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1 (a) Sketch the graph of y x2 3= - . [1]

 (b) Solve the inequality x x3 1 2 31- - . [2]
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2 It is given that ( ) ( )ln ln lnp p q2 1 1 321+ - - + = .
 Find q in terms of p. [3]
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3 Find the complex numbers z for which zz 55i-+  is real and z 17= . Give your answers in the form  
z x yi= + , where x and y are real. [6]
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4 The parametric equations of a curve are 
x etant= , tany t3 2= .

 Find the equation of the tangent to the curve at the point (e, 3). Give your answer in the form y mx c= + , where m and c are exact. [6]
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................

* 0000800000006 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN



7

9709/31/M/J/25© UCLES 2025 [Turn over

 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................

 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................
 ....................................................................................................................................................................

* 0000800000007 *
DO

 NO
T W

RIT
E IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN



8

9709/31/M/J/25© UCLES 2025

5 The polynomial x pax a x qa3 73 2 2 3+ + +  is denoted by ( )xf , where p, q and a are constants and a 0! .   
 When ( )xf  is divided by ( )x a2+  the remainder is a22 3- . When ( )xf  is divided by ( )x a3 -  the remainder is a3- .
 Find the values of p and q. [5]
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6 It is given that z 3e r1 i41= ,  z e r2 23 i16=  and 2e ri21~ = .
 (a) State the values of z1~  and z2~ . Give your answers in the form reii , where r 02  and r r1 Gi- . [2]
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 (b) On a sketch of an Argand diagram with origin O, show the points A, B, C and D representing the complex numbers z1 , z2 , z1~  and z2~  respectively. [2]
 
 
 
 
 
 
 
 
 
 
 
 (c) State the geometric effects of multiplying z1  and z2  by ~. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000009 *
DO

 NO
T W

RIT
E IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN



10

9709/31/M/J/25© UCLES 2025

7 (a) Express sin cosx x5 461 r+ -b l  in the form ( )sinR x a- ,  where R 02  and r0 211 1a . State the 
exact value of R and give the value of a correct to 3 decimal places. [4]
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 (b) Hence solve the equation rsin cos5 4 72 261i i+ - =b l  for r0 G Gi . Give your answers correct 
to 2 decimal places. [4]
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8 With respect to the origin O, the points A and B have position vectors i k2 4+  and i j k5 6+ +  respectively. The line l1  passes through the points A and B.
 (a) Find a vector equation for the line l1 . [2]
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 The line l2  has equation ( )r i j k i j k2 5 2 3n= + + + + + . 
 (b) Show that l1  and l2  do not intersect.  [4]
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 (c) Find the acute angle between the directions of l1  and l2 . [3]
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9 The constant a is such that a
1 lnx x x6 4d =; .

 (a) Show that expa a1 5 32= +6f e op, where exp(x) denotes ex . [5]
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 (b) Verify by calculation that a lies between 2 and 2.1. [2]
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 (c) Use an iterative formula based on the equation in part (a) to determine a correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]
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10 (a) Find the quotient and remainder when x x x5 2 153 2+ - -  is divided by x 32 - . [3]
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 (b) The variables x and y satisfy the differential equation
x x x5 2 15+ - -

( )
y

y x6 3
d

2
3 2= -xd .

  It is given that y 2=  when x 2= .   Solve the differential equation to obtain an expression for y2  in terms of x. [5]
 .....................................................................................................................................................
 .....................................................................................................................................................
 .....................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000016 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN



17

9709/31/M/J/25© UCLES 2025 [Turn over

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 .....................................................................................................................................................
 .....................................................................................................................................................
 .....................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000017 *
DO

 NO
T W

RIT
E IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN



18

9709/31/M/J/25© UCLES 2025

11 y

xa

M

O
21 r

 The diagram shows the curve cos siny x x2=  for x0 21G G r. The curve has a maximum point at M, where x a= .
 (a) Find the exact value of a. [6]
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 (b) The region enclosed between the x-axis and the curve is rotated through 2r radians about the x-axis. 
  Find the exact volume of the solid generated. [5]
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1 Solve the equation 32 4ee ex
x x

