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2

Solve the equation 4 sin 6 + tan 68 = 0 for 0° < 6 < 180°. [3]
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2 (a) Find the first three terms in the expansion, in ascending powers of x, of (2 + 3x)*. [2]
(b) Find the first three terms in the expansion, in ascending powers of x, of (1 — 2)c)5 . [2]
(¢) Hence find the coefficient of x? in the expansion of (2 + 3x)*(1 — 2x)°. [2]
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2
y =g(x)
/ y = f(x)
» X
-8 -6 / —4 -2 0 2 4 6
-4
-6

The diagram shows graphs with equations y = f(x) and y = g(x).

Describe fully a sequence of two transformations which transforms the graph of y = f(x) to y = g(x).

[4]
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8cm

The diagram shows a sector ABC of a circle with centre A and radius 8 cm. The area of the sector is
%n cm?. The point D lies on the arc BC.

Find the perimeter of the segment BCD. [4]
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5  Theline with equation y = kx — k, where k is a positive constant, is a tangent to the curve with equation
1

y:_z_x'

Find, in either order, the value of k and the coordinates of the point where the tangent meets the curve.

[5]
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6  The first three terms of an arithmetic progression are %, 2p — 6 and p.

(a) Given that the common difference of the progression is not zero, find the value of p. [3]

(b) Using this value, find the sum to infinity of the geometric progression with first two terms
2
% and 2p — 6. [2]
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7 A curve has equation y = 2 4+ 3 sin %x for 0 < x < 4m.

(b) Sketch the curve.

(a) State greatest and least values of y. [2]
(2]
y
A
T T T » X
0 2n 3 4n
(c¢) State the number of solutions of the equation
2+3singx=5-2x
< 4. [1]

© UCLES 2023

9709/11/M/1/23

[Turn over



8

10
The functions f and g are defined as follows, where a and b are constants.

forx>a

f(x)=1+
(%) T

g(x)=bx—-2forxeR

(a) Given that f(7) = % and gf(5) = 4, find the values of a and b. [4]
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For the rest of this question, you should use the value of a which you found in (a).
(b) Find the domain of f~!. [1]
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9  Water is poured into a tank at a constant rate of 500 cm? per second. The depth of water in the tank,
t seconds after filling starts, is Acm. When the depth of water in the tank is #cm, the volume, Vem?,

of water in the tank is given by the formula V = %(25 +h)3 - @.

(a) Find the rate at which 4 is increasing at the instant when 2 = 10cm. [3]
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(b) At another instant, the rate at which /4 is increasing is 0.075 cm per second.

Find the value of V at this instant. [3]
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10

y
A

A1, 4)

4

Y= a1
e
0 1' » X

4
The diagram shows part of the curve with equation y = W and parts of the linesx=1and y = 1.
x fa—
The curve passes through the points A (1, 4) and B, (%, 1).

(a) Find the exact volume generated when the shaded region is rotated through 360° about the x-axis.

[5]
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(b) A triangle is formed from the tangent to the curve at B, the normal to the curve at B and the
X-axis.

Find the area of this triangle. [6]
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. . d . ..
11 The equation of a curve is such that & 6x> — 30x + 6a, where a is a positive constant. The curve

has a stationary point at (a, —15).

(a) Find the value of a. [2]
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(¢) Find the equation of the curve. [3]
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The diagram shows a circle P with centre (0, 2) and radius 10 and the tangent to the circle at the
point A with coordinates (6, 10). It also shows a second circle Q with centre at the point where this
tangent meets the y-axis and with radius %\/3 .

(a) Write down the equation of circle P. [1]
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(¢) Find the equation of circle Q and hence verify that the y-coordinates of both of the points of
intersection of the two circles are 11. [3]

(d) Find the coordinates of the points of intersection of the tangent and circle Q, giving the answers
in surd form. [3]
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d 4
1  The equation of a curve is such that ay = _3) for x > 3. The curve passes through the point
x fa—
(4, 5).
Find the equation of the curve. [3]
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2 The coefficient of x* in the expansion of (x + @)® is p and the coefficient of x* in the expansion of
(ax +3)*is g. It is given that p + g = 276.

Find the possible values of the constant a. [4]
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3 (a) Express 4x? — 24x + p in the form a(x + b)? + ¢, where a and b are integers and c is to be given
in terms of the constant p. [2]

(b) Hence or otherwise find the set of values of p for which the equation 4x> — 24x + p = 0 has no
real roots. [1]
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4  Solve the equation 8x° +215x° =27 =0. [3]
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1 3
The diagram shows the curve with equation y = 10x2 — %ﬂ for x > 0. The curve meets the x-axis at
the points (0, 0) and (4, 0).

Find the area of the shaded region. (4]
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X P

The diagram shows a sector OAB of a circle with centre O. Angle AOB = 6 radians and OP = AP = x.

