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Paper 1
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Materials For Examiner’s Use

e You must have the AQA formulae and statistical tables booklet for A-level
Mathematics and A-level Further Mathematics.

e You should have a scientific calculator that meets the requirements of the
specification. (You may use a graphical calculator.)

Instructions

e Use black ink or black ball-point pen. Pencil should only be used for drawing.

e Fill in the boxes at the top of this page.

e Answer all questions.

e You must answer each question in the space provided for that question.
If you require extra space for your answer(s), use the lined pages at the end
of this book. Write the question number against your answer(s).

e Do not write outside the box around each page.

e Show all necessary working; otherwise marks for method may be lost.

e Do all rough work in this book. Cross through any work you do not want to
be marked.

Information
e The marks for questions are shown in brackets.
e The maximum mark for this paper is 80.

Advice

e Unless stated otherwise, you may quote formulae, without proof,
from the booklet.

e You do not necessarily need to use all the space provided.
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Answer all questions in the spaces provided.

1 Express the complex number 1 —iv/3 in modulus-argument form.

Tick (v') one box.
[1 mark]

2(cosg—|— ising)

2 cosz—Tchisinz—Tc
3 3

2 Given that 1 — i is a root of the equation z3 — 3z2 + 4z — 2 = 0, find the
other two roots.

Tick (v') one box.
[1 mark]

—1+1 and —1

1+1 and 1 \/

—1+1 and 1

1+1and —1
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3 Given (x = 1)(x—2)(x —a) <0 and a > 2
Find the set of possible values of x.

Tick (v') one box.

{x:x<1ju{x:2<x<a} \/

{

=

1<x<2u{x:x>a}

{x:x<—-alu{x:-2<x< -1}

{x:—a<x<-2}u{x:x>-1}

Turn over for the next question

[1 mark]
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4 The matrices A and B are such that

1 -3
] and B=|-2 4a
0 5

[2a3
A=

0 -2 1
4 (a) Find the product AB in terms of a.

Row | x column I:  2(1) + a(=2) + 3(0) = 2 - 2a

[2 marks]

Row | x column 2: 2(-3) + a(4a) + 3(5) = 4a% + 9

Row 2 x column 1:  0Q1) + (=2)(-2) + 1(0) = ¢

Row 2 x column 2: 0(-3) + (-2)(4a) + 1(S) =S - 3a

AB:{Z—Za Qa2+ﬂ

4 S — Xa
L ’ ]

4 (b) Find the determinant of AB in terms of a.

det(AB) = (2 — 2a)(S - 8a) — 4(4a° + 9)

[1 mark]

10 — 16a — 10a + 16a° — 16a° — 36

\

—26 — 26a

\

0 4
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4 (c) Show that AB is singular when a = —1

box

[2 marks]
AB is singular < det(AB) = 0

When a = =1 det(AB) = =26 — 26(-1)

=-26 + 26

=0

det(AB) = 0, so AB is singular when a = -I

Turn over for the next question
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5 (a) Show that
r2(r + 1)2 —(r— 1)21"2 :pr3
where p is an integer to be found.
[1 mark]
P+ 1) =0G-DFP=r0C+2r+1) =720 -2r+1)
=r+2+r-r+22-r
= 4r}
so p=49
L
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5 (b) Hence use the method of differences to show that box

ir?’ :%nz(n+ 1)2
r=1
[3 marks]
ZIQrg = Zl[rz(r+ D2 - (@ -1)2%]

r =1 1? x 22 — 0% x |?
r=2: 22 x 32 — )2 x 2?
r = 3: 32 x 4% - 22 x 3?

r=n-10 = 1) = (n - 2)?(n - 1)?

r=wm Wl + 1)? = (n = 1)?n?

Adding, all the terms cancel except n>’(n + 1)? and —0% x |

Sar® =l + 1)? = 0 = n?(n + 1)?

