3= -3 ]
X = =-Z! -3 =5 +3 = 3=-3 = c=-
Y g 3~ 3

) R O T
P 7 2 4 6 7 A 0 1 0 3 6


https://stemup.co.uk

7

%
ZRKKS

B
RIS

Y

AL
(os®:
R

o0 %

Qg%ﬁ& XXX
%

OO0
0202050 %% %% %% :‘:

66

%% %%
%% %%

paseteses

R

%
00
o020

% 5%
KK

%04
LKL

XXX
potogetogetets
K
*
L9020
%!

>

0>
RSEIER
RS

$99%0%%
o%

O
30082
YR

dotasetesetelotedel
et oot totetetetets%%
LRI

o
b909%
255
RRRRK

Question 3 continued

/
X

!
Y

EEOCm

P 7 2 4 6 7 A 0 1 1 3 6

11

Turn over »


https://stemup.co.uk

7

Question 3 continued
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Question 3 continued

(Total for Question 3 is 9 marks)
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(a) Show that

d4y B

3 2
- dy  pdvdy

Yo T dr i
where 4 and B are integers to be determined.

Given that y=1 at x =-1

(b) determine the Taylor series solution for y, in ascending powers of (x + 1) up to and
including the term in (x + 1)*, giving each coefficient in simplest form.

C))

€))

(a) jf(- =y —x

Py oy

# = Ya T

dgll ‘—2 dzll Z/ﬁli \A

o =g 20/

dqll — 2 dgll Zﬁ dzll qﬁli dzll

A - A v v S vl 3

dqll — 2 dgll 6£l£ dzll A — 2 — 6
K EE 6 =2, B=

20)2) -1 =3

\

" =20)03) +2(2)% = 14

= 20)04) + 6(2)(3)

\\
(°N
<o

g=I+2(x+I)+ -~ 7 4+ —— 7 4 = + ..

g1+ 26+ D+ G+ L DPF S

1

»
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Question 4 continued

(Total for Question 4 is 7 marks)
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Use algebra to determine the set of values of x for which

2
x——9> 6 — 2x
|x+8|

Critical value x = =8 (|x + 8] = 0, so x # =8)

()

Case x > =8 Ix +8/ =x+8>0

x> = 9> (x+8)(6 - 2x)

X2 — 9 > -2 — 10x + 48

3% +10x — 57 >0

Critical values: (3x +19)(x — 3) =0 = x = —3, X= 3

19
S0 X < = orx >3, with x > -8 ——8<x<——? or x> 3

Case x < =8: [x+8]=-(x+38) >0

x* = 9> -(x+38)(6 - 2x)

X2 — 9> 2x% + 10x — 4%

X2 +10x —39<0

Critical values: (x +13)(x = 3) =0 > x=-13 x=3

s0 —13<x<3 wthx<-8 -l13<x<-8

19

Critical values: -13, =38, — 3 3

Solution: 13 <x< -8 or -8<x<-—- or x> 3

w|s

’ AR O T
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Question 5 continued
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Question 5 continued

18

P 7 2 4 6 7 A 0 1 8 3 6

EEC .

XRXXKS

R o
2
SR

<5
SRS,
5
LRl
SO
PO 100

S
FIKL
Do%scenr 058
xms
X S

00
’%‘1
L% %
%

QO
o

<\
00

Soteontetetet
X PN
LGN

SR IELELILS

boses
XS
b9%es

K
S e o a e te e tatatstetatotetytatetese
0K .

0%}
dotodetetoteds

<

KA AR IIK KA
O

33
X5
3
55

%

0
potele!
foteses
55
55

o%
3%
bo%s

20%


https://stemup.co.uk

oo T
KA AKX
S
SOER

XX

XX
XX
AR
XX
.0

e
K
KISAED
LRLRKS

<3
%
R

&L

X
0
"Ly

<

S
‘\;::’ %

1%%%

R

9 %

-4
X X

&

090%%6% %%
ofetes

<]

o%%

X

%%

<
0202 %0 0%e%
A

"zi;.‘i.'. X

LR

>
20000%s

REeY
RS

XX
2
10
4
o
‘0

%5
%"

SRS
Pose, & 9%
NS
PoSY e (08
Prost. e %o

00
KK
b9%es
%8

0%0%8:;
RRKS

XXX
30985
]
005

oo’

023
oSeSototedodet
SEEEEES
&

&

bt
%
2
S

62
0K
293059
QL
55

s
ool
KK
05
’0’0‘0

SO 0000
X8
28
2R
%!
S5
RS

X
5
K
XX

53
%5 dﬁk
Sotoes

%!

%

XX
:*‘

7

Question 5 continued

(Total for Question 5 is 6 marks)
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r

6. A complex number z is represented by the point P in an Argand diagram.

Given that

|z—2i|=|z—3|

(a) sketch the locus of P. You do not need to find the coordinates of any intercepts.

