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1. Relative to a fixed origin O, the points A, B, C and D have coordinates (0, 4, 1), (4, 0, 0),
(3, 5, 2) and (2, 2, k) respectively, where £ is a constant.

(a) Determine the exact area of triangle 4BC.

(&)

(b) Determine in terms of k, the volume of the tetrahedron ABCD, simplifying
your answer.

I IR

HLNITLBMIONOD

(&)

Lo\ 3| =
@ aB=|-|, a=(1] a2
\ =1 I S

. \ [3\ [cow-coa)\ [ -3)
it -| o x| 1] | com-wo |- )
v v@d)-09)G) 1 V16

[ 2 £

() AB=| -2 | M
\k=T1] ‘=
\ /A1) _ ! - e AAY ) '
volume = ?I no - (AL X AC/ |
. 2 3 S5
AB-(RExAl) =| -2 || =7 | =—6+19+16k—16=16k-3 S
\ k=1 V18]
&2 \
‘i;;.’\’\’
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2.
y=In(tanh2x) x>0
(a) Show that
d
& pcosech4x
dx
where p is a constant to be determined.
“4)
(b) Hence determine, in simplest form, the exact value of x for which j—y
(2)
(a) y = nCtanh 2x) = LA S P
dx tanh 2x
_ 2 cosh 2x « / _ 2
T sinh 2x cosh? 2x ~ sinh 2x cosh 2x
= 2 ) = 4 cosech Gx
=V osinh ox  sinh ax
p=4a
(b) 4 cosech 4x =1 = sinh 4x = ¢
4x = arsinh 4 = In(4 + G + 1) = In(4 +/17)
_ ’ ) =)
x = nC4 + 17
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where k is a constant

>
I
—_ NN
SR SRR
(SR N

(a) Determine the values of & for which A is singular.

Given that A is non-singular,

(b) find A™', giving your answer in terms of k.

2

(C))

(a) det A =204 — 2k) — k(4 — k) + 2(4 - 2)

=8 -Gk — Gk + 1%+ 4G =18k + 12

A singular = 16 — 8k +12 = 0 = (k= 2)(k — 6) = 0

k=2 or k=6

[6-ok 4-k 2

\
(b) Minors: (Zk—q 2 q—k}

V=6 2k-4 4-=2|

[6-2k k-¢ 2

\
Cofactors: ( G — 2k 2 k-4 )

\ k=4 -2k 4-2k|

[6-2k 4-26 124

\
adjA=| k-4 2 4-2k|

V2 k=49 49-2k|

626 -2k 12—¢

\
k-4 2 q-Zk)

2 k=49 49-2k|
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Using the substitution x = 4coshf show that

1 ax

dx = +c
(x2 _ 16)% \sz -16

|x| >4

where a is a constant to be determined and c is an arbitrary constant.

(6)
X=4cosho® = Ax =4 sinh ©
de
r ! , r 4 sinh 6 -

Jﬁxz —16)37 ax

= (16 cosh?> 6 — 16)3? a

4 sinh © '

r 4 sinh 6 )

_r _(4sihe .
= J Q16 sinh? 8)37? 9= 164 s e

f‘ , 1A , P L2 A 1A
= Jm ao = EJ cosecn o ado
= coth 8 + ¢
16
LA X )~ ] ~ ) 1/(X2 - ’6)
COSI’)Uzz, SIVW?Uz‘\/COSV)“U"I:T
coth 6 = cosh © X
sinh 6 VGG = 16)
! -X

r )
Jﬁxz —16)37 ax

T 602 —16) T €
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6 2 -1
M=|-2 6 -1
-1 -1 5

Given that 8 is an eigenvalue of M

(a) determine an eigenvector corresponding to the eigenvalue 8
(b) Determine the other two eigenvalues of M.

