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Instructions

Use black ink or black ball-point pen. Pencil should only be used for drawing.

Fill in the boxes at the top of this page.

Answer all questions.

You must answer each question in the space provided for that question.

If you require extra space for your answer(s), use the lined pages at the end
of this book. Write the question number against your answer(s).

Do not write outside the box around each page or on blank pages.

e Show all necessary working; otherwise marks for method may be lost.

Do all rough work in this book. Cross through any work that you do not want
to be marked.

Information
e The marks for questions are shown in brackets.
e The maximum mark for this paper is 80.

Advice
e Unless stated otherwise, you may quote formulae, without proof,

from the booklet.

e You do not necessarily need to use all the space provided.
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Answer all questions in the spaces provided. box

1 Express cosh? x in terms of sinh x

Circle your answer.

[1 mark]
1 — sinh? x sinh? x — 1 —1 —sinh? x
2 The function f is defined by
f(x)=2x+3 0<x<5

The region R is enclosed by y = f(x), x = 5, the x-axis and the y-axis.

The region R is rotated through 2= radians about the x-axis.

Give an expression for the volume of the solid formed.

Tick (v)) one box.
[1 mark]

5
nj 2x + 3)dx
0

5

2
nJ.O(Zx + 3)“dx \/

5
2nj (2x + 3)dx
0

5
ZnJ (2x + 3)2dx
0
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3

The matrix A is such that det(A) =2

Determine the value of det(A™")

Circle your answer.

4 The line L has vector equation

N|—=

4
—7
0

-9
1
3

+A

Give the equation of L in Cartesian form.

Tick (v') one box.

[1 mark]

[1 mark]

0 3
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5 The vectors a and b are given by

a=3i+4j-2k and b=2i-j-5k

5 (a) Calculate a.b

[1 mark]
ab=3x2+4x(1)+(2)x(-5)=6-4+10=12
5 (b) Calculate |a| and |b|
[2 marks]
lal = (32 + 4> + (=2)%) = M9+ 16 + 4) = 29
Ib] = (22 + (=1)* + (=8)?) = /(4 + | + 25) = 30
la| = v29 Ib| = V30
5 (c) Calculate the acute angle between a and b
Give your answer to the nearest degree.
[2 marks]

a.b 12
cos O = Jallb] = 29 x 430 = 0.90683...

0 = cos'(0.40683...) = 65.9936...°

Acute angle = 66° (nearest degree)

0 4
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6 (a)

6 (b)

On the axes below, sketch the graph of
y =cosh x

Indicate the value of any intercept of the curve with the axes.

yﬂ

Solve the equation

coshx=2

Give your answers to three significant figures.

coshx =2 = x=zcosh™2 = tln(2 + /2° - 1))

=V

[2 marks]

[2 marks]

x = #In(2 + 3) = *1.3164...

x =132 or x=-1.32 (3st)
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7 The function f'is defined by
A
Vx

Find the mean value of f over the interval 4 <x <7

f(x) = 4<x<7

Give your answer in exact form.

[3 marks]
! ! !
Mean value = 7—4 [+ "% dx = 3 [, x™* dx
! 7
Z?[nyz]q
A A
=3(2v7-24)=3(2/7-4)
2
=3(7-2)
Turn over »
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8 (a) The complex number z is given by z=x +1y where x,y € R
8 (a) (i) Write down the complex conjugate z* interms of x and y

. ,
2" =x—-1ly

[1 mark]

8 (a) (ii) Hence prove that zz* isreal forall z € C

22" = (x + iy)x — iy)

[2 marks]

\

x> = ixy + ixy — Py’

=x> +y>  (since i’ = -I)

x and y are both real, so x* + y? is real

.~ 22" is real for all 2 € C

Do not write
outside the
box
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8 (b) The complex number w satisfies the equation

3w+10i=2w*+5

8 (b) (i) Find w

[3 marks]
Let w = x + iy, where x, y E R, so w" = x — iy
3(x +iy) +10i = 2(x —iy) + S
3x + 3iy + 10 = 2x — 2iy + §
Real parts: 3x = 2x +§ = x=S§
Imaginary parts: 3y + 10 = -2y = Sy =-10 = y = -2
w=3S§-2/

8 (b) (i) Calculate the value of w2(w*)?2
[1 mark]

w?(w)? = (ww?)? = (82 + 2%)? = 29° = 34)

Turn over »
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9 (a)

9 (b)

Show that, for all positive integers r,

r+1  r 1

rt2 1+ D(r+2)

r+1 r G+ 1D?=rlr+2)
r+2 —r+1 = G+ Dl&+2)

[1 mark]

rrP+2r+1-r -2
b+ Db +2)

\

!
G+ Dl +2)

Hence, using the method of differences, show that

n

1 . n
2 (r+1)(r+2) an+b

r=1

where a and b are integers to be determined.

n ; " r+1 r
S, G+ DG+2) =3, (v+2 —7+1 )