(2)
The transformation 7 from the z-plane to the w-plane is given by
w = IZ - z# 21
z—-2i
Given that 7 maps |z — 2i| = |z — 3| to a circle C in the w-plane,
(b) find the equation of C, giving your answer in the form
|w—(p+qi)| =r
where p, ¢ and r are real numbers to be determined.
(6)
(a) I )
2/ X / locus of P

/

/

/

ol /

w X

Re
/
i2 — ey _ 2w
W) w=-"7- = w2-2w=i2 = 2(w-17)=2w = 2=_""—
50 = 3 | 2iw 2.' —] 2iw 3'
e =2l = 1o =3l = [ - ail = [ -5

) 2= 2iw — 2 ) ) 2iw-—— 3w+ 3/

\Ad A4 (=4 A4 vt '
l w—1 l=l w-—1 ,

[-2] = |2iw = 3w + 3i]

Let w=u+iv: 2iCu +iv) =30 +iv) + 3i = (-3u — 2v) + QQu — 3v + 3)i

GBu+2v)> + Qu—-3v+3)2=4¢4

Q? + 12uv + GV + Gu? + W2 + 9 — 12uv + 12u — I18v = §

130> + 13v2 + 12u — I18v + S = 0

B

X3

%

20
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Question 6 continued
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In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Use de Moivre’s theorem to show that
cosSx = cosx(asin4 x + bsin® x + c)

where a, b and c are integers to be determined.

C))

(b) Hence solve, for 0 < 6 < %

cos56 =sin26 sinf — cos

giving your answers to 3 decimal places.
4)

(a) cos Sx + i sin Sx = (cos x + i sin x)° (de Moivre)
Let ¢ = cos x, s = sin x:
(c +is)* = & + 5c(is) + 103@is)? + 10c*(is)? + Sc(is)? + (is)*
Real parts: cos Sx = ¢* — 103s® + Scs*
= cos x(cos®x — 10cos®x sin’x + Ssin‘x)
cos x(Q - sin®*x)? = 100 — sin®x)sin’x + Ssinx)

= cos x(I = 2sin’x + sinx — 10sin’x + 10sinx + Ssin‘x)

cos Sx = cos x(l6sin’x — 12sin’x + 1) a=16 b=-12, c=1

(b) cos 56 = sin 26 sin © — cos O

cos 0(16sin® — 12sin’0 + 1) = 2sin’0 cos © — cos O
cos 0(16sin%® — 14sin°0 + 2) = 0

cos © #0 for 0 <0 < /2, so 8sin’® — 7sin’0 +1 =10

sWe=7iWﬁ'”)=7ff7=amw%,mmwm

sin © = 0.69519... = 0.833783... or sin 8 = 0.17980... = 0.924903S...

(sin ® > 0 for 0 < © < 1/2)

0 = arcsin 0.833783... = 0.98592..., © = arcsin 0.92403S... = 0.437849...
= 0.986, 0.938

24
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Question 7 continued

(Total for Question 7 is 8 marks)
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Figure 1

The curve C shown in Figure 1 has polar equation

r=1-siné O<0<%

The point P lies on C, such that the tangent to C at P is parallel to the initial line.

(a) Use calculus to determine the polar coordinates of P

The finite region R, shown shaded in Figure 1, is bounded by

» the line with equation 6 = %
» the tangent to C at P

* part of the curve C

» the initial line

(b) Use algebraic integration to show that the area of R is

%(an + b3+ c)

where a, b and c are integers to be determined.

(a) y=rsin® = —sinB)sinB® = sinB — sin’d

dy T
70 cos © — 2sin © cos O

Tangent parallel to initial line: cos 8(1 — 2sin 8) = 0

- no =+ =X =+ ==+
cosGiOmmnge,sosme—z = 0=, r=1 7 =3
I 7
P (5%
28

P 7 2 4 6 7 A 0 2 8 3 6

Initial line

C))

(6)
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Question 8 continued

(b) R = area between curve and initial line for 0 < 8 < iy triangle
3 9

j'f rrde = %jr (I —sin ©)° do = 7,]’ (I - 2sin 8 + sin’6) do

B 4 J ) / 3 . ) ) J

=5/ (I—251n9+——7c0329/ 6= ij—ZS/ne—jco.s‘ZG/ )
T I 1

= 5050+ 2c0s0 - 5 S 206 4,7
/T /3 |3 / Y9

=5 ((F+22 -72)-(0+2-0)]
I/ Tt 743 ) T 7+/3

A A

Triangle with vertices O, P and the point on 6 = % level with P:

Ph 3 — 3 — . — ] - )
asx—rcose—?‘7- G y-rsm9-3~3-z

Area of triangle = 3 X 4 32

g 16 32 32

Area of R = & + 22 _ I+—°g 1T+ 1Gy3 = 32 + /3

| 4 )
AreaofR=3—2(‘lT(+ISq/3——32/ a=4 b=1S5 c=-32

J
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Question 8 continued

(Total for Question 8 is 10 marks)
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r

1
9. (a) Given that x = ¢ , determine, in terms of y and ¢,

.
(1) i

W

(b) Hence show that the transformation x = 7>, where ¢ > 0, transforms the

differential equation

2

¢y (6x2 + 1)% + 9x3y =x (I)

— -

into the differential equation

d’y dy
452 122 19y =y i
dz? a7 (1)

(c) Solve differential equation (II) to determine a general solution for y in terms of ¢.

(d) Hence determine the general solution of differential equation (I).

at

C)

2

©)

Oy

] , ,
= 2 5 & = 2t

) Ay
; = /2 ax—
(a)l) x=t"”" = pr 5

i{f_ = i"i X at Ztl/‘zﬁl."l'_
dx ~ dt ax at
i) Lo = (orde ) dt
= — X —
i) FF = g Q75 ax
- (t—//zﬁi + Zt//ziz.'z'_) x 2t
dt dt
P Zi""— . Py
& " g Tt

(b) X = tI/Z: x2 = t, x3 = t3/2’ xS = tS/Z

2

t Zdt+(’tdt - (6t + 1) 2t ar + 7y =t
2

260+ GO — 2t - 267 + Ty =
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