(¢) Hence find an orthogonal matrix P and a diagonal matrix D such that PPTMP = D

2

(©)

(C))

[—2 -2 2\[x)\

[o)
@M-3)x=0: |2 -2 -1 g]=|0]
\ - - =3 \2 ] \0]

2x—2y—2=0 and -x—y-32=0 = Sx+Sy=20

= y=-x 2=0

[
Eigenvector: ( = ) e I —J
VO

6 — A -2 -l

) dettM = AN) =| -2 6-N -l =0

=l =l S—A

6 -6 -NMNE-N-1]+2[-2(5-N-11-12+6-N]=0

N HIIN A+ 179+ G - 22 -8+ A =0

= A — 1702 + 90\ - 144 =0

= A-3)N-M+13)=0=> A-3)(A-3)(A-6) =0

Other eigenvalues: A = 3 and A =6

[ 3 2 ]

)\
/|
rl

() A =3 (—2 3 —/)

\ =1 =1 2

/
\

\
Ok
[\

4]

[0 -2 —1\/«x 0 )\
A=6 |2 0 -1y o] = | 1]
\ =1 =1 =1z 0 -2

Normalise: [i —j| = 2, |i+j + k|l =3, [i +j — 2k| = 6

~N
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blank
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Question 5 continued
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Question 5 continued
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6. ‘
xﬂ So%e%0 %%
I = | —==dx ne N S
! J. VX2 +3 8
Z
(a) Show that TR
SIS
-t to3(n-1 m
I = (x2 + 3)2 - (n )[ . n>=3 B
n n " S
e
(6) e
\.;;\u!?f\
(b) Hence show that }:Er;\
> 58
[ et et
——dx == (x*+3)2(x*+ px*+q)+ k
x*+3 5 P 1
where p and ¢ are integers to be determined and £ is an arbitrary constant.
4)
Ca) 1, = Jp X~ ox(®+ 3)7% dx
u=x""" = dufdx = (- 1x""?
dvldx = x(2 + 3)72 = v=(0G2+ 32
) w—1/l2 >Y1/2 r - Yo =272 2)/2
Iy =X x*+5'-—J n=10Dx"""(x*+3)"ax =
> YL w-—272 2)=1/2 4
—5Ln—I/Jx x>+ 3)7“dx S5
by =x""'G3 +3)7 = (=D, =3 - DI, 22
nl, = x" 7163 + 3)"? = 3(n - I, =
B B KB
’.n - X”n (XZ ¥ 3\,’/._ - 3("’” ’) ,.”_—2 \
s
SRS
71 r X o 2 2Y1/2 :
ﬂ:—ﬁfxzﬁ—ﬁ’}mz——é[:—ﬁ(xz—-ﬁj”j#zﬁfyz—-ﬁj#Z—
273 373
J

) R0 A
P 6 6 6 4 2 A 0 2 0 3 6


https://stemup.co.uk

( Leave
blank

Question 6 continued

0

X2 XX

%

BRI

s

o%
o
R
b
XX

REBBB%

RRKKK

KRR
RRRLL

O 0.0.90.
R RS
SRR RRS

X
%
XS
2039

o5
ABE
'

21

R0 A Turm over »
P 6 6 6 4 2 A 0 2 1 3 6


https://stemup.co.uk

Question 6 continued

Leave
blank

22

P 6 6 6 4 2 A 0 2 2 3 6

<K
< EL LY
S pass
(0%~ v 0
S

p%S

XS
XX

<
QL
25
255
855
2R

¢
dastetatetets
1@ otels
7 NS
CRRRRS

QR
) %
R

00009
XX
L
.\
:‘ o

0>

205

21
A

o6

o

2%
S
<>
S
%%

o%
<L
MDA
QEKKL
10 %%
9

Botel 0,10
0 @90
PROse ~ K0

RS

%
5
<X
3RS
%5

50
QLK
3RS
X
QS

OO
ZRLRAR
o letoetere!
S tototede!
RRRRRK
KKK


https://stemup.co.uk

Question 6 continued

Leave
blank

Qo6
(Total 10 marks)
23
MR N0 R0 00 Turm over »
P 6 6 6 4 2 A 0 2 3 3 6


https://stemup.co.uk

7. The point P has coordinates (1, 2, 1)
The line / has Cartesian equation

x-3 y+l z+45
5 3 -8

The plane 71, contains the point P and the line /.

