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Answer all questions in the spaces provided.

1 Which expression below is equivalent to tanh x ?

Circle your answer.

sinh x cosh x cosh x
sinh x

2 The two vectors a and b are such that a.b =0

State the angle between the vectors a and b

Circle your answer.

[1 mark]

sinh x + cosh x

[1 mark]

180°

02

stemup.co.uk

G/Jun23/7366/1

Do not write
outside the
box


https://stemup.co.uk

3 The matrices A and B are given by
13 1 |0 4
A- [o 5] o [7 1]
Calculate AB

Circle your answer.
[1 mark]

HHI F- N - I ()

4 The roots of the equation
5x3+2x2-3x+p=0
are a, f and y
Given that p is a constant, state the value of af + fy + ya

Circle your answer.
[1 mark]

|
&1L
aN
oW

Turn over »
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5 The function f is defined by
f(x) = 3x2

5 (a) Find the mean value of f

_ L fan
Mean value = —— [ 3x% dx

[2 marks]

_ 1 r.q°

=1 -p=4L
=5 25-1) =4 x124

\

3l

5 (b) The function g is defined by

gx)=f(x)+c
The mean value of g is 40

Calculate the value of the constant ¢

Mean value of g = mean value of f + ¢

1<x<5

[2 marks]

3l +c¢c =40

c=9

0 4
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6 (a) Find and simplify the first five terms in the Maclaurin series for e2x

2 marks
X2 x3 x4 [ !
eX=’+X+2—! +?+W+“‘
2 3 g
e = | + 2x + (22’3) + (23’3) + (22,) +
_ 4x° 3 16x*
=]+ 2x + 5t 35 + ..
=I+2x+2x2+%x3+%x"+...

6 (b) Hence, or otherwise, write down the first five terms in the Maclaurin series for e—2*

[1 mark]
-2 — ) _ 2 _ i 3 i 4 _
e X =) —-2x + 2x 3 Xt 3
6 (c) Hence, or otherwise, show that the Maclaurin series for cosh(2x) is
a+bx2+cx4+ ...
where a, b and ¢ are rational numbers to be determined.
[3 marks]
cosh(2x) = % (e + ™)
_ 1 2,9 3,24
= 2[I+2x+2x +3 X+ o+
_ 2_949.3, 2 4 _
+ ] — 2x + 2x 37X +3X o ]
= L(Z +qx2 +ix‘l) +
3 3
=I+2x2+%x4+...
_ _ -2
a=1, b=2c¢= 3
Turn over »
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7 (a)

7 (b)

Show that, for all integers r,

1 1 2
2r—1 2r+1  (@2r—1)2r+1)

[1 mark]
! _ ! ___(2r+l)—(2r—l)
2r — | 2r + | CQr-1D0r +1)
= 2 as reguired
T Cr-DCr+1) 4
Hence, using the method of differences, show that
Zn: 1 _ _an
= @2r-1)@2r+1) bntc
where a, b and c are integers to be determined.
[4 marks]

c | ) < ] )
,,Z,(zr—/)(2r+/) '72( 2r=1  2r+1 )

r=1

_ 1 _ 1

r=1 ] 3

— 9 1 _ 1

r=2: ERE

_ 2. 1 _ 1

r=3 s 77

r=n-1 J -
2n — 3 2n — |
/ /

r=wn

2n—1  2n+1

Adding, all the terms cancel except the first and the last:

d | ) |
,.Z,(Zr—/)(2r+l) '7(’— n + | )

0 6
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_ 2wl
-2 2n + |
_ 2n
=72 X+l
_ n
T 2n+
a=1, b=2c¢c=1
7 (c) Hence, or otherwise, evaluate
1 1 1 1
+ + + +—
1x3 3x5 5x7 99 x 101
[2 marks]
This is the sum in part (b) with 2n + 1 = 101, i.e. n = S0
Sum = szo / = 50 =30
& Qr=-1D0Cr+1) 2(50) + 1 101
Turn over »
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8 Abdoallah wants to write the complex number —1 + iV3 in the form r(cos 6 + i sin 6)

where »>0 and -t <0<m

Here is his method:

=2+ (V32 tan 9= 23
=N1+3 = tan =3
-4 = 0=tan—1(-\3)
=2 > ez—g—‘

1+iV3= 2(008(—%) +isin (_%))

There is an error in Abdoallah’s method.

8 (a) Show that Abdoallah’s answer is wrong by writing

2(005(—%) +1sin (—%))
in the form x + iy

Simplify your answer.

2( cos(—%) + i sin(—%) )

[1 mark]

=204 +ix(-£))

=1 - i3

| = iv3 # =1 + i3, so Abdoallah's answer is wrong.

