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e Use black ink or black ball-point pen. Pencil should only be used for drawing.
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Answer all questions in the spaces provided.

1 Which of the following exponential expressions is equivalent to 2sinhx ?

Circle your answer.

[1 mark]
e’ et 4+e™ e
2 The quadratic equation x? + px +¢ = 0 has roots o and f3
Which of the following is equal to off ?
Circle your answer.
[1 mark]
p —P @ —-q
1 0 O
3 Which of the following transformations is represented by the matrix |0 —1 0| ?
0O 0 1
Tick (v') one box.
[1 mark]

Rotation of 180° about the x-axis

Reflection in the plane x =0

Rotation of 180° about the y-axis

Reflection in the plane y =0 \/
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4 The complex numbers w and z are defined as box
w = 2(cosa +isina)
z=3(cos ff +1isinf)

Find the product wz

Tick (v') one box.
[1 mark]

5(cos () + isin (of3))

6(cos (aff) + isin (af))

5(cos (o + ) +isin (o + f))

6(cos (o + ) + isin (o + B)) \/

Turn over for the next question

Turn over »
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5 Show that (2 +1)% is 2+ 11i
[3 marks]

C + )2 =2%+302)0) +302)0%) + 72

2+ 12i + 6% + i3

\

[}

=—| and P =-i

~

E+12i -6 -1

\

=2+ i as reguired

Turn over for the next question

Turn over »
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6 The matrix A is given by
5 2
A=
[—3 4
6 (a) Find detA
[1 mark]
det A=S5Sx4—-2x(-3)=20+6
det A = 26
6 (b) Find A~
[1 mark]
R
AT=26|3 S
06 stemup.co.uk Jun22/7366/1

Do not write
outside the
box


https://stemup.co.uk

Do not write
outside the
box

9
6 (c) Given that AB = { and M = 2A + B find the matrix M

5 12}
[3 marks]

A7'(AB) = B, so B = A7'(AB)

| [36-10 24 - 24 ] {26 0
B="¢127+25 183+60|="28|52 78| =

N —
w

N —
w

M=2A+B=|-¢ g| +

T
M=1-4 1

Turn over »
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7 (a)

7 (b)

The lines /4 and /, have equations

3 3
l1 r—= 1 —l—}. —4
= 1
[—-12 3
12 r= a +u 2
| -3 1
Show that the point P(—3, 9, —4) lies on /4
[2 marks]
XX 3+3A=-3 =2 3A=-6 = A=-2
¢ l-ar=1-4(-2)=9 v
2 2+r==2+0(-2)=-4
The same value A = =2 gives all three coordinates of P,
so P(-3, 9, =4) lies on |,
Show that /4 is perpendicular to /,
[2 marks]

Direction vectors (3, =4, 1) and (3, 2, -1):

3B+ D)+ W) =9-8-1=0

Scalar product of direction vectors = 0,

so |, is perpendicular to |,
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Do not write
7 (c) Given that the lines /4 and /5 intersect, calculate the value of the constant a e
[4 marks]
At the intersection:
XX 3+3A=-12+3u = A=u-3S$
22 2+A=-3-u = A=-l-pu
H=S==-l-u = 2u=9¢ = pn=2
A=-1-2=-3
I —4arx=a + 2u
I —4(-3) =a+2(2)
I13=a+¢9
a=9
7 (d) Hence, find the coordinates of the point of intersection of /4 and /,
[1 mark]
A=-3 3+3(-3),1-4(-3), -2 +(-3))
Point of intersection (=6, 13, =S)

Turn over »
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8 (a)

8 (b)

The curve C has the polar equation

r=4—-2cosf —n<f<m

Verify that the point with polar coordinates <3, g) lieson C

[1 mark]

T T
06="73: r=4—-2c0s3 =4-2x75 =3

n
so the point (3, 37) lies on €

Find the exact polar coordinates of the point on C which is furthest from the pole, O
[3 marks]

r =4 — 2cos © is greatest when cos 6 = -|

cos®=-1 = 8 =m (nthe range -1 < 8 < 1)

r=6-2(-1) =6

Furthest point from 0: (6, 1)

