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1 Solve the inequality �2x + 1� < 3 �x − 2 �. [4]
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2 Expand
1

3
��1 + 6x� in ascending powers of x, up to and including the term in x3, simplifying the

coefficients. [4]
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3 It is given that x = ln�1 − y� − ln y, where 0 < y < 1.

(i) Show that y = e−x
1 + e−x . [2]
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(ii) Hence show that Ó 1

0

y dx = ln

@
2e

e + 1

A
. [4]
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4 The parametric equations of a curve are

x = ln cos1, y = 31 − tan1,
where 0 ≤ 1 < 1

2
0.

(i) Express
dy

dx
in terms of tan1. [5]
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(ii) Find the exact y-coordinate of the point on the curve at which the gradient of the normal is equal

to 1. [3]
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5

O
A B

P

r

x rad

The diagram shows a semicircle with centre O, radius r and diameter AB. The point P on its

circumference is such that the area of the minor segment on AP is equal to half the area of the minor

segment on BP. The angle AOP is x radians.

(i) Show that x satisfies the equation x = 1
3
�0 + sin x�. [3]
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(ii) Verify by calculation that x lies between 1 and 1.5. [2]
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(iii) Use an iterative formula based on the equation in part (i) to determine x correct to 3 decimal

places. Give the result of each iteration to 5 decimal places. [3]
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6 The plane with equation 2x + 2y − z = 5 is denoted by m. Relative to the origin O, the points A and B

have coordinates �3, 4, 0� and �−1, 0, 2� respectively.
(i) Show that the plane m bisects AB at right angles. [5]
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A second plane p is parallel tom and nearer toO. The perpendicular distance between the planes is 1.

(ii) Find the equation of p, giving your answer in the form ax + by + cz = d. [3]
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7 Throughout this question the use of a calculator is not permitted.

The complex numbers u and w are defined by u = −1 + 7i and w = 3 + 4i.

(i) Showing all your working, find in the form x + iy, where x and y are real, the complex numbers

u − 2w and
u

w
. [4]
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In an Argand diagram with origin O, the points A, B and C represent the complex numbers u, w and

u − 2w respectively.

(ii) Prove that angle AOB = 1
4
0. [2]
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(iii) State fully the geometrical relation between the line segments OB and CA. [2]
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8 (i) By first expanding 2 sin�x − 30Å�, express 2 sin�x − 30Å� − cos x in the form R sin�x − !�, where
R > 0 and 0Å < ! < 90Å. Give the exact value of R and the value of ! correct to 2 decimal places.

[5]
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(ii) Hence solve the equation

2 sin�x − 30Å� − cos x = 1,

for 0Å < x < 180Å. [3]
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9 (i) Express
1

x�2x + 3� in partial fractions. [2]
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(ii) The variables x and y satisfy the differential equation

x�2x + 3�dy
dx

= y,

and it is given that y = 1 when x = 1. Solve the differential equation and calculate the value of y

when x = 9, giving your answer correct to 3 significant figures. [7]
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10

x

y

O

M

1

4
0

The diagram shows the curve y = sin x cos22x for 0 ≤ x ≤ 1
4
0 and its maximum pointM.

(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bounded

by the curve and the x-axis. [6]
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(ii) Find the x-coordinate ofM. Give your answer correct to 2 decimal places. [6]
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2

1 Solve the equation ln�x2 + 1� = 1 + 2 ln x, giving your answer correct to 3 significant figures. [3]
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2 Solve the inequality �x − 3 � < 3x − 4. [4]
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3 (i) Express the equation cot 1 − 2 tan 1 = sin 21 in the form a cos41 + b cos21 + c = 0, where a, b

and c are constants to be determined. [3]
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(ii) Hence solve the equation cot 1 − 2 tan 1 = sin 21 for 90Å < 1 < 180Å. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2017 9709/32/M/J/17 [Turn over



6

4 The parametric equations of a curve are

x = t2 + 1, y = 4t + ln�2t − 1�.

(i) Express
dy

dx
in terms of t. [3]
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(ii) Find the equation of the normal to the curve at the point where t = 1. Give your answer in the

form ax + by + c = 0. [3]
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5 In a certain chemical process a substance A reacts with and reduces a substance B. The masses of A

and B at time t after the start of the process are x and y respectively. It is given that
dy

dt
= −0.2xy and

x = 10

�1 + t�2
. At the beginning of the process y = 100.

(i) Form a differential equation in y and t, and solve this differential equation. [6]
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(ii) Find the exact value approached by the mass of B as t becomes large. State what happens to the

mass of A as t becomes large. [2]
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6 Throughout this question the use of a calculator is not permitted.

The complex number 2 − i is denoted by u.

(i) It is given that u is a root of the equation x3 + ax2 − 3x + b = 0, where the constants a and b are

real. Find the values of a and b. [4]
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(ii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z

satisfying both the inequalities �z − u � < 1 and �z � < �z + i �. [4]
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7 (i) Prove that if y = 1

cos1 then
dy

d1 = sec 1 tan1. [2]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Prove the identity
1 + sin 1
1 − sin 1 � 2 sec21 + 2 sec 1 tan 1 − 1. [3]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Hence find the exact value of Ô
1
4
0

0

1 + sin1
1 − sin1 d1. [4]
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8 Let f�x� = 5x2 − 7x + 4

�3x + 2��x2 + 5�
.

