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Do not write
outside the

Answer all questions in the spaces provided. box

Calculate the product

(3+1)(2-1)

Circle your answer.

[1 mark]
5 5+i @ 7+i
The complex number 3 + 51 is a root of the quadratic equation
2+az+b=0

where a and b are real constants.

Find the other root of the equation.

Circle your answer.
[1 mark]

3+ 5i 53 5+ 3i
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Find the equations of the asymptotes of the curve with equation

(= 1)(x+2)
V= e+ (x—2)

Tick (v') one box.

Find the first two non-zero terms of the Maclaurin series expansion of cos(2x)

Tick (v') one box.

[1 mark]

[1 mark]
1 —x?
1—2x2 \/
2 — x?
2 - 2x?
Turn over »
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5(a)

5 (b)

The quartic equation

3x*+x2-5x-11=0
has roots a, f,y and o
Write down the value of afyo

e I "
ofyd =4 = 3 =-3

[1 mark]

Write down the value of afy + affdo + ayo + fyo

4 = 3
aBy + a6 + ayd + By6 = —g = -3 = 3

[1 mark]

0 4
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6 The complex numbers w and z are defined as follows:

w = 2(cos0.4 + isin0.4) and z=6(cos1.2 +1isin1.2)

2

6 (a) Express z“ in the form r(cosf + isin6)

12%] = |2]? = 6% = 36

[2 marks]

arg(G’) =2 x12 =24

22 = 36(cos 2.4 + i sin 2.49)

6 (b) Express % in the form r(cosd + isin6)

2zl 6
Iwl=TJw =2 =3

[2 marks]

2
argCw) =argz2—argw =12 - 0.9 = 0.8

2
w = 3(cos 0.8 + i sin 0.8)
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7 (a)

Geraldine wants to show that

1 :1 1+x
tanh™ ' x 2In(1_x)

She writes her steps as follows:

Let y=tanh'x
= tanhy=x

el +e? _

= ———=x
eyfe_y

= eV+eV=xel—xe™”

= (1+x)e”?=x-1)e¢”

= ezy:1+x
x—1
x+1
3 =
2y In(x_1)
1 =1 X+1)
tanh™'x 2In(x_1

Identify and explain the error in Geraldine’s method.

The error is in the 3rd line of working.

[2 marks]

Geraldine has used the wrong definition of tanh y: she has written

ey +eY
tanh y = &9 — e , but this is coth y.

sihy & — e T
tanh y = cosh y = e + e ¥ , so line 3 should be "e¢ + ¢4 = x

! ] + x
(which leads to tanh™'x = 2 In(17=x) )

0 6
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Use the correct identity to find
1 24
tanh ( 25)
Give your answer in the form Ina where «a is a rational number.
[2 marks]
i | + x
tanh™'x = 2 In(G=x)
29 )1 -24/28
tanh™' (=25 ) = 2 In(G+ 24/25 )
/28
= 2 InC4q9/25 )
Jo 1
= 2InC49)
L
= In(49 )"?
1 1
= In(7) a=7
Turn over »
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8(a) Show that, for all positive integers r,

1 1 _ 2r+1

P2 12 2+ 1)2 [1 mark]

R ! G+1)?-7r
r = @+1)? = rPl+1)

rP+2r+l-r
r’(r + 1)?

2r + |
20 + )2 as reguired

8 (b) Hence, using the method of differences, show that
i 2r+1 an? + bn
2 2 -
S+ 1y

where a and b are integers to be found.

[3 marks]
P . B N
2 Ph+1)? =2, (7 - G+ 1)? )
! )
r=1» - 27
/ /
r=2 27 - 37
/ !
r=3 ¥ -7
! 1
r=n-1» (= 1D? — )2
s !
r=wm n = (n+1)?

All the terms cancel except the first and the last:

. 2r + 1 i ) |
S, PG +1)2 =P — W+ =1- (n+1)?

0 8
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8 (c)

h+1)? -1
(n +1)?

\

nw+2an+1-1

(n+1)?

w2+ 2n
i +1)?

Hence show that, for all positive integers c,
2c
Z 2r+1
= r2(r +1)?

can be written in the form

(pc+1)(c+1)

09

cz(qc + 1)2
where p and g are integers to be found.
[3 marks]
2¢c 2¢c c— . n V)Z"'—Zn ;
zrzc = zr=l — zr=l using Zr=l = (V’ + I)2 =1 - (V? + I)2
(2¢)? + 2(2¢) /
n=2c Cc+1)> =1- Qc+1)?
Cc-1D*+2(c-1) !
n=c-1»I 2 =1-¢
2¢ ﬂ ; L
2, r’lr+1)° =(l-"Cc+1)Z )-(l-7¢)
Jdoo__
=2 = (Qc+1)?
Turn over »
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10

Do not write
outside the

Qe +1)? -¢ box
2(2c¢ + 1)?

