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1 Find the quotient and remainder when x4 is divided by x2 + 2x − 1. [3]
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2 Two variable quantities x and y are believed to satisfy an equation of the form y = C�ax�, where C and

a are constants. An experiment produced four pairs of values of x and y. The table below gives the

corresponding values of x and ln y.

x 0.9 1.6 2.4 3.2

ln y 1.7 1.9 2.3 2.6

By plotting ln y against x for these four pairs of values and drawing a suitable straight line, estimate

the values of C and a. Give your answers correct to 2 significant figures. [5]

ln y
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3 The equation x3 = 3x + 7 has one real root, denoted by !.
(i) Show by calculation that ! lies between 2 and 3. [2]
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Two iterative formulae, A and B, derived from this equation are as follows:

x
n+1 = �3x

n
+ 7�

1
3 , (A)

x
n+1 =

x3
n
− 7

3
. (B)

Each formula is used with initial value x
1
= 2.5.

(ii) Show that one of these formulae produces a sequence which fails to converge, and use the other

formula to calculate ! correct to 2 decimal places. Give the result of each iteration to 4 decimal

places. [4]
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4 (i) Prove the identity tan�45Å + x� + tan�45Å − x� � 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan�45Å + x� + tan�45Å − x� for 0Å ≤ x ≤ 90Å. [3]
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5 The equation of a curve is 2x4 + xy3 + y4 = 10.

(i) Show that
dy

dx
= − 8x3 + y3

3xy2 + 4y3
. [4]
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(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis

and find the coordinates of these points. [4]
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6 The variables x and y satisfy the differential equation

dy

dx
= 4 cos2y tan x,

for 0 ≤ x < 1
2
0, and x = 0 when y = 1

4
0. Solve this differential equation and find the value of x when

y = 1
3
0. [8]
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7 (a) The complex number u is given by u = 8 − 15i. Showing all necessary working, find the two

square roots of u. Give answers in the form a + ib, where the numbers a and b are real and exact.

[5]
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(b) On an Argand diagram, shade the region whose points represent complex numbers satisfying

both the inequalities �z − 2 − i � ≤ 2 and 0 ≤ arg�z − i� ≤ 1
4
0. [4]
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8 Let f�x� = 4x2 + 9x − 8

�x + 2��2x − 1� .

(i) Express f�x� in the form A + B

x + 2
+ C

2x − 1
. [4]
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(ii) Hence show that Ó 4

1

f�x� dx = 6 + 1
2
ln
�
16
7

�
. [5]
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9

x

y

O 2

R

The diagram shows the curve y = �1 + x2�e−
1
2
x
for x ≥ 0. The shaded region R is enclosed by the curve,

the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]
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(ii) Show that the exact value of the area of R is 18 − 42

e
. [5]
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10 The equations of two lines l andm are r= 3i− j− 2k+ ,�−i+ j+ 4k� and r= 4i+ 4j− 3k+ -�2i+ j− 2k�
respectively.

(i) Show that the lines do not intersect. [3]
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(ii) Calculate the acute angle between the directions of the lines. [3]
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(iii) Find the equation of the plane which passes through the point �3, −2, −1� and which is parallel

to both l and m. Give your answer in the form ax + by + cz = d. [5]
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1

x

y

O−1.2 1.2

The diagram shows a sketch of the curve y = 3
��9 − x3�

for values of x from −1.2 to 1.2.
(i) Use the trapezium rule, with two intervals, to estimate the value of

Ô 1.2

−1.2
3

��9 − x3�
dx,

giving your answer correct to 2 decimal places. [3]
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(ii) Explain, with reference to the diagram, why the trapezium rule may be expected to give a good

approximation to the true value of the integral in this case. [1]
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2 Showing all necessary working, solve the equation 2 log
2
x = 3 + log

2
�x + 1�, giving your answer

correct to 3 significant figures. [5]
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3 By expressing the equation tan�1 + 60Å�+ tan�1 − 60Å� = cot1 in terms of tan1 only, solve the equation
for 0Å < 1 < 90Å. [5]
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4 The curve with equation y = 2 − sin x

cos x
has one stationary point in the interval −1

2
0 < x < 1

2
0.

(i) Find the exact coordinates of this point. [5]
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(ii) Determine whether this point is a maximum or a minimum point. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2017 9709/32/O/N/17 [Turn over



8

5 The variables x and y satisfy the differential equation

�x + 1�dy
dx

= y�x + 2�,

and it is given that y = 2 when x = 1. Solve the differential equation and obtain an expression for y in

terms of x. [7]
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6 The equation of a curve is x3y − 3xy3 = 2a4, where a is a non-zero constant.

(i) Show that
dy

dx
= 3x2y − 3y3

9xy2 − x3
. [4]
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(ii) Hence show that there are only two points on the curve at which the tangent is parallel to the

x-axis and find the coordinates of these points. [4]
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7 Throughout this question the use of a calculator is not permitted.

