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FURTHER MATHEMATICS
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Monday 14 May 2018 Afternoon Time allowed: 1 hour 30 minutes
Materials For Examiner’'s Use

e You must have the AQA formulae and statistical tables booklet for A-level
Mathematics and A-level Further Mathematics.

e You should have a scientific calculator that meets the requirements of the
specification. (You may use a graphical calculator.)

Instructions

e Use black ink or black ball-point pen. Pencil should only be used for drawing.

e Fill in the boxes at the top of this page.

e Answer all questions.

e You must answer each question in the space provided for that question.
If you require extra space for your answer(s), use the lined pages at the end
of this book. Write the question number against your answer(s).

e Do not write outside the box around each page.

e Show all necessary working; otherwise marks for method may be lost.

e Do all rough work in this book. Cross through any work you do not want to
be marked.

Information
e The marks for questions are shown in brackets.
e The maximum mark for this paper is 80.

Advice
e Unless stated otherwise, you may quote formulae, without proof, from the

booklet.
e You do not necessarily need to use all the space provided.
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Answer all questions in the spaces provided.

1 z=3-1
Determine the value of zz*

Circle your answer.

V10 10 — 2i

2 Three matrices A, B and C are given by
5 2 -3 1 0
A=|0 7 6 |, B=|3 -5
4 1 0 -2 6

Which of the following cannot be calculated?

Circle your answer.

AB BC

3 Which of the following functions has the fourth term

1
—5aR X
) 72
expansion? 0

Circle your answer.

sinx e’

10 + 2i

6 in its Maclaurin series

In(1+x)

[1 mark]

[1 mark]

[1 mark]
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4 Sketch the graph given by the polar equation box
.4
~ cosf
where q is a positive constant.
[2 marks]
X=a
>
(0] a Initial line
1 _ V3
2 2 0
5 Describe fully the transformation given by the matrix | v3 _1
2 2
0 0 1
[3 marks]
1 e
cos@=-2 , sin®="2 (top-left 2 x 2 part)
= 0 =120° (second guadrant)
Third row and column are 0, 0, | so the z-coordinate is unchanged.
Rotation through 120° anticlockwise about the z-axis

L e
03
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6 (a) Matthew is finding a formula for the inverse function arsinhx. ok
He writes his steps as follows:
Let y =sinhx
1 _
y=5("—e™)
2y=e*—e "
O=e"—-2y—e"
0 = (e)? — 2ye* — 1
0=(e"—y)*—p? -1
Y241 = (et -y
+1/1y2+1=¢e"~y
yEy?+1=e"
To find the inverse function, swap x and y: x + \/x2—+1 =ev
In(xi x2+1) =y
arsinhx = In<x +1/x2 + 1)
Identify, and explain, the error in Matthew’s proof.
[2 marks]
The error is the * sign: only the + sign is valid.
e > 0 for all x, but V(y> +1) > |yl soy — Hy* +1) <0
so & =y — Ly?* + 1) is impossible (a contradiction).
Hence e = y + (y* + 1) and arsinh x = In(x + VO + 1))
0 4 Jun18/7366/1
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6 (b) Solveln<x+ x2+1>:3

[1 mark]
x+ /2 +1) =€ = arsinhx =3 = x=sinh 3
/
x =203 -¢e3) =100178..
x = 10.0
7 Find two invariant points under the transformation given by [? i
[2 marks]
2 3||x X
(2 2][] =[]
L™ 71091 9]

2x +3y=x = x+3y=10

Xx+Gy=y = x+3y=20

Invariant points lie on the line x = =3y

Two invariant points: (0, 0) and (-3, 1)
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8 2 — 31 is one root of the equation box
234+ mz+52=0
where m is real.

8 (a) Find the other roots.
[3 marks]

Coefficients are real, so the conjugate 2 + 3i is also a root.

No 22 term, so the sum of the roots = 0

a+0Q-3)+0C+3)=0

a+4=0 = a=-4

(Check: product of roots = a(2 — 3))(2 + 3i) = 130 = =52 = a = —4)

Other roots: 2 + 3i and -4

06
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8 (b) Determine the value of m. box
[2 marks]

2=-4isaroot: (-49)>+m(-4) + 52 =0

—64 — Gm + 52 =0

-12 = 4m

m = -3

Turn over »
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9 (a) Sketch the graph of y2 = 4x o
[1 mark]
y
(0] X
9 (b) Ben is using a 3D printer to make a plastic bowl which holds exactly 1000 cm?3 of

water.

Ben models the bowl as a region which is rotated through 2r radians about the
x-axis.

He uses the finite region enclosed by the lines x =d and y = 0 and the curve with
equation y? = 4x for y > 0
9 (b) (i) Find the depth of the bowl to the nearest millimetre.
[4 marks]

V= T(/Z ¢? dx = T(/Z 4x dx = t[ 2% 13 = 2md?