0 8
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8 (b) Explain the error in Abdoallah’s method.
[1 mark]

tan 8 = —+/3 has two solutions in =TT < B < T

6= —% or 0= 27“ Abdoallah chose the wrong one.

Re(=1 + iv3) < 0 and Im(=I + iv3) > 0, so it is in the

second quadrant of an Argand diagram, so © should be

TT

obtuse: % <6< not 6=-=.

8 (c) Express —1 +iV3 in the form r(cos 6 + i sin 6)
[1 mark]

—I+/‘1/3‘=2(c05277T +isin27n)

8 (d) Write down the complex conjugate of —1 + iV3
[1 mark]

=l — i3

Turn over »

G/Jun23/7366/1

09

stemup.co.uk


https://stemup.co.uk

10

9 The matrix M represents the transformation T and is given by
+ 12
M= 3p+1 , ]
p+t2 ps-3

9 (a) In the case when p =0 show that the image of the point (4, 5) under T is
the point (64, —7)

[2 marks]
2
p=o. m=|} "]
L= -4
M[ﬂ _ {/ /2} [91 _ [qﬂsow [691
sl " 1o _2ll¢ 8-S 7
I = I | R ]
~. the image of (4, S) under T is (64, —7)
9 (b) In the case when p =-2 find the gradient of the line of invariant points under T
[3 marks]

Invariant points: {—S ,21
Cv 1

=Sx + 12y = x and Ox +y =y

12y = 6x

_
y=3X

Gradient of the line of invariant points =

1
2

10
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11

9 (c) Show that p =3 is the only real value of p for which M is singular.

M is singular < det M =0

[6 marks]

det M=Bp+1DP?>-3)-12(p + 2)

=3 +p? -9 -3-12p-24

=3p +p? - 2lp - 27

det M=0 = 3pP°+p>-2lp-27=0

p=3 3027 +9-63-27=0, so(p- 3)isa factor

(p—3)Bp* +10p +9) =0

For 3p” + 10p + 9 = 0:

b?> — Gac = 10° — 4 x3x9=100- 108 =-8<0

— =S * /42 )

so it has no real roots (p 3

" det M = 0 has exactly one real root, p = 3

so p = 3 is the only real value of p for which M is singular.

171
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12

10 The curve C has equation

3x2+mx+p
y= 2

x2+px+m
where m and p are integers.
The vertical asymptotes of Care x=—-4 and x=-1

The curve C is shown in the diagram below.

et ket LE e e
|
|
|
|
|
|
|
|
|
|
+
|
|
T
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

10 (a) Write down the equation of the horizontal asymptote of C
[1 mark]

y=3

10 (b) Find the value of m and the value of p
[2 marks]

Vertical asymptotes x = =4 and x = —|, so the denominator is

XCrpx+m=K+4)x+1)=x+5Sx+4

m = q, p=3

12
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13

10 (¢) Hence, or otherwise, write down the coordinates of the y-intercept of C
[1 mark]

x=0 y= -‘% = % y-intercept (o, S )

10 (d) Without using calculus, show that the line y = -1 does not intersect C
[5 marks]

=y X AHx+S
v ' XX +Sx+4

3% +64x+S5=-0+ Sx+4)

3 +4x+S=—x>-S5x—-¢

93> + 9% + 93 =0

Discriminant: b?> — Gac = 9° — ¢ x § x 9

=8 - 194 = -63<0

$0 4x% + 9% + 9 = 0 has no real roots

. the line y = —| does not intersect C

Turn over »
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14

1M A point has Cartesian coordinates (x, y) and polar coordinates (r, 6)

where >0 and -t <f<mn

11 (a) Express 7 in terms of x and y

[1 mark]
r =0 + ¢?)
11 (b) Express x in terms of » and 6
[1 mark]
X =7rcos 0O
11 (c) The curve C4 has the polar equation
r(2+cos 0)=1 -n<f<m
11 (c) (i) Show that the Cartesian equation of C4 can be written as
ay?=(1+bx)(1+x)
where a and b are integers to be determined.
[4 marks]

r(2 +cos®) =1 = 2r+rcos® =1

20063 +¢?) +x =)

2063 + ¢?) =1 — x

40¢ + ¢?) = (1 - x)?

4% + qy? =) — 2x + x°

2

\

Gy = | — 2x — 3x°

2

(-390 +x)

\

qy

1 4
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11 (c) (ii) The curve C, has the Cartesian equation
ax2=(1+by)(1+y)

where a and b take the same values as in part (c)(i).