10
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Find the exact Cartesian coordinates of the point on C where 0 is %
[3 marks]
s T V3
0="7: r=4-2c0s¢ =4G-2x"53 =4—-,3
V3 3
x=rcos0=04-43)x 53 =23-7
V3
y=rsin0=04-3)x73 =2-"5
3
Cartesian coordinates (23— 75 , 2 - 3 )
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9 (a) Show that, for » > 0, box
2
n(r+2)—Inr= In<1 +;>
[1 mark]
r+ 2 2
nCr+2) =nr=IC—) =0+ ) as required
9 (b) Hence, using the method of differences, show that
L 2 1
Y In(1+=) =In(5 @ +a)n+b)
r 2
r=1
where a and b are integers to be found.
[4 marks]

n 2 n
s 0 +7)=5_ Unlr+2) =1Inr)

r=1 mn3-1Inl

r=2: 4 —1In2

r=3: S —1In3

r =4 né—-1In4qg

r=n-2: mn—=1Il-2)
r=n-1 mn +1) = InCn = 1)
r=wm nn +2) = Inn

All terms cancel except In(n + 1), In(n + 2), =In |, —=In 2

12
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Sum=nln +1) +Inln +2) =nl-1In2

W+ D+ 2)

=2 )
(2 (r+ Dn + 2)
soa=1 b=2

Turn over for the next question
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10 The diagram below shows an ellipse E
The coordinate axes are the lines of symmetry of E
y A
2
-3 0 X
-2
10 (a) Write down an equation of E
[2 marks]
S
9 +7¢q =1
T4 stemup.co.uk Jun22/7366/1
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10 (b)

The region bounded by the x-axis and the ellipse E for y > 0 is shaded in the
diagram below.

v

A solid S is formed by rotating the shaded region through 360° about the x-axis.

Show that the volume of S is ar where a is an integer to be found.

[4 marks]
ax?

x2
#=40-79)=4-"q

o
V= Trffg y? dx = Trffg (4 — =9 ) dx

493 3
=nl4x - 37 1,

\

103 103
n(2 - 57) - n(-12 + 57)

(2 - 4) - (=12 + 4)

\

= 8w+ 3w = 1671

Volume of S = 16T, so a = 16

15
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11

Prove by induction that, for all integers n > 1,

(ABA~ 1y = AB"A "

where A and B are square matrices of equal dimensions, and A is non-singular.

n =1 (ABA") = ABA™' = AB'A” so true for n = |

[4 marks]

Assume true for n = ki (ABA™)* = ABkA™!

Then (ABA™)! = (ABA™)*(ABA™')

= AB“A7TABA™!

= ABYBA™! (A A =1)

= ABBA™

= ABkHA—I

so Iif it is true for n = k then it is true for n = k + |

It is true for n = | and true for n = k implies true for n = k + |,

so by induction (ABA™')" = AB"A™! for all integers n = |

17
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12 (a) Sketch, on the Argand diagram below, the locus of points satisfying the equation o
|z—21|=2
[2 marks]
Im A
54 arg z = 11/3
|z = 2i] =2
5 -4 -3 1 2 3 4 5 Re
-2
—3-
—4
—5-
12 (b) Sketch, also on the Argand diagram above, the locus of points satisfying the equation
argz -~
9273
[1 mark]

18

stemup.co.uk Jun22/7366/1


https://stemup.co.uk

19

Do not write
outside the

12 (c) For the complex number w find the maximum value of |w| such that box

lw—2i] <2 and 0<argw <

wla

[3 marks]

Iw = 2il = 2 is a circle centre 2i, radius 2, through 0 and 4i

Circle meets arg w = T/3 (y = +3 x) where x* + (3x — 2)*> = ¢

9 = 43x =0 = x =43, y=3

On the circle |w| = 4 sin(arg w), which increases as arg w

increases from 0 to T1/3, so max |w| is at the point 3 + 3i

max |w| = J(y3)? + 32) = Y12

max |w| = 243

Turn over for the next question

Turn over »
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13 A curve Cy has equation
2x+7
= 3x+5
13 (a) Write down the equations of the asymptotes of curve Cy4
[2 marks]
S
Vertical asymptote: x = =3
2
Horizontal asymptote: y = 3
13 (b) On the axes below, sketch the graph of curve Cy
Indicate the values of the intercepts of the curve with the axes.
[3 marks]
S | yA
X = -3 :
:
|
l
|
I 7
| < (0, 1.9)
_2 l —
Y73 _____ T ———.
|
I »
7 I 0 X
—5 |
l
|
|
|
|
|
|
|
|
|
|
|
13 (c) Hence, or otherwise, solve the inequality
2x+7
3x+57~
[2 marks]
7 S
Critical values x = =3 and x = =3
7 S
Xs—=2 o x>-3
2 0 stemup.co.uk Jun22/7366/1
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13 (d) Curve C, is a reflection of curve Cy in the line y = —x