\

QCe+1+c)Cc+1-¢)
(¢ + 1)?

\

Ge + Dl + 1)
2Qc +1)?

\

10
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11

Solve the inequality
ten
[4 marks]
Multiply both sides by (3x — 9)?, which is positive (x # 3):
Cx+1)(3Bx -9 =2 (x - D(3x — 9)?
020x-D[&-1DBx-9)-0x+1)]
020x-9)0Bx%-12x+9-2x-1)
(3x — 9)(3x* — 14x + 8) < 0
(3x —9)(Bx —2)(x — 4) <0
Critical values: x = % , XxX=3, x=¢
Positive cubic, so < 0 when x < % or 3sx<4
But x # 3 since the denominator 3x — 9 cannot be 0
X € % or 3<x<4g
Turn over »
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12

10 The 3x3 matrix M represents a reflection in the plane z=10

2
5
4

The point A’ is the image of A under the reflection represented by the matrix M

The point A has position vector

Line / passes through A and A’

10 (a) Write down the matrix M

[1 mark]
I 0 0
M=10 1 0
[0 0 -]
10 (b) Find the position vector of A’
[1 mark]
I 0 0|2 2
oA'=10 1 o|ls|=1]|S
[0 0 —I||4] sl
10 (c¢) Write down a vector equation of /
[2 marks]
2 2 0 0
AR = s|-|s[=]o] | |o
sl Kl | %] /]
2 0
r=185|1 +Al0
_q_ ._l_.

12
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13

10 (d) The point B has coordinates (3, 7, —2)

10 (d) (i) Write down the coordinates of the point on / which is closest to B
[1 mark]

| is the line x = 2, y = S (parallel to the 2-axis), so the closest

point has the same z2-coordinate as B: (2, S, =2)

10 (d) (ii) Calculate the shortest distance between / and B
[1 mark]

Distance = /(3 - 2)?> + (7 - $)*> + (-2 - (-2))?)

= +4+0) =+

10 (d) (iii) Calculate the area of the triangle ABA’
[2 marks]

Base AA' = 4 — (-4) = 8

Height = shortest distance from B to | = /S

!
Area = 2 x 8 x 4§

=45 (= 8.94)

Turn over »
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Do not write

11

11 (a)

11 (b)

11 (c)

outside the
box

The 2 x 2 matrix A represents an anticlockwise rotation of 150° about the origin.

Find matrix A
Write each element in its simplest exact form.
[2 marks]
A = |—cos 1S0° —sin ISO"]
Lsin 156°——ous 1'50"_1
_ [—,/3/2 -1/2 ]
L 12 —1/3/'2_]
Find matrix A2
Write each element in its simplest exact form.
[2 marks]
A’ = |—a.’S 300° =sin 30 ,.0,,] (rotation of 300°)
LSIVI SUU Cco0s 50U
_[ e 1/3/2]
L—v’3/'2 12 ]
Fully describe the transformation represented by the matrix A°
[2 marks]

AS: rotation of § x 150° = 750° anticlockwise

750° — 720° = 30°

Rotation of 30° anticlockwise about the origin

G/Jun25/7366/1
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15

Find the least positive integer n which satisfies the equation

15

A'=1

[3 marks]

A" is an anticlockwise rotation of 150n° about the origin

A" =1 when 1S0n is a multiple of 360: 150n = 360m

360m 12m

n="150 ="s (meN)

LCM of 150 and 360 = 23 x 3% x §2 = |800

n=1800 <150 = 12

Least n = 12

Turn over for the next question
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16

12

Use the definitions of sinhx and coshx in terms of e* and e to solve
5sinhx — 3coshx =6
Give your answer in the form
x=In (a + \/Z)
where a and b are integers.
Fully justify your answer.

e — e e + e

SC 2 )-3C2 )=¢

[6 marks]

Se¥ — Se™* — 3¢ — 3™ =2

208 — 8e™ =12

e —Ge*-6=10

Multiply by e e** — 6e* — 4 =0

(*-32-9-4=0

(e —3)° =13

e =312 43

But € > 0 for all real x, and 3 — V13 < 0 (as 13 > 3),

so reject € = 3 — 413

e =3+ 43
x = (3 + 13)
a=3, b=13

16
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17

Turn over for the next question
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18

13 The curve Cy is given by the equation
Xy=m
where m is a positive constant.

The region Ry is enclosed by curve Cy, the x-axis and the lines x=1 and x =4

yl\

The region Ry is rotated through 2x radians about the x-axis.
The volume of the solid generated is V'

13 (a) Find a simplified expression for V' in terms of m

m
V= Trf,q ¢’ dx = Trj;’ (x )? dx = Trmzf,q x~2 dx

[2 marks]

\\

Lo
TU’V)Z["’X ]I

\

]
m’( =4 +1)

37tm?

