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Materials

e You must have the AQA formulae and statistical tables booklet for A-level
Mathematics and A-level Further Mathematics.

e You should have a scientific calculator that meets the requirements of the
specification. (You may use a graphical calculator.)

Instructions

e Use black ink or black ball-point pen. Pencil should only be used for drawing.

e Fill in the boxes at the top of this page.

e Answer all questions.

e You must answer each question in the space provided for that question.
If you require extra space for your answer(s), use the lined pages at the end
of this book. Write the question number against your answer(s).

e Do not write outside the box around each page.

e Show all necessary working; otherwise marks for method may be lost.

e Do all rough work in this book. Cross through any work you do not want to
be marked.

Information
e The marks for questions are shown in brackets.
e The maximum mark for this paper is 80.

Advice

e Unless stated otherwise, you may quote formulae, without proof, from the
booklet.

e You do not necessarily need to use all the space provided.
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Answer all questions in the spaces provided.

1 Which of the following matrices is an identity matrix?

Circle your answer.

[1 mark]
1 1 0 1 0 0
1 1 10 0 0
. . . . . o [a 2
2 Which of the following expressions is the determinant of the matrix [b 5] ?
Circle your answer.
[1 mark]
2a — 5b 5b — 2a 2b — 5a
. . 21
3 Point P has polar coordinates <2, ?>
Which of the following are the Cartesian coordinates of P?
Circle your answer.
[1 mark]

(1, —V3) (~V3, 1) V3, 1)
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4 The line L has polar equation o
. k
~ sinf
where k is a positive constant.
4 (a) Sketch L.
[1 mark]
] L
[
[
| k
[
b —»
Initial line
4 (b) State the minimum distance between L and the point O.
[1 mark]

Minimum distance = k

Turn over for the next question

Turn over »
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5 (a)

5 (b)

A hyperbola H has the equation

N

205
N
N

R
Cl2

where a is a positive constant.

Write down the equations of the asymptotes of H.

y=2x and y=-2x (y = +2x)

[1 mark]

Sketch the hyperbola H on the axes below, indicating the coordinates of any points of

intersection with the coordinate axes.

The asymptotes have already been drawn.

=y

[2 marks]

0 4
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5 (c) The finite region bounded by H, the positive x-axis, the positive y-axis and the line box
y = a is rotated through 360° about the y-axis.

Show that the volume of the solid generated is ma3, where m = 3.40 correct to three
significant figures.
[5 marks]

Rotating about the y-axis: V = T [ X dy

i £z

x> =a?() + 4gZ) = a* + ¢
2

V=nfl o+ dy
3

\\

ﬂ[% + a%y 1,
03

(72 +a>-0)

1371

=2 a

\

3.4033..4°

\

= 3.90a°> (3 sf)

137
So V = ma® with m = 712 = 3.40 correct to 3 s.f.

Turn over for the next question

Turn over »
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6 (a) On the axes provided, sketch the graph of
x = cosh (y + b)
where b is a positive constant.
[4 marks]
VA
© Ccosh b, 0) *
Q, -b)
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6 (b)

Determine the minimum distance between the graph of x = cosh (y + b) and the

y-axis.

Minimum value of x = cosh(y + b) is | (when y = —b)

[1 mark]

Minimum distance = |

Turn over for the next question
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7 (a)

7 (b)

Show that

T 1 _ 4
r—1 r+1 r2-1

where 4 is a constant to be found.

| | G+1D)-0G-=-1) 2
r=1 —r+1 = OG-DCG+1) = r-|

[1 mark]

Hence use the method of differences to show that

n

1 :an2+bn—i—c
r2—1" 4n(n+1)

r=2

where a, b and c are integers to be found.

N

|

\
|~
~
-

|

[4 marks]

.,
\
w

w| == |=I—
|

n|—=|o]|= w|~

\
\
s
|
s
|
N\
|
s |-

r=n_n-1—=—n+l

Terms cancel diagonally, leaving four terms:

" / ! o1 !
S, (r=T =7 +1)=T+2 - —n+l
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5 P-1=202 =% =n+l)
| 3 +1)+n
=20(2 - nlh+1) )
3 2n + |
=4 = 2n(n +1)
3l +1) = 20n + 1)
= anln + 1)
3’ +3n—4n -2
= an(n + 1)
3’ -n-2
= gnln + 1)

Turn over for the next question

Turn over »
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10

3 .. 3¢;
COS— + 1Sin—

: T, T
8 Given that z4 = 2(0086+ 1sm6) and z, = 2< 4 4 >
8 (a) Find the value of |z4z5]
[1 mark]
l2122] = |2)] x |2,] =2 x2 =4
8 (b) Find the value of arg C—1>
2
[1 mark]
2, ©m 3m I
arg(z,) =6 -4 =-12
8 (c) Sketch z4 and z, on the Argand diagram below, labelling the points as P and Q
respectively.
[2 marks]
Im
@
j2
Re
1o stemup.co.uk Jun19/7366/1
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11

8 (d)

A third complex number w satisfies both |w| =2 and —nt <argw <0

Given that w is represented on the Argand diagram as the point R, find the angle
PRQ.

