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1	 Solve the simultaneous equations

4x + 3y  –  z = 18
5x – 2y  +  z = 3
7x – 4y – 3z = 5

[7]

4x + 3y − z = 18     (1)
5x − 2y + z = 3       (2)
7x − 4y − 3z = 5     (3)
(1) + (2):   9x + y = 21     (4)
3 × (2):   15x − 6y + 3z = 9
3 × (2) + (3):   22x − 10y = 14     (5)
10 × (4):   90x + 10y = 210
(5) + 10 × (4):   112x = 224
x = 2
In (4):   9(2) + y = 21   ⇒   y = 3
In (2):   5(2) − 2(3) + z = 3
             10 − 6 + z = 3   ⇒   z = −1
Check in (3):   7(2) − 4(3) − 3(−1) = 14 − 12 + 3 = 5  ✓

∴  x = 2,   y = 3,   z = −1

stemup.co.uk

https://stemup.co.uk


[Turn over

*24SMT1103*

*24SMT1103*

15857

stemup.co.uk

https://stemup.co.uk


*24SMT1104*

*24SMT1104*

15857

2	 Fig. 1 below shows a sketch of the graph of the function  y = f (x)

O

2

y

x
4

A(4, 2)

y = f (x)

Fig. 1

	 Point A has coordinates (4, 2).

	 Sketch, on the axes opposite, the graphs of :

	 (i)	 y = f (x – 2)		  [2]

	 (ii)	 y = f (– x)	 [2]

	 clearly labelling the image of the point A in each case.
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	 (i)
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	 (ii)
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3	 (a)	 Find the equation of the normal to the curve given by the equation

y = 2x3 + 6x2 – 5x – 12

	 	 at the point where x = –2

		  Leave your answer in the form ax + by + c = 0 where a, b and c are 
integers to be found.	 [7]

When x = −2:   y = 2(−2)3 + 6(−2)2 − 5(−2) − 12
                        = −16 + 24 + 10 − 12 = 6

dy
dx  = 6x2 + 12x − 5

At x = −2:   dy
dx  = 6(4) + 12(−2) − 5 = −5

Gradient of tangent = −5

Gradient of normal = −1
−5  = 1

5

Normal through (−2, 6):   y − 6 = 1
5 (x + 2)

5y − 30 = x + 2

x − 5y + 32 = 0
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	 (b)	 Solve

x 
2
3 – 3x 

1
3 = 28

	 			 
[6]

Let u = x1/3,  so  x2/3 = u2

u2 − 3u = 28
u2 − 3u − 28 = 0
(u − 7)(u + 4) = 0
u = 7     or     u = −4
x1/3 = 7   ⇒   x = 73 = 343
x1/3 = −4   ⇒   x = (−4)3 = −64

∴  x = 343   or   x = −64
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4	 (a)	 The shape in Fig. 2 below shows a triangle PQR joined to a semicircle with 
diameter PR.

11 cm
113°

P

RQ

5 cm

Fig. 2

	 	 PQ = 5 cm        QR = 11 cm        PQ̂R = 113°

	 	 Find the area of the shape.	 [7]

Cosine rule:  PR2 = PQ2 + QR2 − 2(PQ)(QR) cos PQR
PR2 = 52 + 112 − 2(5)(11) cos 113°
        = 146 + 42.980... = 188.980...
PR = 13.747... cm

Area of triangle = 1
2  × 5 × 11 × sin 113°

                       = 25.3138... cm2

Radius of semicircle = 13.747... ÷ 2 = 6.8735... cm

Area of semicircle = π(6.8735...)2

2
                          = 74.2124... cm2

Total area = 25.3138... + 74.2124...
                = 99.526... cm2

Area of shape = 99.5 cm2  (3 s.f.)
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	 (b)	 Solve

2 cos 3x = – √3      0 < x < 180° [7]

cos 3x = − √3
2

0° < x < 180°   ⇒   0° < 3x < 540°

cos−1( √3
2 ) = 30°

cos negative in 2nd and 3rd quadrants:
3x = 180° − 30°,  180° + 30°,  360° + 150°
3x = 150°,  210°,  510°
(next value 570° is outside the range)

x = 50°,   70°,   170°
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5	 (i)	 Prove that

loga x + loga y = loga xy [6]

Let p = loga x   and   q = loga y
Then  ap = x   and   aq = y
xy = ap × aq

xy = ap + q

Taking logs to base a:   loga xy = p + q
∴  loga xy = loga x + loga y
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	 (ii)	 Hence find the exact solution of the equation

log3x + log3(x + 4) = 2 [6]

log3 x + log3(x + 4) = 2
log3 x(x + 4) = 2   (using part (i))
x(x + 4) = 32 = 9
x2 + 4x − 9 = 0
(x + 2)2 − 4 − 9 = 0
(x + 2)2 = 13
x + 2 = ±√13
x = −2 + √13   or   x = −2 − √13
x = −2 − √13 < 0, so log3 x is undefined: reject

x = −2 + √13
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6	 (a)	 Expand

(1 – 2x) (2 + x)8

	 	 in ascending powers of x up to and including the term in x3	 [7]

(2 + x)8 = 28 + 8C1 27x + 8C2 26x2 + 8C3 25x3 + ...
               = 256 + 8(128)x + 28(64)x2 + 56(32)x3 + ...
               = 256 + 1024x + 1792x2 + 1792x3 + ...
(1 − 2x)(2 + x)8 = (1 − 2x)(256 + 1024x + 1792x2 + 1792x3 + ...)
   = 256 + 1024x + 1792x2 + 1792x3

               − 512x − 2048x2 − 3584x3 + ...

