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1	 Solve the simultaneous equations

	 x + 3y	 =	10
	 2x – y + 4z	 =	 2
	 3x + 2y – 3z	 =	19	 [6]

(2) × 3:   6x − 3y + 12z = 6
(3) × 4:   12x + 8y − 12z = 76
Add:   18x + 5y = 82      (4)
(1) × 18:   18x + 54y = 180
(4) − (1) × 18:   −49y = −98   ⇒   y = 2
x = 10 − 3(2) = 4
In (2):   8 − 2 + 4z = 2   ⇒   4z = −4   ⇒   z = −1

x = 4,   y = 2,   z = −1
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2	 (a)	 (i)	 Write    2x2 + 4x – 5    in the form    2[(x + p)2 – q]	 [2]

		  (ii)	 Hence state the minimum value of  2x2 + 4x – 5  and the value of x at which 
	 it occurs.	 [2]

2x2 + 4x − 5 = 2[x2 + 2x − 5
2 ]

= 2[(x + 1)2 − 1 − 5
2 ]

= 2[(x + 1)2 − 7
2 ]

p = 1,    q = 7
2

Minimum value = 2(0 − 7/2) = −7
occurring when x + 1 = 0,  i.e.  x = −1

stemup.co.uk

https://stemup.co.uk


[Turn over

*28SMT1105*

*28SMT1105*

12955.05 R

	 (b)	 In a controlled experiment, the number of bacteria N after t hours is given by

N = 500e2t

		  (i)	 Find the initial value of N.	 [1]

		  (ii)	 Find, in whole minutes, the time for N to increase by 48%	 [4]

t = 0:   N = 500e0 = 500

48% increase:   N = 1.48 × 500 = 740
500e2t = 740
e2t = 1.48
2t = ln 1.48

t = ln 1.48
2  = 0.19601... hours

= 0.19601... × 60 = 11.76... minutes
t = 12 minutes
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3	 (a)	 Solve      sin (2x – 60°)  =  – 0.5      0° G H I J x G H I J 360°	 [5]
Let y = 2x − 60°,   so   −60° ≤ y ≤ 660°
sin y = −0.5   ⇒   principal value  y = −30°
y = −30°,  180° + 30° = 210°,  360° − 30° = 330°,
      360° + 210° = 570°
2x − 60° = −30°,  210°,  330°,  570°
2x = 30°,  270°,  390°,  630°
x = 15°,  135°,  195°,  315°
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	 (b)	 Show that
tan x cos x

(1 – cos2 x)
1
2

  ≡  1

[4]
sin2x + cos2x ≡ 1   ⇒   1 − cos2x ≡ sin2x
so  (1 − cos2x)1/2 ≡ √(sin2x) ≡ sin x

tan x cos x ≡ sin x
cos x  × cos x ≡ sin x

∴  LHS ≡ sin x
sin x  ≡ 1 ≡ RHS
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4	 A curve is given by the equation      y = x2 + x

	 (i)	 Find the equation of the normal to the curve at the point where x = 2

		  Leave your answer in the form ax + by + c = 0, where a, b and c are integers.	 [7]
y = x2 + x   ⇒   dy

dx  = 2x + 1

At x = 2:   y = 4 + 2 = 6
gradient of tangent = 2(2) + 1 = 5

gradient of normal = − 1
5

y − 6 = − 1
5 (x − 2)

5y − 30 = −x + 2
x + 5y − 32 = 0
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	 (ii)	 Find the values of k for which the line  y = k x – 4  is a tangent to the
		  curve  y = x2 + x	 [7]

x2 + x = kx − 4
x2 + (1 − k)x + 4 = 0
Tangent ⇒ equal roots ⇒ b2 − 4ac = 0
(1 − k)2 − 4(1)(4) = 0
k2 − 2k + 1 − 16 = 0
k2 − 2k − 15 = 0
(k − 5)(k + 3) = 0
k = 5   or   k = −3
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5	 (a)	 Integrate      5x4 + 1
2x3 

 – 4
√x

	 [4]

∫ (5x4 + 1
2 x−3 − 4x−1/2) dx

= 5x5
5  + x−2

2(−2)  − 4x1/2
1/2  + c

= x5 − 1
4x2  − 8√x + c
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	 (b)	 Given that

	 	 ∫–1
  (x

2 – px + 3) dx = 8
2

	 	 find the value of p.	 [6]

∫2

−1 (x2 − px + 3) dx = [ x3
3  − px2

2  + 3x]2
−1

= ( 8
3  − 2p + 6) − (− 1

3  − p
2  − 3)

= 12 − 3p
2

12 − 3p
2  = 8

3p
2  = 4   ⇒   3p = 8

p = 8
3
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6	 f (x) = qx3 – 7x2 + r    where q and r are constants.

	 f (x) has a factor  (x + 1)

	 When f (x) is divided by (2x + 1) the remainder is 7

	 (i)	 Find the values of q and r.	 [7]
(x + 1) is a factor ⇒ f(−1) = 0
−q − 7 + r = 0   ⇒   −q + r = 7      (1)