2md? = 1000

$00
d?> = I

d = V(500/1) = 12.6157... cm

Depth of bowl = 12.6 em (126 mm)

0 8
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9 (b) (ii)) What assumption has Ben made about the bowl!?
[1 mark]

The thickness of the plastic is negligible (the bowl has zero thickness).

Turn over »
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10 (a) Prove by induction that, for all integers n > 1, box

L 1
Zr3 = —n2(n + 1)2
r=1 4
[4 marks]
!
n=10 LHS=1P =1, RHS=T4 x>?x2% =1, sotrue forn =

!
Assume true for n = ki 3o, r* = G2k + 1)?

!
Then 3 % = GI2Ck + 1)?* + (k + 1)?

!

G+ 1)L+ 4qC+1) ]
!

T e+ 1)203 + Gk + 4)

/ !
G U+ 12+ 2)? =4 U+ 1>+ 1) +1)?

\\

\\

\

which is the formula with n = k + |, so it is true for n = k + |.

The result is true for n = |, and if true for n = k then it is true for

n =k + 1, so by induction it is true for all integers n = |.

10
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10 (b) Hence show that box

2n
S rr =N +1) =n@n+1)2n—1)2n+1)

r=1

[4 marks]
2n - 3 _<n o3 2n
s =D+ =3_,-r)=3_,r-3_7r
/ !
=g @n)?*Cn+ 1) -720CnCn+1)

=n’Cn + 1D?> =nCn + 1)

=nC@n+D[nCn+1)-11]

=nCn+1D0Q0 +n-1)
=nCn+DCn-DW+1)

=nln +1)C2n = 1)2n +1) as required

Turn over »
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1 Four finite regions A, B, C and D are enclosed by the curve with equation
y=x>—7x°>+11x+6
and the lines y =k, x =1 and x = 4, as shown in the diagram below.

y

/ 0 'I| 21 X

The areas of B and C are equal.

Find the value of k.

\

B is above y = k and C is below it for | < x < 4, so area B

area C gives

[3 marks]

[7 GE =7 +x+6-k)dx=0

x? 3 11x?

[T—T+T+6x—kx]7=0
948 ooz
(64— "3 +88+26-4k)—-(qg — 3 +2 +6-k) =0
30 N3
(3 -4k -Ciz -k =0
69
& —3k=0
23
k="4 =575

12
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13

12 (a)

12 (b)

, 5-k 2| . .
Show that the matrix |:k3 1 k] is singular when k = 1.

[1 mark]
=L det=(-DU -20P+1)=4g-64=0

det = 0, so the matrix is singular when k = |

Find the values of k for which the matrix [k53;k1 i] has a negative determinant.

Fully justify your answer.
[5 marks]

det = k(S — k) — 203 + 1) = Sk — k> — 2k - 2

Negative determinant: Sk — k> — 2k> — 2 < 0

= 23+ -Sk+2>0

lk = 1is a root Cpart (a)): (k= 1)U + 3k -2) >0

Ge=1DCk =Dk +2) >0

!

Critical values: k = -2 ,

2
1 1
2.+ 2 <k<l -

)

k<-2:- , -2<kc< , k> +

!
w=2<k< 2 or k>

13

Turn over »
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13

13 (a)

13 (b)

The graph of the rational function y = f(x) intersects the x-axis exactly once at
(_35 O)
The graph has exactly two asymptotes, y =2 and x = —1
Find f(x)
[2 marks]
2x + ¢
Asymptotes x = =l and y = 2 = f(x) = x + |
-6 + ¢
f(-3) =0 "2 =0 = c=6
2x + 6 9
f&x) = x+1 G2+%+71)
Sketch the graph of the function.
[3 marks]
x = -l : Y
: \
|
|
| 6
|
:
|
y=2 :
T T T ———
\ :
-3 i (0] X
|
|
|
|
|
|
|
|
|
|
|
|
|
|

1 4
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15

13 (c)

Find the range of values of x for which f(x) <5
[4 marks]
2x + 6
x+|] €35

(x #-1)

Multiply by (x +1)* > 0. Qx + 6)(x + 1) = S + 1)?

0sl+DISk+1)-0Cx+6)]

0O+ D0Bx-1)

! !
Critical values: x = =1 and x =3 (F(x) =5=>5x+S5=2x+6=>x=3)
|
G+1DBx=1) 20 for x<-| or x273 , but x # -l
/

x =3

x <=l or

15
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16

14 (a)

Sketch, on the Argand diagram below, the locus of points satisfying the equation

|z—3]=2

Lgd

Im(z) 4

[1 mark]

16
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17

14 (b)

14 (b) (i)

There is a unique complex number w that satisfies both
w—-3=2 and arg(w+1) =«
where o is a constant such that 0 <o <=

Find the value of «.