Fully justify your answer.
[3 marks]

l21] = |22] = 2 and |w] = 2, so P, @ and R all lie on the circle

with centre O and radius 2.
37 T 77T

Angle POQ = 4 — 6 = 12 (angle at the centre)

-7t < arg w < 0, so R lies below the real axis, on the major arc PQ.

The angle subtended by chord PQ at the circumference is half the

angle subtended at the centre, for any position of R on that arc.

! 7T 77T
Angle PRQ = 2 x 12 = 24

Turn over for the next question
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9 (a)

Saul is solving the equation

2 coshx + sinh? x = 1
He writes his steps as follows:
2coshx + sinh? x = 1
2coshx + 1 —cosh? x = 1

2coshx — cosh?x =0
coshx#0 .. 2—coshx=0

coshx =2
x = +cosh™! (2)

Identify and explain the error in Saul’s method.

The error is in the 2nd line: sinh®x has been replaced by | — cosh?x.

[2 marks]

The identity is cosh®x — sinh®x = 1, so sinh’x = cosh’x — |,

not | — cosh’x. Line 2 should read 2cosh x + cosh®x — | = |.

12
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9 (b)

Anna is solving the different equation
sinh? (2x) — 2 cosh (2x) = 1
and finds the correct answers in the form x :;—7cosh_1 (g +/r), where p, g and r are
integers.
Find the possible values of p, g and r.

Fully justify your answer.
[5 marks]

cosh®’(2x) — sinh?*(2x) =1 = sinh®*(2x) = cosh*(2x) — |

cosh®’(2x) — | = 2cosh(2x) = |

cosh?*(2x) — 2cosh(2x) — 2 =0
2+ /4 +3) 2 + 2.3
cosh(2x) = 2 = 2 =) +.3

But cosh(2x) = | for all real x, and | — +/3 < |, so reject | — +/3

socosh(2x) = | + 43

2x = *cosh™!(l + /3)

!
x = + 2 cosh™(l + +/3)

p=2o0p=-2, g=1, r=3

Turn over for the next question
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10 (a) Using the definition of coshx and the Maclaurin series expansion of e¢*, find the first o
three non-zero terms in the Maclaurin series expansion of cosh x.
[3 marks]
/
cosh x = 7 (& + e™)
x? X3 x“
e=1+x+ 20 + 30 + ¢l +
x? X3 x4
eX=1—-x+ 21 — 31 + ¢l -
T2 o
coshx="2C2+ 720 + 7¢I +..)
x° x4
coshx=1+"72 + 2¢ +
10 (b) Hence find a trigonometric function for which the first three terms of its Maclaurin
series are the same as the first three terms of the Maclaurin series for cosh (ix).
[3 marks]
Gx)?  (x)*
cosh(ix) =1 + ~ 2+ “2¢ + ..
I~2X2 I‘QX‘!
=1+ 72 + 24 + .
x? x“
=l-"2 + 2¢ - @G=-1=1)
This is the Maclaurin series for cos x, so the function is cos x
1 4 Jun19/7366/1
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11 (a) Curve C has equation

x24px—gq
x2 —r

where p, g and r are positive constants.

Write down the equations of its asymptotes.

[2 marks]
Vertical asymptotes where x> —r = 0: x = +f and x = —f
As x - oo, y —» |1 horizontal asymptote y = |
16 stemup.co.uk Jun19/7366/1
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11 (b)

Find the set of possible y-coordinates for the graph of

2
x+x—6
=, +1
Y 2 _ 1 X 7&
giving your answer in exact form.