43 7 = n’(n + 1)’

P = % n?(n + 1)? as required
=]

-

Turn over »
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Anna has been asked to describe the transformation given by the matrix

She writes her answer as follows:

The transformation is a rotation about the x-axis through an angle of 6, where

and —sinf = —1

. 1
sinf = 3

2
0 = 30°

Identify and correct the error in Anna’s work.
[2 marks]

Anna has only used the sine entries and has ignored

cos 6 = —% , Which is negative, so © cannot be 30°.

sin ® > 0 and cos O < 0, so 0 is obtuse (second quadrant):

0 = 180° — 30° = 150°

The transformation is a rotation about the x-axis through 150°

0 8
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7 Prove by induction that, for all integers n > 1, the expression 7" — 3" is divisible by 4 box
[4 marks]

n=1 7 =3"=4 which is divisible by 4,

so the result is true for n = |

Assume the result is true for n = k, i.e.

7 — 3% = Gm for some integer m, so 7%= Gm + 3

Then 7 — 3k = 7 x 7k — 3 x 3k

7(am + 3K) — 3 x 3k

\

28m + 7 x 3k — 3 x 3k

\

=28m + 4 x 3k

4(7m + 3%

7m + 3K is an integer, so 7¥*' — 3% js divisible by 4,

i.e. the result is true for n = k + |.

The result is true for n = |, and if it is true for n = k then

it is true for n = k + |, so by induction 7" — 3" is

divisible by 4 for all integers n = |.

Turn over »

09

stemup.co.uk Jun20/7366/1


https://stemup.co.uk

10

8 (a) Prove that
1 1
tanh™ 1 x = 5N (1 +;C>
[5 marks]
Let y =tanh™ x, so x = tanh y
sinhy _ e —e¥ _ e —| ,
T coshy T et+e¥ T M+ (xe top and bottom)
x(e® +1) =% — )
xe?¥ + x = %Y — |
| + x = %Y — xe?Y
| +x = e?(l — x)
| —x
— | + x
2y = InC =)
_ 1 | +x
y=g (=)
-, | +x .
tanh™ x = 5 In( 57— ) as required
"o Jun20/7366/1
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8 (b) Prove that the graphs of
y=sinhx and y=coshx

do not intersect.
[3 marks]

Assume, for contradiction, that the graphs do intersect.

Then sinh x = cosh x for some real x:

\

L X —X .—L X —X
2(e e)—z(e+e)

e —eX = + %

2e =0 = e*=90

But e™ > 0 for all real x, which is a contradiction.

.. the graphs of y = sinh x and y = cosh x do not intersect.

Turn over »
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9 The quadratic equation 2x2 + px +3 = 0 has two roots, o and 8, where o > f.

9 (a) (i) Write down the value of of}.

[1 mark]
=3
op = 5
9 (a) (i) Express o + f in terms of p.
[1 mark]
- _L
a+B = 5
9 (b) Hence find (a — f)? in terms of p.
[2 marks]

(a_B)2=a2_2aB+BZ

= (a + B)* - 4oB
=(-L 2-4x3
=%——6

12

stemup.co.uk Jun20/7366/1

Do not write
outside the
box


https://stemup.co.uk

13

9 (c)

Hence find, in terms of p, a quadratic equation with roots o« — 1 and f + 1

New roots: o — 1 and B + 1

[4 marks]

SUVV):((X-I)+(B+I)=(1+B:.—_%

Product = (o = DB +1) =af +a - B -/

2 7
(Q’B)Z:%"éz'%zq

a>B so a—B >0 a-B=%«/(p2-2‘i)

Product = 5 + — f(p? = 24) = | = & + — /(p? — 24)

Eguation: x> — (sum)x + (product) = 0

X+ Lxr 4+ 4 —24) =0

or 2% +px + |+ /p? - 24) =0

13
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14

10 (a)

10 (b)

Show that the equation

_3x—5
Y= ox+a

can be written in the form
x+a)y+b)=c

where a, b and ¢ are integers to be found.

