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Answer all questions in the spaces provided. box

The group A is of order 9
The group B is a proper, non-trivial subgroup of A
Find the order of B

Circle your answer.

1 @ 9 18

[1 mark]
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The simplex algorithm is used to solve a linear programming problem, which results in
the following correct simplex tableau.

P X y r s value
12 0 2 0 2
0 % 0 —% 1 7
0 % 1 % 0 5

Which one of the following gives the correct optimal values of P, x and y?

Tick (v') one box.

[1 mark]
P=1, xZ%, y=0
P=1, ng, y=1
P=25 x=0, y=5 \/
P=25 x=7, y=5
Turn over for the next question
Turn over »
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The group (X, *) is an abelian group of order 4

The elements of X are

e, a, b and ¢
where e is the identity element of (X, *)

The following is a partially completed Cayley table for (X, *)

* e a b c
e e a b c
a a e c b
b b e a
c c e

Which one of the following fully completed Cayley tables for (X, ) is correct?

Tick (v') one box.

[1 mark]
* e a b c s e a b c
e e a b c e e a b c
a a e c b a a e c b
b b a e a b b a e a
c c b c e c c c b e
* e a b c s e a b c
e e a b c e e a b c
a a e c b a a e c b \/
b b c e a b b c e a
c c a b e c c b a e
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4 A water company is planning to install a new sewer system between 5 districts of a city.
The lengths, in miles, of possible sewer pipes between districts is shown in the table.
Blacon Hoole Lache Newton Upton
Blacon - 3.3 4.0 29 2.7
Hoole 3.3 - 3.6 1.3 1.7
Lache 4.0 3.6 — 34 4.3
Newton 2.9 1.3 34 - 1.4
Upton 2.7 1.7 4.3 1.4 -
The water company wants to create a network connecting, directly or indirectly, each of
the 5 districts using the minimum possible total length of sewer pipes.
4 (a) Find the minimum possible total length of sewer pipes required.
[3 marks]
Prim's algorithm, starting from Blacon (B):
B to U (Blacon to Upton) 2.7, U to N (Upton to Newton) 1.4
N to H (Newton to Hoole) 1.3, N to L (Newton to Lache) 3.4
Minimum spanning tree: BU, UN, NH, NL
Total length = 2.7 + 1.4 + 1.3 + 3.4
Minimum total length = 8.8 miles
4 (b) As part of their planning, the water company carries out a geological survey of the city.

As a result, the water company cannot connect Hoole directly to Upton in the plans for
the new sewer system.

Explain the effect, if any, this has on your answer to part (a).

[2 marks]
The arc Hoole to Upton (1.7) is not in the minimum spanning tree,
so not being able to connect Hoole directly to Upton has no effect:
the minimum total length of sewer pipes is still 8.8 miles.

Turn over »
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5 A project is being planned by Lepton Electricity Installations.

The project is broken down into 10 separate activities A, B, ..., J and the activity
network for the project is shown in Figure 1

The duration of each activity is given in days.

Figure 1
=
20| 8|32
C
6 [14]24
A G
062 24| 8 (32
D J
g [16|24 32|13 |35
B H
08| % 24| 6 |32
E
g112|24
/
20| 8|32

I Latest finish time
Duration
Earliest start time

5 (a) (i) Find the earliest start time and the latest finish time for each activity and write these
values on the activity network in Figure 1
[2 marks]

5 (a) (ii) Determine the float of activity F
[1 mark]

Float of F = LF — duration — ES = 32 — 8 — 20

= 4 days
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D t writ
5 (b) On Figure 2 draw a cascade diagram (Gantt chart) for the project, assuming that each ozg‘?g?‘%:
activity starts as early as possible.
[3 marks]
Figure 2
J
! -1
H 1-
6
F -1
E —-r=-
D
c —-r=-
B
A -
0 5 10 15 20 25 30 35 40 g
Days
Turn over for the next question
Turn over »
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6 The network below represents a system of pipes that transport chemicals at a factory. box

The numbers on each arc represent the lower and upper capacity of each pipe in litres
per second.

D

3,13 10,21

14,15 0,16

6 (a) The management team at the factory plan to connect a supersource and a supersink to
the network.

Determine which node(s) should connect to the supersource and which node(s) should
connect to the supersink.

[2 marks]

Node(s) connected to supersource € and H

Node(s) connected to supersink _ D and G

0 8
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6 (b)  Find the value of the cut {A, B, C, E, F, H} {D, G, I, J}
[1 mark]

Arcs from A B, C, E, F, H? to {D, G, |, 77 (upper capacities):

AD 19 + ED 19+ HI 7+ H1 9 + BG 13 + FG 17 (no arcs go back)

Value of cut =7 + 19 + 149 + 13 + 17 + 9 = 79 litres per second

6 (c) (i) Andrew, a manager at the factory, finds a flow of 79 litres per second through the
network. He claims this is the maximum possible flow through the network.

