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2

Answer all questions in the spaces provided.

1 Express the complex number 1� i
ffiffiffi
3
p

in modulus-argument form.

Tick (3) one box.

[1 mark]

2 cos
p
3
þ i sin

p
3

� �

2 cos
2p
3
þ i sin

2p
3

� �

2

�
cos �p

3

� �
þ i sin �p

3

� ��

2

 
cos � 2p

3

� �
þ i sin � 2p

3

� �!

2 Given that 1� i is a root of the equation z3 � 3z2 þ 4z� 2 ¼ 0 , find the

other two roots.

Tick (3) one box.

[1 mark]

�1þ i and �1

1þ i and 1

�1þ i and 1

1þ i and �1

Jun20/7366/1

Do not write
outside the

box

(02)
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3

3 Given (x� 1)(x� 2)(x� a) < 0 and a > 2

Find the set of possible values of x.

Tick (3) one box.

[1 mark]

fx : x < 1g¨ fx : 2 < x < ag

fx : 1 < x < 2g¨ fx : x > ag

fx : x < �ag¨ fx : �2 < x < �1g

fx : �a < x < �2g¨ fx : x > �1g

Turn over for the next question

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(03)
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4 The matrices A and B are such that

A ¼
2 a 3

0 �2 1

� �
and B ¼

1 �3
�2 4a

0 5

2
64

3
75

4 (a) Find the product AB in terms of a.
[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

4 (b) Find the determinant of AB in terms of a.
[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(04)

Row 1 × column 1:   2(1) + a(−2) + 3(0) = 2 − 2a

Row 1 × column 2:   2(−3) + a(4a) + 3(5) = 4a2 + 9

Row 2 × column 1:   0(1) + (−2)(−2) + 1(0) = 4

Row 2 × column 2:   0(−3) + (−2)(4a) + 1(5) = 5 − 8a

AB = 2 − 2a
4

4a2 + 9
5 − 8a

det(AB) = (2 − 2a)(5 − 8a) − 4(4a2 + 9)

= 10 − 16a − 10a + 16a2 − 16a2 − 36

= −26 − 26a

stemup.co.uk
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4 (c) Show that AB is singular when a ¼ �1
[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Turn over for the next question

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(05)

AB is singular  ⇔  det(AB) = 0

When a = −1:   det(AB) = −26 − 26(−1)

= −26 + 26

= 0

det(AB) = 0, so AB is singular when a = −1

stemup.co.uk
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5 (a) Show that

r2(r þ 1)2 � (r � 1)2r2 ¼ pr3

where p is an integer to be found.

[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(06)

r2(r + 1)2 − (r − 1)2r2 = r2(r2 + 2r + 1) − r2(r2 − 2r + 1)

= r4 + 2r3 + r2 − r4 + 2r3 − r2

= 4r3

so  p = 4

stemup.co.uk
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5 (b) Hence use the method of differences to show that

Xn
r¼1

r3 ¼ 1

4
n2(nþ 1)2

[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(07)

Σ
n

r=1
4r3 = Σ

n

r=1
[ r2(r + 1)2 − (r − 1)2r2 ]

r = 1: 12 × 22 − 02 × 12

r = 2: 22 × 32 − 12 × 22

r = 3: 32 × 42 − 22 × 32

⋮

r = n − 1: (n − 1)2n2 − (n − 2)2(n − 1)2

r = n: n2(n + 1)2 − (n − 1)2n2

Adding, all the terms cancel except n2(n + 1)2 and −02 × 12:

Σ
n

r=1
4r3 = n2(n + 1)2 − 0 = n2(n + 1)2

4Σ
n

r=1
r3 = n2(n + 1)2

Σ
n

r=1
r3 = 1

4 n2(n + 1)2      as required
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6 Anna has been asked to describe the transformation given by the matrix

1 0 0

0 �
ffiffiffi
3
p

2
� 1

2

0 1
2

�
ffiffiffi
3
p

2

2
66664

3
77775

She writes her answer as follows:

The transformation is a rotation about the x-axis through an angle of y, where

siny ¼ 1

2
and �sin y ¼ � 1

2

y ¼ 30�

Identify and correct the error in Anna’s work.