-+ =- . Give your answer correct to 3 decimal places. [5]
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2 (a) Expand ( ) ( )x x6 1 2 23- - -  in ascending powers of x, up to and including the term in x2 , simplifying the coefficients. [4]
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 (b) State the set of values of x for which the expansion is valid. [1]
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3 On an Argand diagram shade the region whose points represent complex numbers z which satisfy both 
the inequalities z 3 2i G-  and ( )arg z 1 2i41 43G Gr r- - . [5]
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4 Solve the equation cot cotx x3 4 2 3- =  for ° °x0 180G G . [6]
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5 The square roots of 1 4 5i- -  can be expressed in the Cartesian form x yi+ , where x and y are real and exact.
 By first forming a quartic equation in x or y, find the square roots of 1 4 5i- -  in exact Cartesian form. [5]
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6 (a) By sketching a suitable pair of graphs, show that the equation
sinx x2 2 21- =

  has only one root in the interval x0 1 1 r. [2]

 (b) Show by calculation that this root lies between 1 and 1.5. [2]
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 (c) Use the iterative formula sinx x2 2n n1 21= -+  with an initial value of 1.03 to calculate the root  
correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]
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7 (a) Express sin cos7 24i i+  in the form ( )cosR i a- , where R 02  and r0 211 1a . Give the value of a correct to 4 decimal places. [3]
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 (b) Hence solve the equation .sin cosx x7 24 24 531 31+ =  for x0 1 1 r. [4]
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8 The variables x and i satisfy the differential equation
( )sin cosx x2 4 3 2ddi i i= + ,

 and x 0=  when r121i = .
 Solve the differential equation and obtain an expression for x in terms of i. [7]
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9 With respect to the origin O, the points A, B and C have position vectors given by

OA 142= -f p,   OB 213= -f p   and   OC 235= f p.

 (a) Find a vector equation for the line through A and B. [2]
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 (b) Using a scalar product, find the exact value of cos BAC. [4]
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 (c) Hence find the exact area of triangle ABC. [3]
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10 (a) Find the quotient and remainder when x2  is divided by x1 4 2+ . [2]
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 (b) Find the exact value of ( )tanx x x2 d. 1
0
0 5 -; . [6]
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11 y

x21 rO

M

 The diagram shows the graph of sin cosy x x5 2 2=  for x0 21G G r and its maximum point M.
 (a) Find the exact x-coordinate of M. [6]
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 (b) By using the substitution cosu x= , find the area of the region bounded by the curve, the x-axis 
between x 0=  and x 41 r= , and the line x 41 r= . [5]
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1 (a) Sketch the graph of y x a3 2= - , where a is a positive constant. [1]

 (b) Hence or otherwise solve the inequality x a x a3 2 51- + . [3]
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2 Solve the equation ( ) ( ) ( )ln ln lnx x x2 2 3 2 5 3+ - + = .  [4]
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3 Find the exact value of cos x x3 5 d
r

r 2
5
1
4
1

; . [4]
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4 (a) It is given that z r e1 1
i 1= i  and  z r e2 2

i 2= i .
 
  Show that ( )* * *z z z z1 2 1 2= . [3]
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 (b) z 3e ri4
1=  is a root of the equation z bz c 02 + + = , where b and c are real.

 
  State the other root and hence find the values of b and c. [3]
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5 The equation of a curve is xy y 4e x2+ =- .

 (a) Show that y
x y
y y

2
d

e
e

x
x2

= +
-

xd . [4]
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 (b) Find the gradients of the tangents to the curve when x 0= . [2]
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6 Find the complex numbers z for which z
z

4
4
i+

+  is real and z 10= . Give your answers in the form  
z x yi= + , where x and y are real. [6]
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7 Let ( ) ( ) ( )x a x a x
a x

3 2 2
3 5f = + -

- , where a is a positive constant.

 (a) Express ( )xf  in partial fractions. [3]
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 (b) Hence obtain the expansion of ( )xf  in ascending powers of x, up to and including the term in x2 .
 [4]
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 (c) State the set of values of x for which the expansion in part (b) is valid. [1]
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8 (a) Prove the identity cot tan cot cosec4 2 22 2 /i i i i- . [4]
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 (b) Hence solve the equation cot tan secx x x5 22 2- =  for ° °x0 901 1 . [4]
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9 With respect to the origin O, the points A, B and C have position vectors given by 
,OA O OB Ci j i j i jk k2 3 2 2 3and= + = + - = - + .

 The line l passes through B and C.
 (a) Find a vector equation for l. [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) The point P is the foot of the perpendicular from A to l.
  Find the position vector of P. [4]
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (c) The point D is the reflection of A in l.
  Find the position vector of D. [2]
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10 The variables x and y satisfy the differential equation
sin sin siny x

y x y x4 2 3d
d = .