18
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13 (b) The curve C, is a stretch of C4 by a factor 5 in the y-direction.
The region R, is enclosed by C,, the x-axis and the lines x=1 and x =4
The region R, is rotated through 2x radians about the x-axis.
The volume of the solid generated by rotating R, is 6n

Calculate the value of m

[3 marks]
sm
Cr Y= «x
, Sm 37tm? 75TTIM?
Vo=mf, (x 2dx=8xV=25x"¢4 =" ¢
75TTM?
4 = 6T
24 8
m’ = 75 = 3%
B 22
m>0 so m="§5 ="g (= 0.566)
Turn over »
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20

14 (a)

4 —3]

Az[—1 1

14 (a) (i) Find the matrices A" and B™"

det A = G x| —(-3)(-1) =

The matrices A and B are given by

and

[2 marks]

4-3=)

det B=S5Sx(-2)-4gx(-3)=-10+12 =2

Z

B e I s s
31T %

14 (a) (ii) Hence verify that (AB)_1 =

0

B A’

572

2

[2 marks]

PSR

7 2]

det(AB) = 29 x (-6) — 22

x (-8) = —174 + 176 = 2

. (AB)—I = B—IA—I

verified

2 0
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14 (b)  Given that (CD)'=D"'C™" is true for all non-singular square matrices C and D,
prove by induction that

(M*'I )n — (Mn)f'l

is true for all » € N, where M is a non-singular square matrix.
[4 marks]

n=1>0 (MDD =M and (M) =M

so the statement is true for n = |

Assume it is true for n = ki (M)k = (M)

Then (M-I)k+l = (M—l)k M-I

= (Mk)—l M—I

= (M M) using (cD) = D7'C! with € = M, D = M*

= (MkH)!

so the statement is true for n = k + |

The statement is true for n = |, and if it is true for n = k then it

is also true for n = k + |, so by induction (M)" = (M")~!

is true for all n € N

Turn over »
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15 The graph G4 has the polar equation
8 L8 51
= —S <<=
"7 cosO+V3sing 6 6

The graph G, has the polar equation

15 (a) Show that G, is a straight line by writing it as a Cartesian equation in the form
y=mx + ¢ where m and c are constants to be found.

[3 marks]
g
r= cosO+3sinO = rcosO++3rsinb =%
X=rcosO, y=rsinb. X++/3y=38
V3y=-x+3%
LA
Y=-—pBX+t 3
A Z
m=-.53, = 3 S0 G is a straight line
15 (b) On the initial line shown in Figure 1, sketch G4 and G,
Include the polar coordinates of the intersection point of G with the initial line.
[3 marks]

6, Figure 1

G

(3, 0)

10) \ Initial line

2 2
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15 (c) Find the polar coordinates of the intersection point of G4 and G,

[3 marks]
2 d
6= 3 ¢ r= cos@n/3) + 3 sin(211/3)
g g
= 2 +B3x3/2 = -1f2+3/2 =38
27
Intersection point: (8, "3 )
15 (d) Find the area of the region bounded by the initial line and graphs G; and G,
[2 marks]
The region is a triangle with vertices 0, (8, 0) and (8, 21/3):
27T
two sides of length 8 with an angle of 3~ between them
! 27
Area = 2 x8x 8 xsin(C3 )
3
=32x"3 =163 (=277)
Turn over »
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16 A circle C is drawn on an Argand diagram.
The roots of the equation w2+4w+9=0 lieon C
16 (a) Show that the roots of the equation

w2 +4w+9=0
are

2+iV56 and -2-iV5

[2 marks]
w?> + 4w + 9 =20
w+2)?-4+9=0
w+2)>=-§
w+ 2 = £/(=5) = #i)fS
w=-2+iyS and w=-2-i/S as required

16 (b) Explain briefly why the centre of C must lie on the real axis.
[1 mark]

The roots are complex conjugates, so they are reflections of each

other in the real axis. The centre is equidistant from both roots, so

it lies on the perpendicular bisector of the chord joining them,

which is the real axis.

2 4
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16 (c)  The point 7 +iV14 also lies on C

16 (c) (i) Find the real number which represents the centre of C

[2 marks]
Let the centre be x, where x € R.
x is equidistant from =2 + iv/S and 7 + i14:
&+ 2+ ()2 =G -x)?+ 49)?
X +ax+G+85=69-19x+x°> + 14
I8x = §4
X =3 centre is 3
16 (c) (ii) Find the equation of C
Give your answer in the form |z —a| = b where a and b are constants.
[3 marks]

radius = |7 + i1 — 3] = (7 - 3)? + (v4)?)

= 6 +14) = 30

lz = 3] = v30

END OF QUESTIONS

2 5
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There are no questions printed on this page

DO NOT WRITE/ON THIS PAGE
ANSWER IN THE/SPACES PROVIDED
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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