Remainder 7 ⇒ f(− 1
2 ) = 7

− q
8  − 7

4  + r = 7   ⇒   −q + 8r = 70      (2)

(2) − (1):   7r = 63   ⇒   r = 9
q = r − 7 = 2
q = 2,   r = 9
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	 (ii)	 Factorise fully the expression f(x)	 [3]

2x2  − 9x + 9
x + 1 2x3 − 7x2 + 0x + 9

2x3 + 2x2

 − 9x2 + 0x
 − 9x2 − 9x

    9x + 9
    9x + 9

    0
f(x) = (x + 1)(2x2 − 9x + 9)
f(x) = (x + 1)(2x − 3)(x − 3)
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	 (iii)	Hence solve    2(23y) – 7(22y) + 9 = 0	 [5]
Let x = 2y:   2x3 − 7x2 + 9 = 0

(x + 1)(2x − 3)(x − 3) = 0   ⇒   x = −1,  3
2 ,  3

2y = −1:   no solution since 2y > 0

2y = 3
2    ⇒   y = ln 1.5

ln 2  = 0.58496... = 0.585

2y = 3   ⇒   y = ln 3
ln 2  = 1.58496... = 1.58

y = 0.585   or   y = 1.58
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7	 (a)	 Write down the first four terms in ascending powers of x in the expansion of 

		  				   (2 – x)8	 [4]
(2 − x)8 = 28 + 8C1(27)(−x) + 8C2(26)(−x)2

                 + 8C3(25)(−x)3 + ...
= 256 + 8(128)(−x) + 28(64)x2 + 56(32)(−x3) + ...
= 256 − 1024x + 1792x2 − 1792x3 + ...
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	 (b)	 The term independent of x in the expansion of  (√x  – k
x2)10

  is 405

		  Find the possible values of k.	 [5]

General term:   10Cr (√x)10 − r (− k
x2 )r

Power of x:   10 − r
2  − 2r = 0   ⇒   10 − 5r = 0   ⇒   r = 2

Term = 10C2 (√x)8 (− k
x2 )2 = 45x4 × k2

x4  = 45k2

45k2 = 405
k2 = 9
k = 3   or   k = −3
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8	 (a)	 Solve    0.7x < 5	 [5]
log 0.7x < log 5
x log 0.7 < log 5
log 0.7 < 0, so dividing by it reverses the inequality:

x > log 5
log 0.7

x > −4.5123...
x > −4.51
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	 (b)	 Fig. 1 below shows a sketch of a curve with equation  y = 8 – x3

O

8

2

y

x

(x, y)

y = 8 – x3

Fig. 1

		  Find the maximum area of a rectangle which can be inscribed in the closed region 
bounded by the curve and the positive x and y axes.	 [8]
Rectangle with vertex (x, y) on the curve, 0 < x < 2:
A = xy = x(8 − x3)
A = 8x − x4

dA
dx  = 8 − 4x3

For a maximum  dA
dx  = 0:   8 − 4x3 = 0

x3 = 2   ⇒   x = ∛2   (= 1.2599...)
y = 8 − 2 = 6

d2A
dx2  = −12x2 < 0  at  x = ∛2   ⇒   maximum

Maximum area  A = 6∛2 = 7.5595... = 7.56 units2
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9	 (a)	 Fig. 2 below shows a sketch of a circle with centre P(1,1).

R

O x

y

P(1, 1)

Q(4, 3)

Fig. 2

		  The tangent to the circle at the point Q(4, 3) cuts the y-axis at point R.

		  Find the area of triangle PQR.	 [7]

Gradient PQ = 3 − 1
4 − 1  = 2

3

Tangent ⊥ radius ⇒ gradient QR = − 3
2

QR:  y − 3 = − 3
2 (x − 4)   ⇒   y = − 3

2 x + 9

x = 0 ⇒ y = 9,   so R is (0, 9)
PQ = √(32 + 22) = √13
QR = √(42 + (−6)2) = √52 = 2√13
Angle PQR = 90°  (tangent ⊥ radius)

Area PQR = 1
2  × √13 × 2√13 = 13 units2
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	 (b)	 Fig. 3 below shows a sketch of a right-angled triangle ABC.

C

BA
θ

√3x – 1

2√x

Fig. 3

		  AB has length √3x – 1

		  BC has length 2√x

		  BÂC = θ

		  Given that  cos2 θ = 1x       , find the value of x.	 [8]

AC2 = AB2 + BC2 = (3x − 1) + 4x = 7x − 1

cos θ = AB
AC  = √(3x − 1)

√(7x − 1)

cos2θ = 3x − 1
7x − 1  = 1

x

x(3x − 1) = 7x − 1
3x2 − 8x + 1 = 0

x = 8 ± √(64 − 4(3)(1))
6  = 8 ± √52

6  = 4 ± √13
3

x = 2.5351...   or   x = 0.13148...
AB = √(3x − 1) needs 3x − 1 > 0,  i.e.  x > 1/3

so reject 0.131:   x = 4 + √13
3  = 2.54
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