   = 256 + 512x − 256x2 − 1792x3 + ...
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	 (b)	 Show that 

tan x ≡ 
sin2x

1 + cos x
1 –

sin x
[7]

Denominator:   1 − sin2x
1 + cos x  = 1 + cos x − sin2x

1 + cos x

= 1 − sin2x + cos x
1 + cos x  = cos2x + cos x

1 + cos x    (since 1 − sin2x = cos2x)

= cos x(cos x + 1)
1 + cos x

= cos x
So the right-hand side = sin x ÷ (denominator)

RHS = sin x
cos x  = tan x

∴  tan x ≡ RHS  as required

stemup.co.uk

https://stemup.co.uk


*24SMT1116*

*24SMT1116*

15857

7	 Fig. 3 below shows a solid prism.

	 Its cross-section is formed by joining an isosceles triangle to a rectangle.

6

x

4

y

Fig. 3

	 The rectangle has width 6 metres and height y metres.
	 The isosceles triangle has perpendicular height 4 metres.

	 The prism has length x metres and volume 120 m3

	 (i)	 Show that 
y = 

20
x       – 2 [4]

Area of cross-section = 6y + 1
2  × 6 × 4 = 6y + 12

V = x(6y + 12) = 6xy + 12x
6xy + 12x = 120
xy + 2x = 20
xy = 20 − 2x

y = 20
x  − 2
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	 (ii)	 Hence show that the total surface area S can be expressed as

S = 12x + 240
x  + 40 [7]

Sloping edge of triangle = √(32 + 42) = 5
S = 2 ends + base + 2 sides + 2 sloping faces
S = 2(6y + 12) + 6x + 2xy + 2(5x)
S = 16x + 2xy + 12y + 24

S = 16x + 2x( 20
x  − 2) + 12( 20

x  − 2) + 24

S = 16x + 40 − 4x + 240
x  − 24 + 24

∴  S = 12x + 240
x  + 40
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	 (iii)	Hence find the value of x for which S is a minimum. [7]

S = 12x + 240x−1 + 40

dS
dx  = 12 − 240x−2 = 12 − 240

x2

For a minimum  dS
dx  = 0:   12 − 240

x2  = 0

12x2 = 240
x2 = 20
x = √20 = 2√5   (x > 0 as it is a length)

d2S
dx2  = 480x−3 = 480

x3

At x = 2√5:   d2S
dx2  = 480

(2√5)3  = 5.366... > 0

⇒  minimum

S is a minimum when x = 2√5 = 4.47 (3 s.f.)
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8	 Fig. 4 below shows a sketch of the graphs of a curve and a straight line.

y

x
O

Fig. 4

	 The curve is given by the equation  y = a2 – x2  where a is a positive constant.

	 The curve and the straight line meet at the x and y axes.

	 Find, in terms of a, the area of the shaded region which is enclosed between 
the curve and the line.	 [10]

Curve meets y-axis:  x = 0  ⇒  y = a2,  i.e. (0, a2)
Curve meets x-axis:  y = 0  ⇒  x = ±a;  line meets at (a, 0)

Area under curve = ∫a

0 (a2 − x2) dx

= [a2x − x3
3 ]a

0

= (a3 − a3

3 ) − (0)  = 2a3

3
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Q8 continued
Line joins (0, a2) and (a, 0): triangle with the axes

Area of triangle = 1
2  × a × a2 = a3

2

Shaded area = 2a3

3  − a3

2

                = 4a3

6  − 3a3

6

                = a3

6  units2

stemup.co.uk

https://stemup.co.uk


*24SMT1122*

*24SMT1122*

15857

9	 A straight line is given by the equation  x + y = p  where p is a constant [p ≠ 0].

	 The straight line is a tangent to the curve given by the equation
 

y2 = 2p – 3xy

	 Find the value of p.	 [8]

x + y = p   ⇒   y = p − x
Substitute into y2 = 2p − 3xy:
(p − x)2 = 2p − 3x(p − x)
p2 − 2px + x2 = 2p − 3px + 3x2

0 = 2x2 − px + 2p − p2

2x2 − px + (2p − p2) = 0
Tangent  ⇒  equal roots  ⇒  b2 − 4ac = 0
(−p)2 − 4(2)(2p − p2) = 0
p2 − 16p + 8p2 = 0
9p2 − 16p = 0
p(9p − 16) = 0

p = 0 (rejected, since p ≠ 0)   or   p = 16
9

∴  p = 16
9
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THIS IS THE END OF THE QUESTION PAPER
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