[3 marks]
y(x +4) =3x - §
2xy + 4y — 3x + S =0
3 S
Xy+2¢y —5x+5 =0
3 3
k+2)(y-5)=x4g-5x+2y-3
0 xg+2g—%x=(x+2)(g—%)+3
3 S _
G+2)ly-5)+3+5 =0
3 /l
CX+2)(y—7)=—7
_ - _3 =1
a=2, b = R ¢ 5
Write down the equations of the asymptotes of the graph of
33X -5
YT ox14
[2 marks]
X = -2
_ 3
Ay

1 4
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10 (c) Sketch, on the axes provided, the graph of box
)
Yot 4
[3 marks]
Asymptotes x = =2 and y = 3/2
_ g g-0-S __S 0 2 o _ s
x = 0. Y=0+4 =9 y=0: 3x-5=0, x=3
| yA
|
|
|
|
|
|
|
l
|
' =3
l y=732
_______________ L e e .
|
|
: /——_-;
: 0/5 X
3
LT
l
|
|
|
|
|
|
|
l
x=-2
|

Turn over »
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11

Sketch the polar graph of
r =sinh 0 + cosh 0

for0 <0 <2n

[3 marks]
0 _ 5,6 (¢] —0
sinh @ + cosh 8 = = 29 + £ Ze = e
so r=¢°
0=0: r=1 0 = m/2: r=x 438l 6 =71 rx 23l
8 =312 ralll; ©=2m r=eTx8538
r increases as © increases, so the graph is a spiral that starts
at r = | on the initial line and ends at r = €™ on the initial
line (not to scale).
eZTr
0 >
| Initial line
r=e®
16 stemup.co.uk Jun20/7366/1
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12 The mean value of the function f over the interval 1 <x <5 is m.

The graph of y = g(x) is a reflection in the x-axis of y = f(x).
: . 3
The graph of y = h(x) is a translation of y = g(x) by {7]

Determine, in terms of m, the mean value of the function h over the
interval 4 <x <8

Reflection in the x-axis: g(x) = —f(x)

[2 marks]

so the mean value of g over | < x < S is —=m

Translation 3 right and 7 up:  h(x) = g(x — 3) + 7

IN

so the interval | < x < S becomes 4 < x < 8 and every

value of the function is increased by 7

Mean value of hover g s x <8 =-m+7=7—-wm

Turn over for the next question
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13 Line /4 has equation
x—2 1-2
3 4
and line /5 has equation
-7 12
r=|4 | +ula+3
-2 2b
13 (a) In the case when /4 and /, are parallel, show that a = —11 and find the value of b.
[4 marks]
-2y _ =2(4y-05) _ y-0S ) x-2 _y—-0S5 _ 2-0
G~ T 4 T3 L e
Direction of I 3i — 2j — k
Direction of I, 12i + (a + 3)j + 2bk
Parallel: 12i + (a + 3)j + 2bk = A\(3i — 2j — k)
o 12=3" = A=4
oo a+3=-2\=-8 = a=-
ki 2b=-A=-4 = b=-=2
a = -1l (as required) and b = -2
18 stemup.co.uk Jun20/7366/1
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13 (b) In a different case, the lines /4, and /5 intersect at exactly one point, and the box
value of b is 3

Find the value of a.
[5 marks]

b=3 Iy r=0G7+122Wi+ (G +ula+3)+ (-2 + 6wk

he r=0 +3Ni+ (0.5 -2\ — Nk

At the point of intersection:

i =7+ 120 =2 + 3\

i G+ uGa+3) =05 -2\

ki -2 +6p=-A = A=2-6u

Substituting into iv =7 + 12u = 2 + 3(2 — ép) = 3 - I8

0p=1S = p=+

AN=2-6x+5 =~

o4+ @+3)=05-2(-1) =25

§@+y=45

Turn over »
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14 (a) Given
x+7

<x+1

show that

(x+a)(x+b)>
x+c -

0

where a, b, and ¢ are integers to be found.
[4 marks]

X+ 7
x +/

sx+

x+7 _ &+ _ x+7
x + | x + | x + |
X+ 22X+ —x=-7
= x + |

X +x-6
0 < x +/

0sx+1 -

0

+3)&x-2) >0

x + |

14 (b) Briefly explain why this statement is incorrect.