Find an equation for curve C, in the form y = f(x)

[3 marks]
Reflection in y = —x: replace x with —y and y with —x
2(-y) +7 -2y + 7
X = 3(—y) +5 T -3y +S

—~x(-3y +5) =2y +7

3xy — Sx = =2y + 7

3xy + 2y = Sx + 7

y(3x +2) = Sx + 7

Sx +7
Y= 3x+2

Turn over »
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14

14 (a)

14 (b)

The function f is defined by

x2 -3

fly) =~ —°
) X2+ px+7

where p is a constant.
The graph of y = f(x) has only one asymptote.

Write down the equation of the asymptote.

y=1

xeR

[1 mark]

Find the set of possible values of p

Only one asymptote, so no vertical asymptotes:

[4 marks]

x> + px + 7 # 0 for all real x, so no real roots

discriminant < 0: p*> — G x| x7 <0

p2<22

=247 < p < 24/7

Ep:=2/1<p<2l 3

2 2
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14 (c) Find the coordinates of the points at which the graph of y = f(x) intersects the axes. box
[3 marks]
0-3

3
x=0 y=9+0+7 =—7

Yy=0 x*-3=0 = x=13

0, -2), (30, (-3 0

Question 14 continues on the next page

Turn over »
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14 (d)

14 (d) (i)

A curve C has equation

B x2 -3
Yo 2 3x+7

The curve C has a local minimum at the point M as shown in the diagram.

ylk

v

The line y = k intersects curve C

Show that

19k%2 — 16k —-12<0
[5 marks]
¥ — 3
y=k k=3"3+7

k(@ —3x +7) =x* - 3

Ge=Dx? = 3kx +7k+3=0

The line meets C, so this has real roots: b*> — Gac = 0

(-3k)? = Q= 1)k + 3) 20

U — (7% — Gk — 3) 2 0

U — 23k% + 16k + 12 = 0

=192 + 16k + 12 2 0

19/ — 16k — 12 < 0 as reguired

(If k = | the eguation is —3x + 10 = 0, which has a solution,

and 19 — 16 — 12 = =9 < 0, so k = | also satisfies it.)

2 4
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14 (d) (ii) Hence, find the y-coordinate of point M
[2 marks]
16 + (256 + 912) 16 + 1168
192 = 16k — 12 = 0: k = 33 = 33
16 * 4473 g+ 2473
k = 3% = 19 Ck = 1.32 or k » —0.478)
C only takes values between these roots, so the minimum
value of y on C is the smaller root:
g — 2473
y-coordinate of M = 19
Turn over for the next question
Turn over »
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15 The two values of 6§ that satisfy the equation
sinh? —sinh@ —2 =0
are 04 and 0,
15 (a) Hamzah is asked to find the value of 04 + 0,
He writes his answer as follows:
The quadratic coefficients are a =1, b= -1, ¢ = -2

The sum of the roots is —g

So 01+92=—_T1:1

Explain Hamzah'’s error.
[1 mark]

The roots of the guadratic are sinh ©, and sinh 6,, not 6, and 6,

so he has only shown that sinh 8, + sinh 6, = |

2 6
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15 (b) Find the correct value of 04 + 05 box

Give your answer as a single logarithm.
[5 marks]

sinh’0 —sinh® -2 =0

(sinh ® = 2)(sinh © +1) =0

simth® =2 or sinho=-|

0 = arsinh x = In(x + VO + 1))

8, = arsinh 2 = In(2 + +5)

0, = arsinh(=1) = In(-1 + 2)

0, + 06, =2 +5) +In(y2 -1)
= (2 + vS)(v2 - 1))
= (22 = 2 + S0 = S)

END OF QUESTIONS
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Additional page, if required.
Write the question numbers in the left-hand margin.

Copyright information

For confidentiality purposes, all acknowledgements of third-party copyright material are published in a separate booklet. This booklet is
published after each live examination series and is available for free download from www.aqga.org.uk.

Permission to reproduce all copyright material has been applied for. In some cases, efforts to contact copyright-holders may have
been unsuccessful and AQA will be happy to rectify any omissions of acknowledgements. If you have any queries please contact the

Copyright Team.

Copyright © 2022 AQA and its licensors. All rights reserved.

32

226 A7 366 /1

stemup.co.uk Jun22/7366/1

Do not write
outside the
box


https://stemup.co.uk