[3 marks]

2 1
r=5L 3 -2
ER
r=2. ¢ — 3
4 3
r=3 s - ¢
n n-=1
r=n-=»5 _n+l = n
n+1 n
r=mw_ n+2 — n+l

170
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Adding, all terms cancel except the first and the last:

" ! n+ 1 L
S G+ DG +2) = n+2 — 2

2+ 1) = (n + 2)
= 2(n + 2)

\

2n + 4

9 (c) Hence find the exact value of

2000

1
+ +
r=1001 (r 1)(r 2)
[3 marks]
!
2000 ——0 2000 1000
2o r+DG+2) =2, —%,
2000 2000 2000 S00
2, = 2x2000+¢4 = 4004 = 100!
1000 1000 1000 250
2, = 2x1000+¢4 = 2004 = S0l
2000 ! $00 250 250500 — 250250 250
200 +DbG+2) = 1000 — 500 = $0150) = 501501
Turn over »
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12

10 The curve C has equation

:2x—10
3x-5

Figure 1 shows the curve C with its asymptotes.

Figure 1

- —=

0 5 X
10 (a) Write down the equations of the asymptotes of C
[2 marks]
S
Vertical asymptote: 3x — S =0 = x=3
2 2

Horizontal asymptote: as x - oo, y » '3 = y =3

12
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10 (b) The line L has equation

y=—Fx+2

10 (b) (i) Draw the line L on Figure 1

[2 marks]
Line L drawn on Figure |, through (0, 2) and (S, 0)
10 (b) (ii) Hence, or otherwise, solve the inequality
2x —10 2
= — < —Ex+
3x_5 = Y12
[2 marks]
C and L meet at (0, 2) and (S, 0); C is on or below L when
S
xs0 , 3 <xs$§
Turn over for the next question
Turn over »
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1 The matrices A and B are given by
3 -2
A= . and B=
a -1

where a is a real number.

Calculate the product AB in terms of a

Give your answer in its simplest form.

AB=[

[3 marks]

3 —2”9 Sl
la -i]|-2i -

== =

3ix g+ (-2)(-2i) 3ix$S+ (-2)(-1)
9a + (=i)(=2i) Sa + (=)(=1)

12i + Gi 1S/ + 2
| 4a + 2% Sa +i |

16i 2 +1Si

(90 -2 Sa +i]

1 4
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12 Prove by induction that, for all n € N, the expression
5 _ 2"

is divisible by 3
[4 marks]

n=1 S —2"=3 and 3 is divisible by 3, so true for n = |

Assume true for n = ke % — 2K = 3m  for some integer m

= SK=3m + 2k

n=lk+| S -2k =g xgk_ 2 x ok

=5Cm + 2¥) — 2 x 2k

=)Sm + § x 2k — 2 x 2k

= )Sm + 3 x 2k

= 3(Sm + 24

Sm + 2X is an integer, so S — 2¥! js divisible by 3

. true for n = k + |

If §” — 2" js divisible by 3 when n = k, then it is also divisible

by 3 when n = k + 1. Since it is divisible by 3 when n = |, by induction

§" = 2" is divisible by 3 for all n € N

Turn over »
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13 The cubic equation x3—x—7 =0 has roots a, fandy
The cubic equation p(x)=0 hasroots a—1,f—-1 and y—1

The coefficient of x2 in p(x) is 1

13 (a) Describe fully the transformation that maps the graph of y = x3-x-7

onto the graph of y = p(x)

[2 marks]
Each root is reduced by |, so the graph moves | unit to the left:
Translation by vector <—0,>
13 (b)  Find p(x)
[3 marks]

lety=x—-1 = x=y+1

+1)>-QW+1)-7=0

P +3+3y+1-y-1-7=0

P +37+2y-7=0

So p(x) =x3+ 3¢ +2x - 7

G/Jun24/7366/1
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Turn over for the next question
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14

14 (a)

14 (b)

The matrix M represents the transformation T, and is given by

3 —1‘
2 6

The point A has coordinates (4, —5)

Find the coordinates of the image of A under T

[2 marks]
[3 -/”ﬂ _ [3x9+(—/)(-5)l _ [ /7}
|-2 6|[-S| " [-2x4+6x(=8)]| ~ |-38]
Image of A is (17, =338)
Show that the only invariant point under T is the origin.
[3 marks]

