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1.

The transformation 7 from the z-plane, where z = x + iy, to the w-plane,
where w =u + iv, is given by

_z+pi

= z # 31 e 7
iz+3 P

The point representing i(l +43 ) is invariant under 7.

Determine the value of p.

2 =i() + +3) is invariant = w =2 = i(l + +3)

(&)

. — i+ 3) +pi
i +B3) =5+ 3

=i(l + v3)% + 3i( + v3) = i(l + +3) + pi

i =0 +2383+3)+3+33=1+B3+p

-1 =2y3-3+3+333=1+3+p

“l+3=1++3+p

p=-2
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2. (a) Show that, for » > 0
r+2 r+3 B r+4 8
rr+1) (F+DF+2) r(r+Dr+2)  §;
(2) =
=
=
(b) Hence show that a }
" 2
2 r+4 _ n(an+D) E
—r(r+D)(r+2)  c(n+D)(n+2) ,z
S
>
where a, b and c are integers to be determined. S
_r+2 r+ 3 _G+2)?=rr+3)
(a) LHS = rGr+1)  + D0 +2) r(r+ D0 +2)

_rFar+¥g=r =3 _ r+9 _ .
r(r+ D0 +2) G+ D0 +2) - RAS as required

. r+q e r+ 2 r+3
(b)g, r(r + D0 + 2) 'Z, (r(r+l) TG+ D0+ 2)

— 3 4
) | x 2 2 x 3
_ . 4 __ S
r=2: 2x3  3x4
S 6
r=3. 3x4 GxS§
r=p— | n+l  n+2
Cn=Dn ol +1)
n+ 2 n+ 3
r=n:

nn+1) — (+ D+ 2)
All terms cancel except the first and the last:

n+3
+ 1D+ 2)

r+4 _

3
;_, o+ D0 +2) 2

200 + D(n + 2) ST 2+ D+ 2)

_ 3>+ 7n _ nC3n +7)
2+ D +2) 2w+ Dl + 2)
a=3 b=7 c¢=2
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3. Use algebra to obtain the set of values of x for which
1
|x2+x—2| <5(x+5)
)
2 _ i =
X +x-2¢< 5 X+
2% +2x -4 <x+S = 2 +x-9<0
CVs:  x =# (x = 1.8%6.., —2.3%6...)
G2+ x — L3
6P +x-2) < 7 X+
2% - 2x+4<x+S5S = 2¢+3x+1>0
COx+ D0 +1) >0
= _i = —
CVs: x = 5, X !
Ix* + x — 2] is below y = V5(x + S) between the outer CVs,
except between —| and =V where it is above the line, so
=1 =73 _ _ =1+ 73
—  <x< ! or 7 <X <—F —
.
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Question 3 continued
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4. (a) Show that the substitution y*= — transforms the differential equation 82
z P
q o
4 =
— + 2y = 3xy? =0 I
o Ty ) »9';\
into the differential equation et
SIS
__:E;_\
dz 4z = —6x (1) =
dx SO
3 >
:\.:gr:\
(b) Obtain the general solution of differential equation (II). >
) SRR
(c) Hence obtain the general solution of differential equation (I), giving your answer in
the form y2 = f(x)
(e))
@y=2" = % dx 22 dx
Multiply (1) by 2y:
d ai?
ZgF)% + 44> = bxy"
27 A T2 T2 ' =27)
2 dz R A
x(-2?): = -42=—6x () as required 35
(b) IF = &/ 9 = =% s
—4x ﬁ _ = _Lyo—4x i —GX) — _Lyp—ix
e ( ™ C;z) bxe = - (ze™™) = —éxe
2e™™ = =6 [ xe™™ dx “:"f‘/,
J & "
ax / 4 ?‘\5\:
= L Lo 54x e 5
é [ xe ™ + f 7 e a’x]
=
=6 [ - xe* e | +c S
[ 4 "] iz
Potes j‘
3 S
2e”% =5 xe ™ += e + ¢ s
= 3 3 ax
2=5 x+5 +ce
g J

12
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Question 4 continued

(2;) 2 = -Z- = 3 = 3
Y T TIox+ 3+ 8™  12x + 3+ Ae™
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5. Given that

&2y 2
(2—)(? )@-FSX(E) = 3y

(a) show that

3 2 2
dy__1 2xdy(1—5d—y)—5(d—y) Y
& (2-2) 7 de? dx dx dx

(©)

Given also that y =3 and v 1 at x=0
dx 4

(b) obtain a series solution for y in ascending powers of x with simplified coefficients, up
to and including the term in x*

“
(a) Differentiate with respect to x:

12 12 ) 2 ) 12 )
_29Y _ ay ay a9y oy _ .9y
ugh+@-0)gh +s(F ) +sxx23l 28 =37

)3 )12 ) ) 2 )
_2)9Y _ay ay _ ay -39
C-x) gk + gk (loxgt -2 ) +s( G ) =3¢

-5 -t (1-5s% ) -s (L) + 3%

)3 ) , 2 , ) P 2 )
w = (g (=55 ) -5Caqc ) +3%5 )

as reguired

RPN IR IV SRR o
y=3+g Xty Xor 3z Xgr t -

—3+l i+l e Ly
g—3+qx+qx+’qzx+...
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Question 5 continued
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6.