No credit will be given for solutions based on differentiation.

x> +x-6
Let k = x2 — )

[6 marks]

k6P =1) =x*> +x -6

Ge=Dx®> =x+ -k =0

For real x: b?> — 4ac 2 0

-1)? =4l -6 -k 20

| = 6k — k> — 6 + k) 20

Gl — 28k + 25 2 0

28 + 784 — 400) 23 + 2.6 7+ 26

Critical values: k = g = 2 = 2

Positive quadratic, so outside the roots:

7 — 2:/6 7 + 246
ys 2 or y =2 2

Turn over for the next question
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12

12 (a)

The matrix A is given by

o 3l
A=

0 3
Prove by induction that, for all integers n > 1,

A 1 3" -1
o 37

Zj . true for n = |
“]

[4 marks]

o it is also true for n = k + |

True for n = |, and true for n = k = true for n = k + |,

so by induction it is true for all integers n 2 |

18
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12 (b) Find all invariant lines under the transformation matrix A.

Fully justify your answer.

2] = [¥] = wexroy, g=3

[6 marks]

AR A A

Invariant line y = mx + ¢, so y = mx' + c:

30mx +¢) =mlx + 2(mx + ¢)) + ¢

3mx + 3¢ = mx + 2m’x + 2mc + ¢

Compare x: 3m =m +2m?> = 2m(m =1) =0 = m=0o0rm =1

Constants: 3¢ = 2mc +c¢ = 2¢c(l —=m) =0

m=20: c=0,gvingy =20

\

m =1 0=0forall c,6 giving y =x+c

Vertical lines x = d: X' =d + 2y # d (y # 0), so not invariant

Invariant lines are y = 0 and y = x + ¢ (c any constant)

12 (c) Find a line of invariant points under the transformation matrix A.

Invariant points: x = x + 2y and y = 3y

[2 marks]

= y = 0, x any value

Line of invariant points: y = 0

19
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13 Line /4 has Cartesian equation
x—3:2y+2:2—z
3
13 (a) Write the equation of line /4 in the form
r=a+Ab

where A is a parameter and a and b are vectors to be found.

_(/+/ 2-2
x—3= )5 = - =A

[2 marks]

13 (b) (i) Show that the lines /4 and /5 are not perpendicular.

n-3 n-3
Direction of |,: PQ = |S - 2| = 3

13 (b) Line /, passes through the points P(3, 2, 0) and Q(n, 5, n), where n is a constant.

[3 marks]

Wn-of \ »n]

—
Sl
I

s

w |

3
=n-3+45-n=15

The scalar product is 1.5 # 0 (for all n)

=1y and 1, are not perpendicular

2 0
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13 (b) (ii) Explain briefly why lines /4, and /, cannot be parallel.

n-3 2
Parallel only if { 3 \ = t{ 3\ (), direction | (2, 3, -2))

[2 marks]

n [\

y-components give t =1, son —3=2=>n=5 and n = -2

n cannot be both S and =2, so the direction vectors are never

multiples of each other .. |, and |, cannot be parallel

13 (b) (iii) Given that 0 is the acute angle between lines /; and /,, show that

)4
V/34n2 + gn + 306

cosf =

where p and ¢ are constants to be found.

{é\‘{n;3\=2(n—3)+4?—2n=3

[3 marks]

-2\ o]

W22 +32+22) =7, ln—-3)+3+n") =y20° - 6n+13)

3 =7 x 20* = 6n + 18) x cos 6

3 3
€c0s 8 = 7 02n? = én +13) = (34n* — 102n + 306)

p=3, ¢g=-102

2 1
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14 The graph of y = x3 — 3x is shown below. vy
y A
y=x3-3x
0 x

The two stationary points have x-coordinates of —1 and 1
The cubic equation

x3 - 3x +p=0
where p is a real constant, has the roots «, f and y.
The roots oo and f are not real.

14 (a) Explain why o + f§ = —y
[1 mark]

The coefficient of x* is 0, so a + B +y =0 .. o+ B = -y

14 (b) Find the set of possible values for the real constant p.
[2 marks]

x> = 3x = —p has only one real root, so y = —p meets the curve once

Max point (1, 2), min point (I, =2)

So-p>2o0r-p<-2

p<=2 or p>2

2 2
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14 (c) f(x) = 0 is a cubic equation with roots o« +1, f+1 and 7 + 1

14 (c) (i) Show that the constant term of f(x) is p + 2

[3 marks]
letw=x+1sox=w-1
w-12-3w-1)+p=0
wP-—3w+3w-)-3w+3+p=0
wP-3mw?+(p+2)=0
So f(x) = x> = 3x* + p + 2, and the constant term is p + 2

14 (c) (ii) Write down the x-coordinates of the stationary points of y = f(x)
[1 mark]

y = f(x) is y = x> = 3x + p translated | unit right

x=0 and x =2

END OF QUESTIONS

2 3
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There are no questions printed on this page
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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