For an invariant point (, g).‘ [_32 ;’l [ﬂ = [ﬂ

13 = o g}

3x—-—y=x and -2x+6y =y

= y=2x and 2x =Sy

Substituting: 2x = S(2x) = 8x =0 = x =0, and then y = 0

So (0, 0), the origin, is the only invariant point under T

18
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14 (c) The line L4 has equation y =x + 1
The transformation T maps the line L4 onto the line L,
Find the equation of L, in the form y =mx + ¢
[5 marks]
Any point on Ly is (x, x + 1). Its image (X, ¥) lies on Ly Y = mX + ¢
3 -l x| Z X
|2 6 |[x+ ] | mX + ¢|
x-—(x+1)=X = X=2x-|
2x+6(x+1)=mX+c = 4x+6=mX+c
So ax+ 6 =m(2x —1) +c forall x
Compare x terms: 4 =2m = m =2
Compare constants: 6 =-m+c=-2+¢c = ¢=38
Ly y=2x+3%
Turn over »
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15 (a) Use Maclaurin’s series expansion for In(1 + x) to show that the first three terms of the box
Maclaurin’s series expansion of In(1 + 3x) are
3x — %xz +9x3
[1 mark]
x° X3
m(l +x) =x—"72 + 73 —.. replace x with 3x:
G? Bx)° aw 2nd
m( +3x) =3x-"2 + 3 —..=3x-"2 + 3 -.
4
First three terms: 3x — 2 x> + @3
15 (b) Julia attempts to use the series expansion found in part (a) to find an approximation
for In4
Julia’s incorrect working is shown below.
Let 1 +3x=4
3x=3
x=1
So In4=3x1-2x12+9x 1
~3-45+9
=75
Explain the error in Julia’s working.
[2 marks]
The expansion of In(l + 3x) is only valid for =] < 3x < |,
1 1
le.for =3 <x< 3
x = 1 is not in this valid range, so the series does not converge
to In G there: Julia should not have substituted x = |

20 stemup.co.uk G/Jun24/7366/1
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15 (c) Use x = 5 in the series expansion found in part (a) to find an approximation for In4
Fully justify your answer.
[4 marks]
J 11 1
-3 <—6 < 3,50x=—=2¢ Isin the range of validity
1 o4 1 1
InQ +3(=6)) ~3(-¢) - 2(-¢)*+93(-¢)*
oo 112
In 2 -2 -8 — 24 =-24 =-3
!
But mn4g=21In2=-21In"7
2
ng=~-2x(-3)
4
In g =3
Turn over »
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16

16 (a)

The curve C has the polar equation
2

" cos26 + 4sin20

—t<O0<m

Show that the Cartesian equation of C can be written as

x?
a2

y2

+os =1

b2=

where a and b are positive integers to be determined.

2
r = Mcos®® + 4sin’e) = r’ =

4
c0s?0 + 4sin?0

[4 marks]

r’cos’0 + 4r’sin’e = ¢

(r cos 8)% + 4(r sin B)? = ¢

Using x = r cos © and y = r sin B:

XX+ 447 =4

2 2
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16 (b) Hence sketch the graph of C on the axes below.

Indicate the value of any intercepts of the curve with the axes.

[2 marks]
y A
!
-2 0 2 X
-l
Turn over for the next question
Turn over »
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17 The circle C represents the locus of points satisfying the equation
‘z — ai’ =b
where a and b are real constants.
The circle C intersects the imaginary axis at 2i and 8i
The circle C is shown on the Argand diagram in Figure 2
Figure 2

|m A

17 (a) (i) Write down the value of a

a=35 C(centre is Si, midway between 2i and 8i)

[1 mark]

17 (a) (ii) Write down the value of b

b =3 C(radius = (8 -2) +2)

[1 mark]

2 4
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17 (b) The half-line L represents the locus of points satisfying the equation
arg(z) = tan~ (k)
where k is a positive constant.
The point P is the only point which lies on both C and L, as shown in Figure 3
Figure 3

|m A

17 (b) (i) The point O represents the number 0 + 0i

Calculate the length OP

[2 marks]
Centre C = Si, radius 3. OP is a tangent, so angle OPC = 90°
0P? + CP? = 0(?
0P = 2 - 3% = |6
OP =4
Turn over »

2 5

stemup.co.uk G/Jun24/7366/1


https://stemup.co.uk

26

Do not write
outside the
box

17 (b) (ii) Calculate the exact value of k

[2 marks]
Triangle OPC is a 3, 4, S right-angled triangle.
Let 8 = arg(z) = angle between OP and the positive real axis.
cP 3
Angle COP = 90° — 6, and tan(angle COP) = op = 4
! 4
So tan © = tan(490°-86) = 3
kil
k=73
17 (b) (iii) Find the complex number represented by point P
Give your answer in the form x + yi where x and y are real.
[3 marks]

4 3 4
tan® =3 = cosO=T735 , sin® =73 , and |OP] = 4

3
S x4=24

\

X =4 cos 6

4
S x4 =32

\

Yy =14sinb

P represents 2.9 + 3.2i

G/Jun24/7366/1
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END OF QUESTIONS
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DO NOT WRITE/ON THIS PAGE
ANSWER IN THE/SPACES PROVIDED

2 8

stemup.co.uk

G/Jun24/7366/1

Do not write
outside the
box


https://stemup.co.uk

29

Do not write
outside the
box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

29

stemup.co.uk G/Jun24/7366/1


https://stemup.co.uk

30

Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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