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Answer all questions in the spaces provided.

The equation x*+4x+c¢ =0 has non-real roots.
Find the range of possible values of ¢

Circle your answer.

[1 mark]

The point A on the Argand diagram represents the complex number z

The point B is the reflection in the imaginary axis of the point A

Im A
0] Rt
A B
+ +

Which complex number does the point B represent?

Circle your answer.
[1 mark]

<

N

02

stemup.co.uk G/Jun25/7367/1

Do not write
outside the
box


https://stemup.co.uk

Which one of the following expressions cannot be evaluated by I'Hopital’s rule?

Circle your answer.
[1 mark]

. x? . (tanhx _ e’ —1
lim| —— lim im| ——
x—0| sinx x—0\ 2x x—01{ In (1 + x)

Which one of the following statements is always correct?

Tick (v') one box.

[1 mark]
sinh?x = %(1 — cosh 2x)
sech’x +tanh?x =1 \/
cosech?x + coth?x =1

2 1
cosh®x = E(cosh 2x—1)
Turn over for the next question
Turn over »
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1
The complex number z, has argument tan‘(gj

The complex number z, = -2 — 4i

Find arg(ﬂJ
22

Give your answer as a number in the range —nt <a <m, to two decimal places.
[3 marks]

!
arg z) = tan”'c = 0.19734...

2, = =2 — 4i lies in the third guadrant, so

4
arg 2, = =T + tan™'5 = =710 + L10714... = —2.03444...

arg(zz—;) = arg 2) — arg 2,

= 0.19739... — (-2.03444...)

= 2.23]83... (which is in the range -1t < a < TT)

arg(zz—;) =223 (2dp)

0 4
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Use Simpson’s rule with 5 ordinates to find an approximation to

jz 1 dx
0 \1+x*

Give your answer to three decimal places.

[3 marks]
h=0Q-0+4=0S
X 0 0.5 ! 1.5 2
Y / 0.970142... 0.707106... 0.406133... 0.262536S...
/‘JZW ax & g[yo + 4o + 9Qy) + ys) + 2y.]
= %[I + 0.24253S... + 4(0.970142... + 0.406133...)
+ 2(0.707106...)]
= % x 8161873...
= 1.360312...
7 1.360 (3 dp.)
Turn over for the next question
Turn over »
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The cubic equation
5z3+4z2-2743=0

has roots &, f and y

Find an equation, with integer coefficients, that has roots 2a -1, 24 -1 and 2y -1

[4 marks]
w+ |
letw=22-1 s0o 2=">3_
! / !
ST+ a(F) - T 4320
S 1)3 /
—(W;) +(w+l)2—W2+ +3=0

x8: Sw+1)2+38w+1)?>=-4qlw+1)+24=0

SW +3?2 +3w+ D) +8W> +2w+1) —qw — 4§ + 24 =0

SWHISW +ISw+S+3wW2 +16w+8—4w + 20 =10

Sw3+ 232 + 27w + 33 =0

Eguation with roots 200 — I, 2B = 1, 2y = I

Sw?+23w2 + 27w + 33 =0

0 6
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8 The curve C, has equation
2 2
x_ + y_ =1
4 25
. 1 .
The curve C, is translated by the vector {3} to give the curve C,
Find the coordinates of the points where the curve C, intersects the x-axis.
[3 marks]
(x = 1)? (y - 3)?
Co: 4 + 25 =)
Meets the x-axis when y = 0:
&= 1)? -3
g t7 25 =1
G = 1)? 9 _ 16
g =l-%5 =%
649
& -1 =35
g
x—1=2%%
13 3
X="T7<5 o X=-%
13 3
Points: (< ,0) and (-%,0)
Turn over for the next question
Turn over »
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There are no questions printed on this page

DO NOT WRITE/ON THIS PAGE
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9

The vectors a and b are such that

laxb| =12
asb = —/3
la] =7

Find the value of |b|

[4 marks]
Let © be the angle between a and b.
ab = |al|blcos ©: —/3 = 7|blcos ©
la x b| = [a]|b]sin ©: 12 = 7|blsin 6
—3 ‘ 12
cos & = 7, sin © = T
Using cos®@ + sin’Q = I
3 144
g7+ e = !
49/bl? = 147
Ibl* =
bl = /3 (since |b] > 0)
Turn over for the next question
Turn over »
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Do not write
outside the