Describe fully a single transformation that maps the curve C4 onto the curve C,
[2 marks]

C, is €) with x and y interchanged (y replaced by x, x by y),

so the transformation is a reflection in the line y = x

Turn over »
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12 (a) Show that (1 +i)4=-4 Mo
[3 marks]
A+ D=1+ 40%)i + 6027 + 4()P +
=)+ 6i+6C1) +4(=i) + 1
=l+4i -6 -6 +1
= -4 as reguired
12 (b) The function f is defined by
f(z)=z4+32z2-6z+10 zeC
12 (b) (i) Show that (1 +1) is arootof f(z)=0
[2 marks]
FO+)=0+)"+30+)>-60+1i) +10
A+)?=1+2i+i7=2i
fO+i)=-49+302i)-6-6+10
=-4+6/i—6-6/+10=20
() + 1) is aroot of £(z) = 0
12 (b) (ii) Hence write down another root of f(z) =0
[1 mark]
| —i  (the complex conjugate, as f has real coefficients)

G/Jun23/7366/1
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Do not write
12 (b) (iii) One of the linear factors of f(z) is e
(z-(1+1)
Write down another linear factor and hence, or otherwise, find a quadratic factor
of f(z) with real coefficients.
[3 marks]
Another linear factor: (2 -( -1i) )
(z2-0+)D)z2-0-1))
=2 -0-Dz=-U+Dz2+U+DU-1)
=22-22+41 -7
=22-22+2
Quadratic factor: 2% — 22 + 2
12 (b) (iv) Find another quadratic factor of f(z) with real coefficients.
[2 marks]
29+ 32 -62+10=0G%>-22+2)G + A2+ S5)
22 A-2=0 = A=2 (z2: 2A - 10 = -6, consistent)
2 +32 -62+10=0C -22+2)@F +22+S5)
Other quadratic factor: 2> + 22 + S
12 (b) (v) Hence explain why the graph of y = f(x) does not intersect the x-axis.
[2 marks]
2+22+85=0G+1)*+4G=0 gives 2=-] *2j
So the roots of f(z) = 0 are | * i and —| + 2i: none are real,
ie. f(x) = 0 has no real roots.
Hence the graph of y = f(x) does not intersect the x-axis.
Turn over »
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13 (a)

Prove by induction that, for all integers n > 1,
n

2r2=%n(n+ 1)2n +1)

r=1

n=1_1 LHS =) =), RHS=%XIX2X3=I

[4 marks]

so the result is true for n = |

Assume the result is true for n = k:

\

P = 4kl + D2k + 1)

™M ~

I~
\
I~

k+T k

Then 37 =357+ 0U+D?=—+klc+ D@k+1) + Ck+ 1)

%(k+l)[k(2k+l)+6(k+l)]

e+ DI+ 7k + 6)

\

= % G+ D + 2)2k + 3)

\

% Ce+ D+ 1) +DCU+ 1) + 1)

which is the formula with n = k + |, so it is true for n = k + |.

The result is true for n = |, and if it is true for n = k then it

is true for n = k + |, so by induction

™M s

P o= % nln + 1)2n + 1) s true for all integers n = |

/

-
\

18
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13 (b)

13 (c¢)

13 (d)

Hence, or otherwise, write down a factorised expression for the sum of the first
2n squares

12+22+32+ ...+ (2n)?
[1 mark]

Replace n by 2n:  ~ x 2n(2n + D(an + 1) =

2 nC2n + 1DCan + 1)

1
3

Use the formula in part (a) to write down a factorised expression for the sum of the
first n even squares

22+42+62+ ...+ (2n)?
[2 marks]

22467+ .+ (2m)? = 3 (2007 = 43 7

=¢ x%n(n +1D0Cn +1) = %n(n +1)0Cn +1)

Hence, or otherwise, show that the sum of the first n odd squares is
an(bn —1)(bn + 1)

where a and b are rational numbers to be determined.

19

[3 marks]
P+32+..+0Cn-=0%=Cumin (b)) — (sum in (c))
= én(Zw +Dn + 1) - %n(n +D0Cn +1)
= %n(ZV; +DLGn+1)-2(n+1)]
= % nCn +1D02n - 1)
=én@n-0@n+0
a= % , b=2
Turn over »
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20

14 The inequality
(x2-5x—24)(x2+7x+a)<0
has the solution set
{x:-9<x<-3} U {x:2<x<b}

Find the values of integers a and b

x? =5x—24 = (x-38)(x + 3)

[4 marks]

so 8 and —3 are critical values of the inequality.

The solution set has critical values =9, =3, 2 and b

so =9 and 2 must be the roots of x> + 7x +a =0, and b = 8

+Dx-2)=x>+7x-18, so a=-I8

Checlke (x — 3)(x + 3)(x + D(x —2) <0 for -9 < x < -3

and for 2 < x < 8, as required.

a=-18, b=3%

END OF QUESTIONS
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