Explain whether this claim is correct.

Fully justify your answer.
[2 marks]

The value of the cut A, B, C, E, F, H? D, 6, |, 77 is 79 /s,

which is the same as the value of Andrew's flow of 79 I/s.

By the maximum flow-minimum cut theorem, the maximum flow is

equal to the value of the minimum cut, and no flow can exceed 79,

so this cut is a minimum cut and the maximum flow is 79 1/s.

Hence Andrew's claim is correct.

6 (c) (ii) Andrew also claims that introducing a supersource and a supersink to the network will
increase the maximum flow through the network.

Explain why this claim is incorrect.

[1 mark]
Adding a supersource and a supersink does not change any capacities
in the network, so the value of the minimum cut is unchanged (79),
and therefore the maximum flow through the network does not change.
Turn over »
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7 (a)

A large bakery makes and sells two different types of loaf: malt and rye.

Each day, the bakery makes x malt loaves and y rye loaves.

The bakery wants to maximise the total profit, in £s, it generates each day from these

two types of loaf.

The bakery formulates their situation as a linear programming problem by considering:

the total profit, £ P, generated on all the malt loaves and rye loaves
made each day

the total time available to make the loaves each day
the ingredients available to make the loaves each day

a minimum number of each type of loaf made each day.

The bakery’s linear programming problem is shown below.

Maximise P=2x+3y
subject to x + 2y <150
3x + 2y <210
x> 20
y = 40
and x, y are integers
The graph shows the line 3x + 2y =210
YA
80
\
\
70 \
) )
(S5U; 0
60
N\
2%
9:%%
oA Z X + 2y = IS
94 <
X 2
v .+ 3y =1210
~ o ' y <
40 > >
20 30 40 50 60 70 80 «x

~
\

feasible region (hatched)
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7 (a) (i) On the graph, draw the line x + 2y =150 box
[1 mark]
7 (a) (ii) On the graph, identify the feasible region of the linear programming problem.
[1 mark]
7 (b) (i) Hence, find the number of malt loaves and the number of rye loaves the bakery should
make each day.
[2 marks]
Objective line 2x + 3y = k (gradient —2/3) slid away from the origin:
last vertex of R it touches is (30, 60). Check vertices: P = 2x + 3y
20, 40): 160 (20, 65): 235 (30, 60): 240 (43.3, 40): 206.7
Optimal point (30, 60), which has integer values.
Number of malt loaves_ 30
Number of rye loaves_ 60
7 (b) (ii) Find the maximum total profit, in £s, the bakery will generate each day.
[1 mark]
P=2x30+3x60=260+1380
Maximum total profit = £240
7 (b) (iii) Give a reason why your answer to part (b)(ii) may not be accurate.
[1 mark]
It assumes that all the loaves made each day are sold. If some
loaves are not sold (e.q. wasted), the actual profit will be
less than £240.
Turn over »
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8 The connected planar graph G has n?2 vertices, 2n edges and 3n —4 faces, box
where n is an integer.

8 (a) (i) Show that n =2

[3 marks]
Euler's formula for a connected planar graph: v — e + f = 2
n =2n+(Bn-4) =2
nw+n-4-2=9
nw+n-6=0
h-2)ln+3)=0
n=2 o n=-3
n = =3 js impossible since the number of edges 2n = —6 < 0
(and 3n — 4 = —I3 faces), so reject n = =3
“n =2
8 (a) (ii) Hence, write down the number of vertices, edges and faces for G
[1 mark]

Number of vertices 22 = ¢

Number of edges 2 X 2 = 4

Number of faces 3 X2 — § =2

12
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8 (b) (i) Inthe case when G is Eulerian, draw G

S R

8 (b) (ii) Alexie claims that in the case when G is Eulerian, G is also a bipartite graph.

Comment on the validity of Alexie’s claim.

[2 marks]

Split the vertices into the two sets {P, R? and £Q, S3.

All vertices have degree 2 (even)

[1 mark]

Every edge (PQ, QR, RS, SP) joins a vertex in P, R} to a vertex

in £Q, S3, so G is bipartite: G is isomorphic to K,

Hence Alexie's claim is valid.

8 (c) (i) Inthe case when G is semi-Eulerian, draw G

[1 mark]

Exactly two odd vertices:
S (degree 3) and P (degree 1)

8 (c) (ii) Zackary claims that in the case when G is semi-Eulerian, G is also a tree.