(i) Express f�x� in partial fractions. [5]
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(ii) Hence obtain the expansion of f�x� in ascending powers of x, up to and including the term in x2.

[5]
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9 Relative to the origin O, the point A has position vector given by
−−→
OA = i + 2j + 4k. The line l has

equation r = 9i − j + 8k + -�3i − j + 2k�.

(i) Find the position vector of the foot of the perpendicular from A to l. Hence find the position

vector of the reflection of A in l. [5]
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(ii) Find the equation of the plane through the origin which contains l. Give your answer in the form

ax + by + cz = d. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Find the exact value of the perpendicular distance of A from this plane. [3]
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10

x

y

O

M

1

4
0p

The diagram shows the curve y = x2 cos 2x for 0 ≤ x ≤ 1
4
0. The curve has a maximum point at M

where x = p.

(i) Show that p satisfies the equation p = 1
2
tan−1

@
1

p

A
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Use the iterative formula p
n+1 = 1

2
tan−1

@
1

p
n

A
to determine the value of p correct to 2 decimal

places. Give the result of each iteration to 4 decimal places. [3]
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(iii) Find, showing all necessary working, the exact area of the region bounded by the curve and the

x-axis. [5]
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1 Prove the identity
cot x − tan x

cot x + tan x
� cos 2x. [3]
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2 Expand �3 + 2x�−3 in ascending powers of x up to and including the term in x2, simplifying the

coefficients. [4]
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3 Using the substitutionu= ex, solve the equation 4e−x = 3ex + 4. Give your answer correct to 3 significant

figures. [4]
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4 Find the exact value of Ó 1
2
0

0

1 sin 1
2
1 d1. [4]
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5 A curve has equation y = 2
3
ln�1 + 3 cos2x� for 0 ≤ x ≤ 1

2
0.

(i) Express
dy

dx
in terms of tan x. [4]
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(ii) Hence find the x-coordinate of the point on the curve where the gradient is −1. Give your answer
correct to 3 significant figures. [2]
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6 The equation cot x = 1 − x has one root in the interval 0 < x < 0, denoted by !.
(i) Show by calculation that ! is greater than 2.5. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Show that, if a sequence of values in the interval 0 < x < 0 given by the iterative formula

x
n+1 = 0 + tan−1

@
1

1 − x
n

A
converges, then it converges to !. [2]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Use this iterative formula to determine ! correct to 3 decimal places. Give the result of each

iteration to 5 decimal places. [3]
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7

x

y

O

M

The diagram shows a sketch of the curve y = e
1
2
x

x
for x > 0, and its minimum pointM.

(i) Find the x-coordinate ofM. [4]
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(ii) Use the trapezium rule with two intervals to estimate the value of

Ô 3

1

e
1
2
x

x
dx,

giving your answer correct to 2 decimal places. [3]

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

(iii) The estimate found in part (ii) is denoted by E. Explain, without further calculation, whether

another estimate found using the trapezium rule with four intervals would be greater than E or

less than E. [1]
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8 In a certain chemical reaction, a compound A is formed from a compound B. The masses of A and

B at time t after the start of the reaction are x and y respectively and the sum of the masses is equal

to 50 throughout the reaction. At any time the rate of increase of the mass of A is proportional to the

mass of B at that time.

(i) Explain why
dx

dt
= k�50 − x�, where k is a constant. [1]

........................................................................................................................................................
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........................................................................................................................................................

It is given that x = 0 when t = 0, and x = 25 when t = 10.

(ii) Solve the differential equation in part (i) and express x in terms of t. [8]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2017 9709/33/M/J/17 [Turn over



14

9 Let f�x� = 3x2 − 4

x2�3x + 2�
.

(i) Express f�x� in partial fractions. [5]
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(ii) Hence show that Ó 2

1

f�x� dx = ln
�
25
8

� − 1. [5]
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10 The points A and B have position vectors given by
−−→
OA = i − 2j + 2k and

−−→
OB = 3i + j + k. The line l

has equation r = 2i + j +mk + -�i − 2j − 4k�, where m is a constant.

(i) Given that the line l intersects the line passing through A and B, find the value of m. [5]
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(ii) Find the equation of the plane which is parallel to i − 2j − 4k and contains the points A and B.

Give your answer in the form ax + by + cz = d. [5]
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11 Throughout this question the use of a calculator is not permitted.

(a) The complex numbers z and w satisfy the equations

z + �1 + i�w = i and �1 − i�z + iw = 1.

Solve the equations for z and w, giving your answers in the form x + iy, where x and y are real.

[6]
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(b) The complex numbers u and v are given by u = 1 + �2ï3�i and v = 3 + 2i. In an Argand diagram,

u and v are represented by the points A and B. A third point C lies in the first quadrant and is

such that BC = 2AB and angle ABC = 90Å. Find the complex number z represented by C, giving

your answer in the form x + iy, where x and y are real and exact. [4]
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