The complex number 1 − �ï3�i is denoted by u.
(i) Find the modulus and argument of u. [2]
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(ii) Show that u3 + 8 = 0. [2]
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(iii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z

satisfying both the inequalities �z − u � ≤ 2 and Re z ≥ 2, where Re z denotes the real part of z.

[4]
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8 Let f�x� = 8x2 + 9x + 8

�1 − x��2x + 3�2
.

(i) Express f�x� in partial fractions. [5]
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(ii) Hence obtain the expansion of f�x� in ascending powers of x, up to and including the term in x2.

[5]
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9 It is given that Ó a

1

x
1
2 ln x dx = 2, where a > 1.

(i) Show that a
3
2 = 7 + 2a

3
2

3 lna
. [5]
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(ii) Show by calculation that a lies between 2 and 4. [2]
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(iii) Use the iterative formula

a
n+1 =

`
7 + 2a

3
2
n

3 ln a
n

a2
3

to determine a correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

[3]
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10 Two planes p and q have equations x + y + 3z = 8 and 2x − 2y + z = 3 respectively.

(i) Calculate the acute angle between the planes p and q. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) The point A on the line of intersection of p and q has y-coordinate equal to 2. Find the equation

of the plane which contains the point A and is perpendicular to both the planes p and q. Give

your answer in the form ax + by + cz = d. [7]
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2

1 Find the quotient and remainder when x4 is divided by x2 + 2x − 1. [3]
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2 Two variable quantities x and y are believed to satisfy an equation of the form y = C�ax�, where C and

a are constants. An experiment produced four pairs of values of x and y. The table below gives the

corresponding values of x and ln y.

x 0.9 1.6 2.4 3.2

ln y 1.7 1.9 2.3 2.6

By plotting ln y against x for these four pairs of values and drawing a suitable straight line, estimate

the values of C and a. Give your answers correct to 2 significant figures. [5]

ln y

x
0 1 2 3 4

1

2

3
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3 The equation x3 = 3x + 7 has one real root, denoted by !.
(i) Show by calculation that ! lies between 2 and 3. [2]
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Two iterative formulae, A and B, derived from this equation are as follows:

x
n+1 = �3x

n
+ 7�

1
3 , (A)

x
n+1 =

x3
n
− 7

3
. (B)

Each formula is used with initial value x
1
= 2.5.

(ii) Show that one of these formulae produces a sequence which fails to converge, and use the other

formula to calculate ! correct to 2 decimal places. Give the result of each iteration to 4 decimal

places. [4]
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4 (i) Prove the identity tan�45Å + x� + tan�45Å − x� � 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan�45Å + x� + tan�45Å − x� for 0Å ≤ x ≤ 90Å. [3]
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5 The equation of a curve is 2x4 + xy3 + y4 = 10.

(i) Show that
dy

dx
= − 8x3 + y3

3xy2 + 4y3
. [4]
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(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis

and find the coordinates of these points. [4]
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6 The variables x and y satisfy the differential equation

dy

dx
= 4 cos2y tan x,

for 0 ≤ x < 1
2
0, and x = 0 when y = 1

4
0. Solve this differential equation and find the value of x when

y = 1
3
0. [8]
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7 (a) The complex number u is given by u = 8 − 15i. Showing all necessary working, find the two

square roots of u. Give answers in the form a + ib, where the numbers a and b are real and exact.

[5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2017 9709/33/O/N/17



13

(b) On an Argand diagram, shade the region whose points represent complex numbers satisfying

both the inequalities �z − 2 − i � ≤ 2 and 0 ≤ arg�z − i� ≤ 1
4
0. [4]
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8 Let f�x� = 4x2 + 9x − 8

�x + 2��2x − 1� .

(i) Express f�x� in the form A + B

x + 2
+ C

2x − 1
. [4]
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(ii) Hence show that Ó 4

1

f�x� dx = 6 + 1
2
ln
�
16
7

�
. [5]
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9

x

y

O 2

R

The diagram shows the curve y = �1 + x2�e−
1
2
x
for x ≥ 0. The shaded region R is enclosed by the curve,

the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]
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(ii) Show that the exact value of the area of R is 18 − 42

e
. [5]
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10 The equations of two lines l andm are r= 3i− j− 2k+ ,�−i+ j+ 4k� and r= 4i+ 4j− 3k+ -�2i+ j− 2k�
respectively.

(i) Show that the lines do not intersect. [3]
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(ii) Calculate the acute angle between the directions of the lines. [3]
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(iii) Find the equation of the plane which passes through the point �3, −2, −1� and which is parallel

to both l and m. Give your answer in the form ax + by + cz = d. [5]
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