[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(08)

Anna has only used the sine entries and has ignored
cos θ = − √3

2 , which is negative, so θ cannot be 30°.

sin θ > 0 and cos θ < 0, so θ is obtuse (second quadrant):

θ = 180° − 30° = 150°

The transformation is a rotation about the x-axis through 150°
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https://stemup.co.uk


9

7 Prove by induction that, for all integers n � 1 , the expression 7n � 3n is divisible by 4

[4 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(09)

n = 1:   71 − 31 = 4, which is divisible by 4,

so the result is true for n = 1

Assume the result is true for n = k, i.e.

7k − 3k = 4m  for some integer m,  so  7k = 4m + 3k

Then  7k+1 − 3k+1 = 7 × 7k − 3 × 3k

= 7(4m + 3k) − 3 × 3k

= 28m + 7 × 3k − 3 × 3k

= 28m + 4 × 3k

= 4(7m + 3k)

7m + 3k is an integer, so 7k+1 − 3k+1 is divisible by 4,

i.e. the result is true for n = k + 1.

The result is true for n = 1, and if it is true for n = k then

it is true for n = k + 1, so by induction 7n − 3n is

divisible by 4 for all integers n ≥ 1.

stemup.co.uk
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8 (a) Prove that

tanh�1 x ¼ 1

2
ln

1þ x

1� x

� �
[5 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(10)

Let  y = tanh−1 x,   so   x = tanh y

x = sinh y
cosh y  = ey − e−y

ey + e−y  = e2y − 1
e2y + 1    (× ey top and bottom)

x(e2y + 1) = e2y − 1

xe2y + x = e2y − 1

1 + x = e2y − xe2y

1 + x = e2y(1 − x)

e2y = 1 + x
1 − x

2y = ln( 1 + x
1 − x  )

y = 1
2 ln( 1 + x

1 − x  )

∴  tanh−1 x = 1
2 ln( 1 + x

1 − x  )      as required

stemup.co.uk
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

8 (b) Prove that the graphs of

y ¼ sinh x and y ¼ cosh x

do not intersect.
[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(11)

Assume, for contradiction, that the graphs do intersect.

Then  sinh x = cosh x  for some real x:

1
2 (ex − e−x) = 1

2 (ex + e−x)

ex − e−x = ex + e−x

2e−x = 0   ⇒   e−x = 0

But e−x > 0 for all real x, which is a contradiction.

∴ the graphs of y = sinh x and y = cosh x do not intersect.

stemup.co.uk
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9 The quadratic equation 2x2 þ pxþ 3 ¼ 0 has two roots, a and b, where a > b.

9 (a) (i) Write down the value of ab.
[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

9 (a) (ii) Express a þ b in terms of p.
[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

9 (b) Hence find (a � b)2 in terms of p.
[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(12)

αβ = 3
2

α + β = − p
2

(α − β)2 = α2 − 2αβ + β2

= (α + β)2 − 4αβ

= ( − p
2  )2 − 4 × 3

2

= p2

4  − 6

stemup.co.uk
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9 (c) Hence find, in terms of p, a quadratic equation with roots a � 1 and b þ 1

[4 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(13)

New roots:   α − 1  and  β + 1
Sum = (α − 1) + (β + 1) = α + β = − p

2

Product = (α − 1)(β + 1) = αβ + α − β − 1

(α − β)2 = p2

4  − 6 = p2 − 24
4

α > β  so  α − β > 0:     α − β = 1
2 √(p2 − 24)

Product = 3
2  + 1

2 √(p2 − 24) − 1 = 1
2  + 1

2 √(p2 − 24)

Equation:   x2 − (sum)x + (product) = 0

x2 + p
2 x + 1

2  + 1
2 √(p2 − 24) = 0

or      2x2 + px + 1 + √(p2 − 24) = 0

stemup.co.uk
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10 (a) Show that the equation

y ¼ 3x� 5

2xþ 4

can be written in the form

(xþ a)(yþ b) ¼ c

where a, b and c are integers to be found.