 It is given that y 12
1 r=  when x 2

1 r= .
 (a) Solve the differential equation, obtaining a relation between x and y. [8]
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 ............................................................................................................................................................
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 (b) Given that y0 2
11 1 r, find the values of y when x 0= . [2]
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11 y

xO a

M

2
1 r

 The diagram shows the curve siny x x2=  for x0 2
1G G r. The curve has a maximum point at M, 

where x a= .
 (a) Show that tan a a2 4=-  [4]
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 (b) Show by calculation that . .a0 9 0 951 1 . [2]
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 (c) Show that if a sequence of values given by the iterative formula 
tanx x4n n1 2

1 1r= -+
-b ` jl

  converges, then it converges to a. [2]
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 (d) Use the iterative formula in part (c) to calculate a correct to 4 decimal places. Give the result of 
each iteration to 6 decimal places. [3]
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Additional page
If you use the following page to complete the answer to any question, the question number must be clearly 
shown.
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1 Solve the equation ( )3 5 6xx4 2 1=- - . Give your answer correct to 3 significant figures.  [4]
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2 Solve the equation cot cosec3 4 5 02i i- + =  for r rG Gi- . [5]
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3 The complex numbers s and t are given by
( . . )cos isin ands t5 0 25 0 25 6e3i= + = .

 (a) Express ts  in the form reii , where r r and r 01 2Gi- . [2]
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 ............................................................................................................................................................

 (b) In an Argand diagram with origin O, the points A and B represent the complex numbers s and 
ts  respectively.

  By considering the line segments OA and OB, or otherwise, state the two geometric effects of dividing a complex number by 6e3i . [2]
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4 Find the exact coordinates of the stationary point of the curve with equation lny x x3 3 4= , for x 02 . [5]
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5
Im

O Re

 The diagram shows the locus of points representing the complex numbers, z, satisfying z 5 4 3i; ;+ - = .
 (a) For the points on this locus, determine the maximum and minimum possible values of z; ;. [3]
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 (b) For the points on this locus, determine the minimum possible value of arg z. [3]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000007 *
DO

 NO
T W

RIT
E IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN

 TH
IS M

AR
GIN



8

9709/35/M/J/25© UCLES 2025

6 The parametric equations of a curve are

cosx t32=    and   tany t3= ,

 for rt0 2G G . 
 (a) Show that x

y
d
d  can be written as cosecA t3 , where A is a constant to be found. [5]
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 (b) Find an equation of the normal to the curve at the point where rt 121= . Give your answer in the form y mx c= + , where the constants m and c are exact. [4]
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7 The equation of a curve is ( )tany x41= - .
 (a) Find the exact values of x when the gradient of the curve is 41 . [3]
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 (b) Find the exact value of 0 y xd.0 25y . [5]
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8 (a) By sketching a suitable pair of graphs, show that the equation sec x x2 2 21=- -  has exactly one 
root in the interval  rx0 21G G . [2]

 (b) Show by calculation that this root lies between 0.8 and 1.2. [2]
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 (c) Show that, if a sequence of real values given by the iterative formula 
cosx x21 4 2 1n n1 1= +-

+ - e o

  converges, then it converges to the root of the equation in part (a). [2]
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 (d) Use this iterative formula to calculate this root correct to 3 decimal places. Give the result of each iteration to 5 decimal places. [3]
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9 (a) Express ( ) ( )x xx x3 2 612 55 22
- ++ -  in partial fractions. [5] 
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 (b) Hence obtain the expansion of ( ) ( )x xx x3 2 612 55 22
- ++ -  in ascending powers of x, up to and including the 

term in x2 . [4]
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10 With respect to the origin O, the points A, B and C have position vectors given by
2 6i j kOA = - - ,   bB 2 3i j kO = - +    and   C 4 5 2kO i j=- + - .

 (a) It is given that BCAB = . 
  Find the value of b. [3]
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 (b) A, B, C and D are the vertices of a rhombus. 
  Find the position vector of D. [2]
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 (c) Calculate angle ABC. [3]
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11 The variables x and y satisfy the differential equation 
( ) ( )ex x

y x3 2d
d y2 3+ = - .

 It is given that y 0=  when x 0= .
 Solve the differential equation, and find the value of y when x 2= . [8]
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