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1 (i) Simplify sin 2! sec !. [2]

(ii) Given that 3 cos 2" + 7 cos " = 0, find the exact value of cos ". [3]

2 Use the substitution u = 1 + 3 tan x to find the exact value of

Ô
1
4
0

0

��1 + 3 tan x�
cos2 x

dx. �5�

3 The parametric equations of a curve are

x = ln�2t + 3�, y = 3t + 2

2t + 3
.

Find the gradient of the curve at the point where it crosses the y-axis. [6]

4 The variables x and y are related by the differential equation

dy

dx
= 6ye3x

2 + e3x
.

Given that y = 36 when x = 0, find an expression for y in terms of x. [6]

5 The complex number Ï is defined by Ï = 9ï3 + 9iï3 − i
. Find, showing all your working,

(i) an expression for Ï in the form rei1, where r > 0 and −0 < 1 ≤ 0, [5]

(ii) the two square roots of Ï, giving your answers in the form rei1, where r > 0 and −0 < 1 ≤ 0. [3]

6 It is given that 2 ln�4x − 5� + ln�x + 1� = 3 ln 3.

(i) Show that 16x3 − 24x2 − 15x − 2 = 0. [3]

(ii) By first using the factor theorem, factorise 16x3 − 24x2 − 15x − 2 completely. [4]

(iii) Hence solve the equation 2 ln�4x − 5� + ln�x + 1� = 3 ln 3. [1]

7 The straight line l has equation r = 4i − j + 2k + ,�2i − 3j + 6k�. The plane p passes through the point

�4, −1, 2� and is perpendicular to l.

(i) Find the equation of p, giving your answer in the form ax + by + cÏ = d. [2]

(ii) Find the perpendicular distance from the origin to p. [3]

(iii) A second plane q is parallel to p and the perpendicular distance between p and q is 14 units.

Find the possible equations of q. [3]
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8 (i) By sketching each of the graphs y = cosec x and y = x�0 − x� for 0 < x < 0, show that the equation

cosec x = x�0 − x�

has exactly two real roots in the interval 0 < x < 0. [3]

(ii) Show that the equation cosec x = x�0 − x� can be written in the form x = 1 + x2 sin x0 sin x
. [2]

(iii) The two real roots of the equation cosec x = x�0 − x� in the interval 0 < x < 0 are denoted by !
and ", where ! < ".

(a) Use the iterative formula

xn+1
= 1 + x2

n sin xn0 sin xn

to find ! correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

[3]

(b) Deduce the value of " correct to 2 decimal places. [1]

9 (i) Express
4 + 12x + x2

�3 − x��1 + 2x�2
in partial fractions. [5]

(ii) Hence obtain the expansion of
4 + 12x + x2

�3 − x��1 + 2x�2
in ascending powers of x, up to and including

the term in x2. [5]

10

x

y

O

T1

T2

T3

T4

The diagram shows the curve y = 10e−1
2
x sin 4x for x ≥ 0. The stationary points are labelled T1, T2,

T
3
, … as shown.

(i) Find the x-coordinates of T1 and T2, giving each x-coordinate correct to 3 decimal places. [6]

(ii) It is given that the x-coordinate of Tn is greater than 25. Find the least possible value of n. [4]
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1 Find the set of values of x satisfying the inequality

�x + 2a � > 3 �x − a �,

where a is a positive constant. [4]

2 Solve the equation

2 ln�5 − e−2x� = 1,

giving your answer correct to 3 significant figures. [4]

3 Solve the equation

cos�x + 30Å� = 2 cos x,

giving all solutions in the interval −180Å < x < 180Å. [5]

4 The parametric equations of a curve are

x = t − tan t, y = ln�cos t�,

for −1
2
0 < t < 1

2
0.

(i) Show that
dy

dx
= cot t. [5]

(ii) Hence find the x-coordinate of the point on the curve at which the gradient is equal to 2. Give

your answer correct to 3 significant figures. [2]

5 (i) The polynomial f�x� is of the form �x − 2�2g�x�, where g�x� is another polynomial. Show that

�x − 2� is a factor of f ′�x�. [2]

(ii) The polynomial x5 + ax4 + 3x3 + bx2 + a, where a and b are constants, has a factor �x − 2�2.

Using the factor theorem and the result of part (i), or otherwise, find the values of a and b. [5]
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6
A

B C

r

O

x

In the diagram, A is a point on the circumference of a circle with centre O and radius r. A circular arc

with centre A meets the circumference at B and C. The angle OAB is equal to x radians. The shaded

region is bounded by AB, AC and the circular arc with centre A joining B and C. The perimeter of

the shaded region is equal to half the circumference of the circle.