Comment on the validity of Zackary’s claim.

[2 marks]
G contains a cycle (QRS), but a tree cannot contain a cycle.
(Also a tree with 4 vertices has 3 edges, but G has 4 edges,
and a tree has only | face, but G has 2 faces.) So G is not a tree.
Hence 2ackary's claim is not valid.
Turn over »
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9 (a) John and Elizabeth play a zero-sum game that does not have a stable solution. box

This game is represented by the following pay-off matrix for John.

Elizabeth
Strategy X Y V4
A 3 -3 -1
John B -1 4 3
Cc -2 1 1

9 (a) (i) State, with a reason, which strategy John should never play.

[1 mark]
Strateqy C, since it is dominated by strateqy B:
-1 >-2, > and 3 >
so John should never play strateqy C.
9 (a) (ii) Find the optimal mixed strategy for John.
Fully justify your answer.
[6 marks]

Remove C. Let John play A with probability p and B with

probability | — p.

Expected qains for John:

If Elizabeth plays X: 3p = 1(0 —p) = Gp — |

If Elizabeth plays Y: =3p + 4( —p) = 4 — 7p

If Elizabeth plays 2: —p + 30 = p) = 3 - 4p

Graph of expected gains against p (on the next page).

Elizabeth will choose the strateqy giving John the least gain, so

John wants the highest point on the lowest boundary.

From the gqraph, this is where X and Y intersect.

Gp—1=46-7p

1 4
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4 i

3 \\ A Xi4p -]

2 A / -

’ - -

o= p =S/ N zzog

—2 - \ »

-3 - N Y47

p= 0 p= !
llp = §
p =S/ value of game = 4(S/11) — 1 = 9/ll
Check 2 at p = S/II: 3 = 4(S/11) = 13/1] > 9/1], so 2 is not the
lowest line there and the optimal point is on X and Y.
Optimal mixed strategy for John:
play A with probability S/!l, B with probability 6/
and C with probability 0.

Question 9 continues on the next page
Turn over »
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John and Elizabeth play a different zero-sum game that does not have a stable solution.

This game is represented by the following pay-off matrix for Elizabeth.

John
Strategy Jq J, J;
E, 6 2 4
Elizabeth E, 3 4 3
E, 7 1 8

To determine her optimal mixed strategy for this game, Elizabeth begins by defining the
following variables.

v = the value of the game for Elizabeth

P = the probability of Elizabeth playing strategy E,
p, = the probability of Elizabeth playing strategy E,
P, = the probability of Elizabeth playing strategy E,

Elizabeth then starts to formulate her situation as a linear programming problem
by writing

Maximise P=v
' +p +p <
subject to p,tp, o 1
) ) Z 0
Py Py Py
Write down the three remaining inequalities needed for the linear programming problem

for Elizabeth’s situation to be fully formulated.
[2 marks]

Inequality 1 _6p) + 3p> + 7p3 2 v

Inequality 2 2p) + 4ps + p3 2 v

Inequality 3 __4p) + 3p, + 8p3 2 v
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Turn over for the next question box

DO NOT WRITE/ON THIS PAGE
ANSWER IN THE/SPACES PROVIDED

Turn over »
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10 The set S contains the elements (a, b)) where a, b € R except (0, 0)
The group G is formed by S under the binary operation ¢ where
(a,b)0(c,d)=(axd+bxc,bxd—axc)

10 (a)  Prove that (0, 1) is the identity element of G
[2 marks]

(a,b) 000,1) =(ax)+bx0, bx|—ax0)

= (a, b)

(0,1) 0(a,b) =0 xb+1xa, | xb-0xa)

= (a, b)

So (a, b) 0(0,1) = (a, b) =(0,1) 0 (a, b) for every (a, b) in 6,
and (0, 1) is in S (it is not (0, 0)),

= (0, 1) is the identity element of 6.

18
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It is given that (a, b) € G

Find, in terms of a and b, the inverse of (a, b) in G
[3 marks]

Let the inverse of (a, b) be (c, d), so (a, b) o (c, d) = (0, 1)
(ad + bc, bd — ac) = (0, 1)

ad +bc =0 () bd —ac =1 (2)

ax(1): a’d +abc =0 b x (2): b’d — abc = b
Add: (@®> +b*)d =b = d=b/la®+b>)

(a® + b? # 0 since (a, b) # (0, 0))

b x (1): abd + b*c = 0 ax(2): abd —a’*c =a

Subtract: (2> + b’)c = —a = ¢ = —a/(a®> + b?)

Inverse of (a, b) is ( d 9 B2 )

a’ + b%’ a® +

END OF QUESTIONS
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