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1 Find the exact value of Ó 2

−1
�
4e2x − 2e−x�dx. [4]
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2 (a) Sketch, on the same diagram, the graphs of y = 3x and y = �x − 3 �. [2]

(b) Find the coordinates of the point where the two graphs intersect. [3]
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(c) Deduce the solution of the inequality 3x < �x − 3 �. [1]
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3

ln x

y

O

�1.03, 6.36�

�2.58, 9.00�

The variables x and y satisfy the equation ay = kx, where a and k are constants. The graph of y against

ln x is a straight line passing through the points �1.03, 6.36� and �2.58, 9.00�, as shown in the diagram.

Find the values of a and k, giving each value correct to 2 significant figures. [5]
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4 The curve with equation y = xe2x + 5e−x has a minimum pointM.

(a) Show that the x-coordinate ofM satisfies the equation x = 1
3
ln 5 − 1

3
ln�1 + 2x�. [5]
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(b) Use an iterative formula, based on the equation in part (a), to find the x-coordinate of M correct

to 3 significant figures. Use an initial value of 0.35 and give the result of each iteration to

5 significant figures. [3]
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5

x

y

O

A

B

The diagram shows the curve with parametric equations

x = ln�2t + 3�, y = 2t − 3

2t + 3
.

The curve crosses the y-axis at the point A and the x-axis at the point B.

(a) Show that
dy

dx
= 6

2t + 3
. [4]
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(b) Find the gradient of the curve at A. [2]
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(c) Find the gradient of the curve at B. [2]
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6 The polynomials f�x� and g�x� are defined by

f�x� = 4x3 + ax2 + 8x + 15 and g�x� = x2 + bx + 18,

where a and b are constants.

(a) Given that �x + 3� is a factor of f�x�, find the value of a. [2]
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(b) Given that the remainder is 40 when g�x� is divided by �x − 2�, find the value of b. [2]
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(c) When a and b have these values, factorise f�x� − g�x� completely. [3]
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(d) Hence solve the equation f�cosec 1� − g�cosec 1� = 0 for 0 < 1 < 2π. [3]
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7 (a) By first expanding cos�21 + 1�, show that cos 31 � 4 cos31 − 3 cos1. [3]
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(b) Find the exact value of 2 cos3
�
5
18
π� − 3

2
cos

�
5
18
π�. [2]
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(c) Find Ó �12 cos3x − 4 cos3 3x� dx. [4]
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Additional Page
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1 The polynomial p�x� is defined by

p�x� = ax3 + bx − 10,

where a and b are constants. It is given that �x + 2� is a factor of p�x� and that the remainder is −55
when p�x� is divided by �x + 3�.

(a) Find the values of a and b. [5]
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(b) Hence factorise p�x� completely. [3]
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2 (a) Sketch, on the same diagram, the graphs of y = x + 3 and y = �2x − 1 �. [2]

(b) Solve the equation x + 3 = �2x − 1 �. [3]
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(c) Find the value of y such that 5
1
2
y + 3 = .

2 × 5
1
2
y − 1

.
. Give your answer correct to 3 significant

figures. [2]
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3 The curve with equation

y = 5x − 2 tan 2x

has exactly one stationary point in the interval 0 ≤ x < 1
4
π.

Find the coordinates of this stationary point, giving each coordinate correct to 3 significant figures.

[6]
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4 Given that Ô a+14

a

1

3x
dx = ln 2, find the value of the positive constant a. [5]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

© UCLES 2021 9709/22/O/N/21



7

5 A curve has equation x2 + 4x cos 3y = 6.

Find the exact value of the gradient of the normal to the curve at the point
��
2, 1

12
π�. [6]
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6 (a) By sketching a suitable pair of graphs on the same diagram, show that the equation

ln x = 2e−x
has exactly one root. [2]

(b) Verify by calculation that the root lies between 1.5 and 1.6. [2]
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(c) Show that if a sequence of values given by the iterative formula

x
n+1 = e

2e−xn

converges, then it converges to the root of the equation in part (a). [1]
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(d) Use the iterative formula in part (c) to determine the root correct to 3 significant figures. Give

the result of each iteration to 5 significant figures. [3]
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7 (a) Prove that 4 sin x sin
�
x + 1

6
π� � �

3 − �
3 cos 2x + sin 2x. [3]
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(b) Find the exact value of Ó 5
6
π

0

4 sin x sin
�
x + 1

6
π� dx. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/22/O/N/21



11

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(c) Find the smallest positive value of y satisfying the equation

4 sin�2y� sin
�
2y + 1

6
π� = �

3.

Give your answer in an exact form. [3]
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1 Find the exact value of � 2

−1
�
4e2x − 2e−x�dx. [4]
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2 (a) Sketch, on the same diagram, the graphs of y = 3x and y = �x − 3 �. [2]

(b) Find the coordinates of the point where the two graphs intersect. [3]
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(c) Deduce the solution of the inequality 3x < �x − 3 �. [1]
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3

ln x

y

O

�1.03, 6.36�

�2.58, 9.00�

The variables x and y satisfy the equation ay = kx, where a and k are constants. The graph of y against

ln x is a straight line passing through the points �1.03, 6.36� and �2.58, 9.00�, as shown in the diagram.

Find the values of a and k, giving each value correct to 2 significant figures. [5]
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4 The curve with equation y = xe2x + 5e−x has a minimum pointM.

(a) Show that the x-coordinate ofM satisfies the equation x = 1
3
ln 5 − 1

3
ln�1 + 2x�. [5]
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(b) Use an iterative formula, based on the equation in part (a), to find the x-coordinate of M correct

to 3 significant figures. Use an initial value of 0.35 and give the result of each iteration to

5 significant figures. [3]
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5

x

y

O

A

B

The diagram shows the curve with parametric equations

x = ln�2t + 3�, y = 2t − 3

2t + 3
.

The curve crosses the y-axis at the point A and the x-axis at the point B.

(a) Show that
dy

dx
= 6

2t + 3
. [4]
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(b) Find the gradient of the curve at A. [2]
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(c) Find the gradient of the curve at B. [2]
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6 The polynomials f�x� and g�x� are defined by

f�x� = 4x3 + ax2 + 8x + 15 and g�x� = x2 + bx + 18,

where a and b are constants.

(a) Given that �x + 3� is a factor of f�x�, find the value of a. [2]
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(b) Given that the remainder is 40 when g�x� is divided by �x − 2�, find the value of b. [2]
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(c) When a and b have these values, factorise f�x� − g�x� completely. [3]
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(d) Hence solve the equation f�cosec �� − g�cosec �� = 0 for 0 < � < 2π. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2021 9709/21/O/N/21 [Turn over9709/23/O/N/21© UCLES 2021 [Turn over



12

7 (a) By first expanding cos�2� + ��, show that cos 3� � 4 cos3� − 3 cos�. [3]
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(b) Find the exact value of 2 cos3
�
5
18
π� − 3

2
cos

�
5
18
π�. [2]
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(c) Find � �12 cos3x − 4 cos3 3x� dx. [4]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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