(a) Show that a Cartesian equation for /7, is

6x —2y+3z=5
)
The point Q has coordinates (2, k, —7), where & is a constant.
(b) Show that the shortest distance between /7, and Q is
2
=k +7|
7
()

The plane 17, has Cartesian equation 8x —4y +z = -3

Given that the shortest distance between /7, and Q is the same as the shortest distance
between /7, and Q,

(c) determine the possible values of .

(C))

(a) | passes through A(3, -1, =S) and has direction Si + 3j — Sk

3 ! 2
Ph={-1]-|2]=|-3 s0 Si+ 3j — 8k and 2i — 3j — 6k lie in N,
) ! -6
S 2 -8 — 24 =42 6
n=\ 3 |x|-3|=(-(-30+16) =\ 14 =-7|-2
- -6 -1$ -6 =21 3

Take n = 6i — 2j + 3k
ren=0G+2+k) (6i-2j+3k)=6-6G+3=S$
Me éx —2y +32=35§

o= /6(23/(—;22_1; -;235—372))-— Sl _ /-—21<7- 149] _ %/k +7|

N
Leave

blank
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Question 7 continued
()0 to o g e dBR) =Gk + (=7) + 3] _ 12 - 4k
(c) Qtollyy d= A+ 42+ 1D = q
7 et 9
R L O L e
7 9 23
2 pd) -9 Qk - ’2 1ol VYo s — a9} o5/ ‘AL — AN L)
s S +7 3 = 18k +126 =28k —84G = 10k=210 = k=21
<5
= k=2l — =
23
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5
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8. The curve C has equation
y=2+1In(1-x?)

(a) Show that the length of the curve C is given by

3

4 2
(1+x )dx
1 ].—x2

2

(C))

(b) Hence, using algebraic integration, show that the length of the curve C is p + Ing
where p and ¢ are rational numbers to be determined.

©)

_ xg\ = il/_ _ —-2x
/ dx ~ 1 =2
2oy 4x° A - x*)? + 4x°
- a-x>)* " (- x*)?

_l+ 2 +x () +x°)?
T0-x)7 T U-x)?

s= [ TR ac- [ A
J//z J//z I -

] — x +I+x

n
\
~
8
~+
S

~
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Question 8 continued
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9. The ellipse £ has equation

x2 y2

25 16

T

The point P lies on the ellipse and has coordinates (5 cos#, 4 sin#) where 0 < 0 < >

The line / is the normal to the ellipse at the point P.
(a) Show that an equation for / is

Sxsinf — 4ycosf = 9sinfcosb

)
The point F is the focus of £ that lies on the positive x-axis.
(b) Determine the coordinates of F.
2
The line / crosses the x-axis at the point Q.
(c) Show that
oF| _
— =e
|PF|
where e is the eccentricity of E.
)
)2 ———=ssime i‘/—-’écose
e T » e
dy _ Gcos® 4 cos ©
dx =S sin © S sin ©
sradient of normal =29
@ 9 cos ©
SsinB ,

(x =5 cos©)

=4 sin 9=
y 4 cos O

Gy cos © — 16 sin © cos B = Sx sin © — 25 sin © cos B

Sx sin © — Gy cos © = 9 sin B cos 6
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Question 9 continued
- /7 n) / 3 n) o n)
F="(ae, 0)=(sx=,0)=(30
S
/7 Py ~ q ~ ~n/ P Y
() y=0"Sxsin®=9sin6cos® = x==cos6, so Qs cos6,0)
1QF| =3 =~ cos 6
1« S
PF? = (S cos © — 3)° + (4 sin 0)?
=25¢cos’>0 — 30 cos © + 9+ 16(] — cos®> ©)
=9¢c0s’°0 —30cos O +25=(5-3cos 6)?
|PFl =S —3cos® (as S - 3cosH >0)
|QF] 3 - (9/5) cos 6 _ (3/5)(5 — 3 cos 6) _3 _ .
IPFl ~ S -3cos® S—3cos O S
J
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Question 9 continued
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