(i) Show that x = cos−1
0 0

4 + 4x

1
. [3]

(ii) Verify by calculation that x lies between 1 and 1.5. [2]

(iii) Use the iterative formula

xn+1
= cos−1

@
0

4 + 4xn

A

to determine the value of x correct to 2 decimal places. Give the result of each iteration to

4 decimal places. [3]

7 (a) It is given that −1 + �ï5�i is a root of the equation Ï
3
+ 2Ï + a = 0, where a is real. Showing your

working, find the value of a, and write down the other complex root of this equation. [4]

(b) The complex number w has modulus 1 and argument 21 radians. Show that
w − 1

w + 1
= i tan1. [4]

8

x

y

O 0

The diagram shows the curve y = x cos 1
2
x for 0 ≤ x ≤ 0.

(i) Find
dy

dx
and show that 4

d2y

dx2
+ y + 4 sin 1

2
x = 0. [5]

(ii) Find the exact value of the area of the region enclosed by this part of the curve and the x-axis.

[5]
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9 The population of a country at time t years is N millions. At any time, N is assumed to increase at a

rate proportional to the product of N and �1 − 0.01N�. When t = 0, N = 20 and
dN

dt
= 0.32.

(i) Treating N and t as continuous variables, show that they satisfy the differential equation

dN

dt
= 0.02N�1 − 0.01N�. �1�

(ii) Solve the differential equation, obtaining an expression for t in terms of N. [8]

(iii) Find the time at which the population will be double its value at t = 0. [1]

10 Referred to the origin O, the points A, B and C have position vectors given by

−−→
OA = i + 2j + 3k,

−−→
OB = 2i + 4j + k and

−−→
OC = 3i + 5j − 3k.

(i) Find the exact value of the cosine of angle BAC. [4]

(ii) Hence find the exact value of the area of triangle ABC. [3]

(iii) Find the equation of the plane which is parallel to the y-axis and contains the line through B

and C. Give your answer in the form ax + by + cÏ = d. [5]
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1 Solve the equation log10�x + 9� = 2 + log10 x. [3]

2 Expand �1 + 3x�−
1
3 in ascending powers of x, up to and including the term in x3, simplifying the

coefficients. [4]

3 (i) Show that the equation

tan�x − 60Å� + cot x = ï3

can be written in the form

2 tan2 x + �ï3� tan x − 1 = 0. �3�

(ii) Hence solve the equation

tan�x − 60Å� + cot x = ï3,

for 0Å < x < 180Å. [3]

4 The equation x = 10

e2x − 1
has one positive real root, denoted by !.

(i) Show that ! lies between x = 1 and x = 2. [2]

(ii) Show that if a sequence of positive values given by the iterative formula

xn+1 = 1
2

ln

P
1 + 10

xn

Q

converges, then it converges to !. [2]

(iii) Use this iterative formula to determine ! correct to 2 decimal places. Give the result of each

iteration to 4 decimal places. [3]

5 The variables x and 1 satisfy the differential equation

2 cos21 dx

d1 = ��2x + 1�,

and x = 0 when 1 = 1
4
0. Solve the differential equation and obtain an expression for x in terms of 1.

[7]

© UCLES 2014 9709/33/M/J/14



3

6

x

y

O

M

The diagram shows the curve
�
x2 + y2

�2 = 2
�
x2 − y2

�
and one of its maximum points M. Find the

coordinates of M. [7]

7 (a) The complex number
3 − 5i

1 + 4i
is denoted by u. Showing your working, express u in the form

x + iy, where x and y are real. [3]

(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities �Ï − 2 − i � ≤ 1 and �Ï − i � ≤ �Ï − 2 �. [4]

(ii) Calculate the maximum value of arg Ï for points lying in the shaded region. [2]

8 Let f�x� = 6 + 6x

�2 − x��2 + x2�
.

(i) Express f�x� in the form
A

2 − x
+ Bx + C

2 + x2
. [4]

(ii) Show that Ó 1

−1

f�x�dx = 3 ln 3. [5]

9

x

y

O 1

2
0

M

The diagram shows the curve y = e2 sin x cos x for 0 ≤ x ≤ 1
2
0, and its maximum point M.

(i) Using the substitution u = sin x, find the exact value of the area of the shaded region bounded by

the curve and the axes. [5]

(ii) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [6]
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10 The line l has equation r = i + 2j − k + ,�3i − 2j + 2k� and the plane p has equation 2x + 3y − 5Ï = 18.

(i) Find the position vector of the point of intersection of l and p. [3]

(ii) Find the acute angle between l and p. [4]

(iii) A second plane q is perpendicular to the plane p and contains the line l. Find the equation of q,

giving your answer in the form ax + by + cÏ = d. [5]

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable

effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will

be pleased to make amends at the earliest possible opportunity.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local

Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2014 9709/33/M/J/14


	Variant 31
	Variant 32
	Variant 33