(a) Determine the general solution of the differential equation
2
d_y+ 2d_y+ S5y = 6¢cosx
dx? dx
)
(b) Find the particular solution for which y =0 and g—y =0 at x=0
X
)

@ mw+2m+S5=0 = wm=-]=+2i

CF: y = e™(A cos 2x + B sin 2x)

Pl: y = a cos x + b sin x

U U

y=-asinx+bcosx, y' =-acosx—Dbsinx

(~a cos x = b sin x) + 2(-a sin x + b cos x)

+ S(a cos x + b sin x) = 6 cos x

6 = Ya+2b=6

\

cos x: —-a+ 2b + Sa

\

simx: -b—-2a+Sbh=0 = Gb—-2a=0 = a=2b

b=6 = b==, a=

6S: y = e*(A cos 2x + B sin 2x) +% cos x +% sin x

= A=-

W) x=04g=0 0=h+s

y = —e*(A cos 2x + B sin 2x) + e*(-2A sin 2x + 2B cos 2x)

6 . 5
——= SIn X +— €0S X

S S
=0 4 = - _ ERpC) 2 -1
x=0,y =0 0= A+ZB+S 5+ZB+S = B 0

Yy = e"‘(—% cos 2x -—% sin 2x) +% cos X +% sin x

~N
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Question 6 continued
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Question 6 continued
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Figure 1

Figure 1 shows a sketch of curve C with polar equation

7= 3sin260 ogegg

The point P on C has polar coordinates (R, ¢). The tangent to C at P is perpendicular to

the initial line.

1
(a) Show that tang = ﬁ

(b) Determine the exact value of R.

(C))

2

The region S, shown shaded in Figure 1, is bounded by C and the line OP, where O is

the pole.

(C) Use calculus to show that the exact area of S is
tan _1 2
arcta + g
p /2 q

where p and ¢ are constants to be determined.

Solutions relying entirely on calculator technology are not acceptable.

(a) x =rcos © =3 sin 26 cos O

3—g=6coszecose—35in26$ine
Tangent perpendicular to initial line = Z—; =0

6(cos®0 — sin’B) cos © — 6 sin’0 cos B = 0
6 cos © (cos’0 — 2 sin’B) = 0
AtP 0<@<T/2s0cos @ #0 = cos’p = 2 sin’g

)

N
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Question 7 continued e
tan’o =é‘ = tan @ =% (o acute) as reguired
(b) tan ¢ =% = singQ =% ,  €oS @ =%
R =3sin2¢9 =6 sin¢cos g = 6X—xv—1/§=21/2
(c) Area S =é. J‘; r’ de =% J‘; sin®20 do
-5 [ é (= cos 48) do =+ [0 -+ sinap ]
=% ( —— sin Cf(p) -0, where ¢ = arctan%
sin 4¢ = 2 sin 2¢ cos 2¢ = 4 sin @ cos ¢ (2 cos’p — 1)
- Z T e kel
9 1
p Ty g9 = 4
J
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8. Given that z= ¢

1
(a) show that z"+ — =2cosnd
z

where 7 is a positive integer.

(b) Show that

1
cos’l = 3 (cos60 + 6cos46 + 15c0s26 + 10)

(c) Hence solve the equation
cos68 + 6c¢cos46 + 15¢c0s20 =0 0<0<r

Give your answers to 3 significant figures.
(d) Use calculus to determine the exact value of

3
J (32cos® @ — 4cos?6)do
0

Solutions relying entirely on calculator technology are not acceptable.

(a) 2" = €"® = cos O + i sin nd

2

(6

(C))

(6

2—’,, = e = cos(-nB) + i sin(-nB) = cos nO — i sin nd

! . .
2" +— = cos nO + i sin nB + cos NGB — i sin N = 2 cos nd
ZV)

(b) (z+£)A=z'5+625(£)+152"(2L2)+2023(2—i3)

+1522(2i¢,)+62(2L5)+2—i‘S

(2 cos B)¢ = 26 + 62 + 152° + 20 +;—3 +% +2—'6

6Qcos“6=(z“+2—'.6)+6(2"+2L4)+15(22 +2L2)+20

64 c0s°0 = 2 cos 60 + 6 x 2 cos 40 + 1S x 2 cos 20 + 20

~N
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Question 8 continued

Leave )
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cos®® =3—’2 (cos 60 + 6 cos 48 + 1S cos 26 + 10)  as required

(c) cos 60 + 6 cos 46 + 1S cos 26 + 10 = 10

32 c0s’0 =10 = cosO =%

16
cw9=t(%u) = +0.823774...

0 = 0602759.., © =1 — 0.602759... = 2.538833...

0 = 0.603, 2.54

/3
) J'n (32 cos®® — 4 cos®6) db

11',/2
=rn (cos 60 + 6 cos 490 + 1S cos 20 + 10 — 2 — 2 cos 26) dO

11'/2
= fn (cos 606 + 6 cos 46 + 13 cos 26 + 8) d6

/3

STl n 60 22 sin0g 23
—[6S/n66+23/n4/e+2s/n26+89]0

:0+% ('%)*% (VTB)"'??_;'O

J
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Question 8 continued
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