(x+p)x +q)

Ty 20 Pt =0

[1 mark]

X = —r is a solution of the inequality on the right (it gives 0),

but the left-hand side is undefined at x = —r (division by zero),

S0 x = —r is not a solution of the inequality on the left.

2 0
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14 (c)

Solve
)c—|—7§x_|_1
+1
[2 marks]
G+ f )fx,— 2 0 critical values x = =3, -1, 2
X < —3: negative -3 <x < =I: positive
-l < x < 2! negative x > 2: positive

x = = is excluded (denominator 0); x = =3 and x = 2 give 0

\v
No

-3 <sx<-l or X

Turn over for the next question
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15 A segment of the line y = kx is rotated about the x-axis to generate a cone with o
vertex O.
The distance of O from the centre of the base of the cone is 4.
The radius of the base of the cone is r.
y A
y=kx
%) X
15 (a) Find & in terms of » and 4.
[1 mark]
The line passes through (h, r), so k = %
22 stemup.co.uk Jun20/7366/1
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15 (b) Use calculus to prove that the volume of the cone is box

[3 marks]

= T(‘{ 2 dx
x> 4h
=z 1

\

% nrh as reguired

Turn over »
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16

16 (a)

16 (b)

A and B are non-singular square matrices.

Write down the product AA~" as a single matrix.

AAT =)

[1 mark]

M is a matrix such that M = AB.

Prove that M~ 1 =B-1A-1

M = AB

[3 marks]

Pre-multiply by B™'A~;

B'A7'"M = B'A”'/AB = BIB = BB = |

Post-multiply by M™;

BAMMT = M7

B'A7 = M

M-I = B-IA—I

2 4
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17

The polar equation of the circle C is
r =a(cosf +sin0)
Find, in terms of a, the radius of C.

Fully justify your answer.

r = a(cos © + sin 6)

[4 marks]

r> =alr cos ® +r sin 6)

Using ¥ =x> +y? x=rcos®, y=rsinb:

>+’ =alx +y)

2

XX —ax+y* —ay =0

2 2
(x=5 V-5 +(y-5 -5 =0

a a _ a?
(x—7)2+(y-7)2—7

2
Circle with centre ( % , % ) and radius L 07 )

radius = —

2 5
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18 The locus of points L4 satisfies the equation |z| =2
The locus of points L, satisfies the equation arg(z +4) = %
18 (a) Sketch L4 on the Argand diagram below.
[1 mark]
Im(z) 4
5_
-5 1 3 4 5 Re()
—3
—4]
—5-]
18 (b) Sketch L, on the Argand diagram above.
[1 mark]
26 stemup.co.uk Jun20/7366/1
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18 (c) The complex number a +1b, where a and b are real, lies on L4 box
The complex number ¢ + id, where ¢ and d are real, lies on L,
Calculate the least possible value of the expression

(¢ —a)? + (d — b)?
[3 marks]

(c —a)? + (d — b)? is the square of the distance between the

point a + ib on L) and the point ¢ + id on L,, so the least value

is (shortest distance between the circle and the half-line)?

Ly y=x+4 (from (-4, 0) with gradient 1)

Perpendicular from O to Ly: y = —x, meets L, at (-2, 2)

Distance from 0 to (-2, 2) = /(-2 = 0)? + (2 = 0)?) = 8 = 242

242 > 2, so shortest distance = /8 — 2 = 2:2 — 2

Least value = (22 — 2)?> =8 — 32 + ¢

=12 — 842

END OF QUESTIONS

2 7
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There are no questions printed on this page

DO NOT WRITE /ON THIS PAGE
ANSWER IN THE /SPACES PROVIDED

2 8

stemup.co.uk

Jun20/7366/1

Do not write
outside the
box


https://stemup.co.uk

29

Do not write
outside the
— . box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

2 9

stemup.co.uk Jun20/7366/1


https://stemup.co.uk

30

Do not write
outside the
— . box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

30

stemup.co.uk Jun20/7366/1


https://stemup.co.uk

31

Do not write
outside the
— . box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

31

stemup.co.uk Jun20/7366/1


https://stemup.co.uk

32

Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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