[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

10 (b) Write down the equations of the asymptotes of the graph of

y ¼ 3x� 5

2xþ 4
[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(14)

y(2x + 4) = 3x − 5

2xy + 4y − 3x + 5 = 0
xy + 2y − 3

2 x + 5
2  = 0

(x + 2)(y − 3
2 ) = xy − 3

2 x + 2y − 3

so   xy + 2y − 3
2 x = (x + 2)(y − 3

2 ) + 3

(x + 2)(y − 3
2 ) + 3 + 5

2  = 0

(x + 2)(y − 3
2 ) = − 11

2

a = 2,      b = − 3
2 ,      c = − 11

2

x = −2
y = 3

2

stemup.co.uk
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10 (c) Sketch, on the axes provided, the graph of

y ¼ 3x� 5

2xþ 4
[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

x

y

O

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(15)

Asymptotes  x = −2  and  y = 3/2
x = 0:   y = 0 − 5

0 + 4  = − 5
4             y = 0:   3x − 5 = 0,   x = 5

3

x = −2

y = 3
2

5
3

− 5
4

stemup.co.uk
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11 Sketch the polar graph of

r ¼ sinhy þ coshy

for 0 � y � 2p
[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Initial line
O

Do not write
outside the

box

Jun20/7366/1

(16)

sinh θ + cosh θ = eθ − e−θ

2  + eθ + e−θ

2  = eθ

so   r = eθ

θ = 0:  r = 1;     θ = π/2:  r ≈ 4.81;     θ = π:  r ≈ 23.1

θ = 3π/2:  r ≈ 111;     θ = 2π:  r = e2π ≈ 535

r increases as θ increases, so the graph is a spiral that starts

at r = 1 on the initial line and ends at r = e2π on the initial

line (not to scale).

1

e2π

r = eθ

stemup.co.uk
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12 The mean value of the function f over the interval 1 � x � 5 is m.

The graph of y ¼ g(x) is a reflection in the x-axis of y ¼ f (x) .

The graph of y ¼ h(x) is a translation of y ¼ g(x) by
3

7

� �

Determine, in terms of m, the mean value of the function h over the

interval 4 � x � 8

[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Turn over for the next question

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(17)

Reflection in the x-axis:   g(x) = −f(x)

so the mean value of g over 1 ≤ x ≤ 5 is −m

Translation 3 right and 7 up:   h(x) = g(x − 3) + 7

so the interval 1 ≤ x ≤ 5 becomes 4 ≤ x ≤ 8 and every

value of the function is increased by 7

Mean value of h over 4 ≤ x ≤ 8 = −m + 7 = 7 − m

stemup.co.uk

https://stemup.co.uk


18

13 Line l1 has equation

x� 2

3
¼ 1� 2y

4
¼ �z

and line l2 has equation

r ¼
�7
4

�2

2
64

3
75þ m

12

aþ 3

2b

2
64

3
75

13 (a) In the case when l1 and l2 are parallel, show that a ¼ �11 and find the value of b.
[4 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(18)

1 − 2y
4  = −2(y − 0.5)

4  = y − 0.5
−2    so   l1:  x − 2

3  = y − 0.5
−2  = z − 0

−1

Direction of l1:   3i − 2j − k

Direction of l2:   12i + (a + 3)j + 2bk

Parallel:   12i + (a + 3)j + 2bk = λ(3i − 2j − k)

i:   12 = 3λ   ⇒   λ = 4

j:   a + 3 = −2λ = −8   ⇒   a = −11

k:   2b = −λ = −4   ⇒   b = −2

∴  a = −11  (as required)   and   b = −2

stemup.co.uk
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13 (b) In a different case, the lines l1 and l2 intersect at exactly one point, and the

value of b is 3

Find the value of a.
[5 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(19)

b = 3:   l2:  r = (−7 + 12μ)i + (4 + μ(a + 3))j + (−2 + 6μ)k

l1:  r = (2 + 3λ)i + (0.5 − 2λ)j − λk

At the point of intersection:

i:   −7 + 12μ = 2 + 3λ

j:   4 + μ(a + 3) = 0.5 − 2λ

k:   −2 + 6μ = −λ   ⇒   λ = 2 − 6μ

Substituting into i:   −7 + 12μ = 2 + 3(2 − 6μ) = 8 − 18μ

30μ = 15   ⇒   μ = 1
2

λ = 2 − 6 × 1
2  = −1

j:   4 + 1
2 (a + 3) = 0.5 − 2(−1) = 2.5

1
2 (a + 3) = −1.5

a + 3 = −3

a = −6
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14 (a) Given

xþ 7

xþ 1
� xþ 1

show that

(xþ a)(xþ b)

xþ c
� 0

where a, b, and c are integers to be found.

[4 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

14 (b) Briefly explain why this statement is incorrect.