[2 marks]
A unigue w means the half-line from —I is a tangent to the circle.
Distance from —| to the centre 3 is 4, and the radius is 2
2 1 s
sima= ¢ = 2 = A= 4
14 (b) (ii) Express w in the form r(cos 6 +isin6).
Give each of r and 0 to two significant figures.
[4 marks]

Length of tangent from —| = (4% — 22) = 12 = 24/3

T T
w= -+ 23(cos & +ising)

V3 |
) +23(2 + 2 ==1+3+3i=2+43i

\

r=|lwl = 2%+ (y3)?) = 7 = 2.6457... = 2.6

V3
=argw = tan”'(C2 ) = 0.71372... = 0.7

w = 2.6(cos 0.7 + i sin 0.7])

17
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18

15 (a) Show that
1 1 1
r+2 r+3 (r+2)(r+3)
[1 mark]
! | r+3)-0G+2) !
r+2 —r+3 = (+2)r+3) = (+2)0+3)
15 (b) Use the method of differences to show that
n
1 B n
E :(r+2)(r+3) - 3(n+3)
=1
' [3 marks]
) ) ) ) /
2, (r+2)0r+3) =2, G+2 - 7r+3)
! !
r=1» ER
L
r=2 4 — S
LA
r=3: S — 6
! !
r=n-0 npn+] — pn+2
! !
r=nm n+2 — n+3
! !
Adding, all the middle terms cancel: sum = 3 — ) + 3
n+3-3 ]
="3h+3) = 3(n+3) as required
18 stemup.co.uk Jun18/7366/1
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16 Two matrices A and B satisfy the equation box
AB =1 +2A
, . . , 3 -2
where I is the identity matrix and B = 4 8

Find A.
[3 marks]

AB-2A=1 = AB-21) =1 = A=(B-21)"

s-2-17 -
e

—
>N

N
| I |
| — |
|
No
| I |

det(B —21) =1 x6—-(-2)(-49) =6 -8=-2

L e
19
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20

17 Find the exact solution to the equation
sinh O(sinh 6 + cosh ) = 1
[4 marks]

sinh 6 = é(ee -e®), cosho= é(ee +e9)
so sinh © + cosh 6 = €°
é(ee —e®) xed =)
e® -] =2
e?® = 3
20 =In 3
e = % In 3

M
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21

18 o, B and y are the real roots of the cubic equation

W mxl+nx+2=0

By considering (o« — )% + (y — «)? + (8 — 7)?, prove that

m? > 3n
[4 marks]

(a-BP+G-a)+@-v)?

a? — 2aB + B2+ y® - 2ya + o + B2 — 2By + V2

\

=2(0® + B? +v2) - 2(aP + By + yo) = 220® - 23aP

Sa=-m, 0B =n

a2 = (Zo)? - 23aB = m? — 2n

sla=-BP+l -+ B -v)?=2m*-2n) - 2n = 2m> - én

a, B, y are real, so each of (oo — B)?, (y — )%, (B —y)?is 20
cla=-BP+y-—a)+B-v)P=20

= 2m —-6énz=0 = wm?=3n

Turn over »
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19

19 (a)

A theme park has two zip wires.
Sarah models the two zip wires as straight lines using coordinates in metres.
The ends of one wire are located at (0, 0, 0) and (0, 100, —20)

The ends of the other wire are located at (10, 0, 20) and (—10, 100, —5)

Use Sarah’s model to find the shortest distance between the zip wires.

0 0 0
Wire | direction: dy = 100 — |0| = | 100

[7 marks]

[20] (o] [20]

10 =10 20
Wire 2 direction: d, = 0| = [100]| = |-100

| 20| -5 | 25 ]

Let n = (x, y, 2) be perpendicular to both wires:

n-d =0 100y—-202=0 = 2=3S5y

nedy; =0 20x =100y + 252 =0 = 20x+ 2S5y =0 = x =-128y

Take y = =4: n=|-4|, |Inl =5+ 4 +20%°) = H4] = 2]

10 0 10
Vector joining the wires: | 0| — 0| =| 0

| 20| 0 20

! 10 S

Shortest distance = 27 | | 0| - | -4 | |

\

[20] | —20]

| S0 + 0 — 400 | 350
= 2| = 2

16.666...

\

\

Shortest distance = 16.7 m

2 2
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19 (b) State one way in which Sarah’s model could be refined.
[1 mark]

Model the wires as curves rather than straight lines, since real

2ip wires sag under their own weight and the weight of the rider.

END OF QUESTIONS

2 3
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There are no questions printed on this page
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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