(a) Show that the arc length AB is 2x6 cos 6. [2]
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7 (a) (i) By first expanding (cos 6 + sin 8), find the three solutions of the equation

(cos O +sinB)? =1

(ii) Hence verify that the only solutions of the equation cos 8 + sin =1 for 0 < 6 < & are
0 and . [2]
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sin 0 1—-cos@ cosO+sinf -1
b) P the identit + = 3
(b) Prove elenlycosO+sin9 cos O —sin O 1-=2sin%06 3]
(¢) Using the results of (a)(ii) and (b), solve the equation

sin 6 1 —-cosBO

=2 in6-1
cosG+sin9+cos9—sin9 (cos 8+ sin 6 )
for0<O<n [3]
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8
y
A
2n
—
//
//
T ,/
ix
2
0 » X
0 %n o %n 2n %n

The diagram shows the graph of y = f(x) where the function f is defined by

f(x) =3+2sin£xfor0<x<2n.

(a) On the diagram above, sketch the graph of y = f~!(x). [2]

(b) Find an expression for f~!(x). [2]
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(0

y

A
21
ST //

//
/,
-4~
1
5T
» X
5 3 _ _1 1 3 5
—57 27 —5T o T 0 3T T 5T 2n ST

The diagram above shows part of the graph of the function g(x) = 3 + 2 sin é—llx for —2n < x < 2m.

Complete the sketch of the graph of g(x) on the diagram above and hence explain whether the
function g has an inverse. [2]

(d) Describe fully a sequence of three transformations which can be combined to transform the
graph of y = sinx for 0 < x < %n to the graph of y = f(x), making clear the order in which the
transformations are applied. [6]
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9  The second term of a geometric progression is 16 and the sum to infinity is 100.

(a) Find the two possible values of the first term. [4]

© UCLES 2023 9709/12/M/1/23



13

(b) Show that the nth term of one of the two possible geometric progressions is equal to
4"-2 multiplied by the nth term of the other geometric progression. [4]
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10 The equation of a circle is (x — a)? + (y — 3)> = 20. The line y = %x + 6 is a tangent to the circle at the
point P.

(a) Show that one possible value of a is 4 and find the other possible value. [5]
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(b) For a = 4, find the equation of the normal to the circle at P. [4]

(¢) For a = 4, find the equations of the two tangents to the circle which are parallel to the normal
found in (b). (4]
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11 The equation of a curve is

y=kvdx+1-x+5,
where k is a positive constant.
dy
Find —. 2
(a) Fin P (2]
(b) Find the x-coordinate of the stationary point in terms of k. [2]
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(¢) Given that k = 10.5, find the equation of the normal to the curve at the point where the tangent
to the curve makes an angle of tan~!(2) with the positive x-axis. [4]
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A/

The diagram shows the graph of y = f(x), which consists of the two straight lines AB and BC. The
lines A’B’ and B'C’ form the graph of y = g(x), which is the result of applying a sequence of two
transformations, in either order, to y = f(x).

State fully the two transformations. [4]
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2 The function f is defined for x € R by f(x) = x> — 6x + ¢, where c is a constant. It is given that f(x) > 2
for all values of x.

Find the set of possible values of c. (4]
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2 5
3 (a) Give the complete expansion of (x + —) . [2]
X

2\’ 1
(b) In the expansion of (a + bx?) (x + —) , the coeflicient of x is zero and the coefficient of — is 80.
X x

Find the values of the constants a and b. (4]
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4 (a) Show that the equation
3tan’x — 3sinx—4=0

may be expressed in the form a cos*x + b cos?>x + ¢ = 0, where a, b and ¢ are constants to be
found. [3]
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5 A circle has equation (x — 1)? + (y + 4)> = 40. A line with equation y = x — 9 intersects the circle at
points A and B.

(a) Find the coordinates of the two points of intersection. [4]
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rcm

o Orad

rcm

B

The diagram shows a sector OAB of a circle with centre O and radius rcm. Angle AOB = 0 radians.
It is given that the length of the arc AB is 9.6cm and that the area of the sector OAB is 76.8 cm?.

(a) Find the area of the shaded region. [5]
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5
The function f is defined by f(x) =2 — > for x > -2.
X
(a) State the range of f. [1]
(b) Obtain an expression for f = (x) and state the domain of f -1 [4]
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The function g is defined by g(x) = x + 3 for x > 0.

ax+b
(c) Obtain an expression for fg(x) giving your answer in the form 7 where a, b, ¢ and d are
cx

integers. [3]
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2
. a . ..
8 A progression has first term a and second term Tt where a is a positive constant.
a+

(a) For the case where the progression is geometric and the sum to infinity is 264, find the value
of a. [5]
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(b) For the case where the progression is arithmetic and a = 6, determine the least value of n required
for the sum of the first z terms to be less than —480. [5]
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A curve which passes through (0, 3) has equation y = f(x). It is given that f'(x) = 1 —

(a) Find the equation of the curve. [4]
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The tangent to the curve at (0, 3) intersects the curve again at one other point, P.

(b) Show that the x-coordinate of P satisfies the equation (2x + 1)(x - 1)> =1 = 0. [4]
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10

P <

y:9x—(2x+1)%

B(7%,3%)

|-
> X
\

ol

The diagram shows the points A (13, 51) and B (71, 31) lying on the curve with equation

; 2> 22
y=9x—(2x+1)2.
(a) Find the coordinates of the maximum point of the curve. [4]
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(b) Verify that the line AB is the normal to the curve at A. [3]
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