(xþ p)(xþ q)

xþ r
� 0, (xþ p)(xþ q)(xþ r) � 0

[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

(20)

x + 7
x + 1  ≤ x + 1

0 ≤ x + 1 − x + 7
x + 1  = (x + 1)2

x + 1  − x + 7
x + 1

0 ≤ x2 + 2x + 1 − x − 7
x + 1

0 ≤ x2 + x − 6
x + 1

(x + 3)(x − 2)
x + 1  ≥ 0

a = 3,      b = −2,      c = 1

x = −r is a solution of the inequality on the right (it gives 0),

but the left-hand side is undefined at x = −r (division by zero),

so x = −r is not a solution of the inequality on the left.
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14 (c) Solve

xþ 7

xþ 1
� xþ 1

[2 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Turn over for the next question

Do not write
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box

Jun20/7366/1

Turn over

s

(21)

(x + 3)(x − 2)
x + 1  ≥ 0       critical values  x = −3,  −1,  2

x < −3:  negative          −3 < x < −1:  positive

−1 < x < 2:  negative          x > 2:  positive

x = −1 is excluded (denominator 0); x = −3 and x = 2 give 0

−3 ≤ x < −1     or     x ≥ 2
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15 A segment of the line y ¼ kx is rotated about the x-axis to generate a cone with

vertex O.

The distance of O from the centre of the base of the cone is h.

The radius of the base of the cone is r.

x

y
y = k x

O

15 (a) Find k in terms of r and h.
[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
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box
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The line passes through (h, r), so   k = r
h
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15 (b) Use calculus to prove that the volume of the cone is

1

3
pr2h

[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
outside the

box

Jun20/7366/1

Turn over

s

(23)

V = π∫
h

0
y2 dx = π∫

h

0
( rx

h  )2 dx

= π∫
h

0

r2x2
h2  dx

= π[ r2x3
3h2  ]h

0

= π( r2h3

3h2  − 0 )

= 1
3 πr2h      as required
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16 A and B are non-singular square matrices.

16 (a) Write down the product AA�1 as a single matrix.

[1 mark]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

16 (b) M is a matrix such that M ¼ AB .

Prove that M�1 ¼ B�1A�1

[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
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box
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AA−1 = I

M = AB

Pre-multiply by B−1A−1:

B−1A−1M = B−1A−1AB = B−1IB = B−1B = I

Post-multiply by M−1:

B−1A−1MM−1 = IM−1

B−1A−1I = M−1

∴  M−1 = B−1A−1
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17 The polar equation of the circle C is

r ¼ a( cos y þ sin y)

Find, in terms of a, the radius of C.

Fully justify your answer.

[4 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Do not write
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box
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(25)

r = a(cos θ + sin θ)

r2 = a(r cos θ + r sin θ)

Using  r2 = x2 + y2,  x = r cos θ,  y = r sin θ:

x2 + y2 = a(x + y)

x2 − ax + y2 − ay = 0

( x − a
2  )2 − a2

4  + ( y − a
2  )2 − a2

4  = 0

( x − a
2  )2 + ( y − a

2  )2 = a2

2

Circle with centre ( a
2 , a

2  ) and radius  √( a2

2  )

radius = a
√2
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18 The locus of points L1 satisfies the equation jz j ¼ 2

The locus of points L2 satisfies the equation arg (zþ 4) ¼ p
4

18 (a) Sketch L1 on the Argand diagram below.

[1 mark]

Re(z)

Im(z)

O– 1

– 1

– 2

– 3

– 4

– 5

5

4

3

2

1

– 2– 3– 4– 5 54321

18 (b) Sketch L2 on the Argand diagram above.

[1 mark]

Do not write
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box
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(−2, 2)
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18 (c) The complex number aþ ib , where a and b are real, lies on L1

The complex number cþ id , where c and d are real, lies on L2

Calculate the least possible value of the expression

(c� a)2 þ (d � b)2

[3 marks]

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

END OF QUESTIONS
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(c − a)2 + (d − b)2 is the square of the distance between the

point a + ib on L1 and the point c + id on L2, so the least value

is (shortest distance between the circle and the half-line)2

L2:  y = x + 4  (from (−4, 0) with gradient 1)

Perpendicular from O to L2:  y = −x,  meets L2 at (−2, 2)

Distance from O to (−2, 2) = √((−2 − 0)2 + (2 − 0)2) = √8 = 2√2

2√2 > 2, so shortest distance = √8 − 2 = 2√2 − 2

Least value = (2√2 − 2)2 = 8 − 8√2 + 4

= 12 − 8√2
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