10 Astrid is solving this mathematics problem: box

The series S, is defined by

S,=2+4+6+..+2n (neZn>1)

Prove by induction that

S, =n(n+1)

Astrid’s solution is as follows:

Assume the result is true for n =%

Then

Sy =k(k+1)
Spe1=Sp+2(k+1)
Speq=k(k+1)+2(k+1)
Sper=(k+2)(k+1)
Spe1=(k+1)((k+1)+1)

So the result is also true for n =k +1

The result is true for n =1

It is true for n =k, and also true for n =% + 1

Hence, by induction S, =n(n+1) forall integers n > 1

10 (a) (i) Chloe says that Astrid missed out an essential part of the proof, which could have been
written at the start.

Explain what Astrid missed out.
[1 mark]

Astrid did not show that the result is true for n = |

(the base case) before the inductive step.

10
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11

10 (a) (ii) Write down the working that Astrid missed out.

[1 mark]
When n =1: S =2 (the first term)
and n(n +1) =1 x( +1) =2, so the result is true for n = |
10 (b) (i) One statement in the last three lines of Astrid’s solution is written incorrectly.
Which statement is written incorrectly?
Tick (v)) one box.
[1 mark]

The result is true for n =1

It is true for n =k, and also true for n =%k + 1 \/

Hence, by induction S, =n(n+1) for all integers n > 1

10 (b) (ii) Write out a correct statement which should replace the incorrect statement identified

in part (b)(i)
[1 mark]
If the result is true for n = k, then it is also true for
n==k+1|
Turn over for the next question
Turn over »
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Do not write
outside the

11 The function fis defined by box

11 (a) Show that

[3 marks]
f&x) = (0 + )

flx) = () + )2 x e = 0;—6;()2

\\

\\

Product rule on f(x) = (I + )72 :
f'lx) = = + )72 + (-e)(-2)(1 + e)73(e)
_ x(, + ex)-Z + ZeZX(, + ex)-3

—*(] + &) + 2e*
= 0+ e)?
—e* — e + 2%
= (0 + e)?
—e* + e

f'(x) = Tr o7 as required

\

12
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11 (b) Hence, find the Maclaurin expansion of f(x) up to and including the term in x3
[4 marks]

f(0) = /i/ = é
£00) = a57 = %
£(0) = 757 = 0
f'ix) = (e - ) + )73
') = 2e* — ) + )72 — 3e5(e®™ — )l + &)
PC0) = 22—3/ B 3(/2)4(0) _ %
£6) = #0) + F(0)x + 52 o, FL s, |
f(x)=é —%x+0x2+% xx?s + .
flx) = é - %x + q—lgx3

Turn over »
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Do not write
outside the
12 (a) Find the eigenvalues and corresponding eigenvectors of the matrix box
19 3
M=
2003 M
[5 marks]
19 / 9
dettM = A\) =0: (55 —N(z5 =N — 2555 =0
2_ 2, ,209 %
AN —ZAN+ %00 — g0 =0
2N -3 +1=0
Crn=-DO=-1D=0 = Ax=1] o A=0S
! -l 3 X 0
A=D1 25| 3 -9 gyl =10 = —x+3y=20
3
X = 3y, eigenvector ]
! 9 3 X 0
A=0S 25| 3 gyl = o = 3x+y=20
-l
Yy = —3x, eigenvector 3
3 -l
Eigenvalue |, eigenvector | | |, eigenvalue 0.5, eigenvector | 3
12 (b) State, with a reason, the Cartesian equation of the line of invariant points
of the matrix M
[2 marks]
Invariant points satisfy Mv = v, i.e. eigenvalue A = |,
3
so the line of invariant points is in the direction | |
!
Line of invariant points: y = 3 x

1 4
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12 (c) Find matrices U, D and U-1, such that D is diagonal and M = UDU-1

[3 marks]
3 -l I 0
V=1|) 3 D=10 os
det U=3x3-0C1D0U) =10
| 3
V! = 70| -1 3 so M= UubU’!
12(d) Hence, find the matrix L such that M" - L as n—x
[3 marks]
M? = VD)
" 3 -l "0 ! 3
M'=11 3]0 o0s|T0| -1 3]
I 0
Asn oo |"=1] and 05" -0, so D" > | ¢ ¢
! 3 -l I 0 3 ! 30 3
L= 3|loo]|l- 3]=T0|1 o] - 3]
I [ 9 3
L= 3 1]
Turn over for the next question
Turn over »
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13

13 (a)

The function f is defined by
f(z)= 473 4122 +92z+5

where r and s are real numbers.
One of the roots of the equation f(z)=0 is —4+3i

Find the other two roots of the equation f(z)=0
[4 marks]

The coefficients are real, so the complex roots occur in a

conjugate pair: another root is =4 — 3i

Let the third root be vy.

L 92
Sum of pairwise products: af + By + ya = 5 = 23
(-4 + 3)(-4 - 3) +y(=4 + 3) + y(-4 - 3i) = 23
25 — 8y = 23
1
Y= ¢

!
Other two roots: -4 — 3/ and 7

16
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13 (b) Find the value of » and the value of s

[3 marks]
r
Sum of roots = —7¢:
! r
4+3)+(-4-3)+7 =-7
3l r
-4 =-7 = r =3l
S
Product of roots = =7 :
! s
(-4 +3)(-4-3) x5 =-7
25 s
o =5 = s=-25
r=3l, s=-2§
Turn over for the next question
Turn over »
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18

14 (a) Using the exponential definitions of sinh x and cosh x, prove that

coth™ (x)= %In [X—HJ

x—1 [3 marks]
~ y B _ cosh y
Let y = coth™(x), so x = coth y = G,
VoleY +eY) el + e e + 1
XZ hlef—e¥) = ef—e? = W]

x(e® —1) =e* + |

xe? — x = e + |

e?(x - 1) =x+ 1

ezy: ii—;
+ |
29 = In(5—7)
| + |
g=7ln(—§_;)

x +/

coth™(x) = %’V)( ~— )  as required

18
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14 (b) Hence, solve the equation
coth™ (x)=-In5

Give your answer in an exact form.

[3 marks]
x +/

/
Th(G=7)=-nS

x +

WmW(G=7) =-2InS = ln(%)
x + | .
x-—1 = 2§

25Cx+ 1) =x -1

25x + 25 = x — |

24x = =26

13
X==)2

Turn over for the next question

Turn over »
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15 Three planes have equations
x + 2y- z =9
x — 3y+ 3z = ¢

3x + y + z =4t

where ¢ is a constant.

The planes meet along a line of intersection.

15 (a) Find the value of ¢

[4 marks]
xX+2y-2=9 a
Xx—3y+32=t @)
3x+y+2z=4t 3)
@) - Q): Sy +bz=t-9

\

3 -3x): -Sy+42=4-27

The planes meet in a line, so these two equations must be

the same (consistent): t—9=46 - 27

2 0
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Find a vector equation of the line of intersection.

Fully justify your answer.

Witht =6 x+2y-2=9 x-3y+32=6 3x+y+2=24

[5 marks]

let x=0: 2y-2=9 and -3y+32=6 = —y+2=2

Adding: y =1, so 2=13

Check in plane (3): 3(0) + 1l +13 =24 v

so AC0, 11, 13) lies on all three planes.

Direction: ny xny = G+ 2j — k) x (1 = 3j + 3k)

=(6-3)i-B+1)j+(-3-2)k=3-¢4 - Sk

Check with ns: Gi+j + ) (Bi—4 —Sk) =9-64¢-5=0

So 3i — 4 — Sk is perpendicular to all three normals, i.e. parallel

to all three planes, and the line through A lies in all three planes.

Line of intersection:

r=1lj + 13k + N(3i — 4 — Sk)

Turn over for the next question
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16

The picture shows a solar cooker. Part of the solar cooker is a parabolic dish.

The shape of the internal surface of the dish is formed by rotating the part of the

parabola y2 =0.8x between x=0 and x=0.25 through 2x radians about the
x-axis, where x and y are measured in metres.

Use integration to show that the internal surface area of the dish, to three decimal
places, is 0.796 square metres.

Fully justify your answer.
[7 marks]

d
P =03 = 24k =03 2

dy 0.16 0.16 0.2
= Y2 _ == _ = _ ==
Cac )’ = ¢ T 03x T «x

d
S = 21 [.025 gl + (= )?) dx
270 [%25 0.8x) S + %) dx

0.2
= 270 [2%5 f0.8%) S ) dx

I
l
X
I

\

= 21T0.8 [,0%5 (x + 0.2)'? dx

2
= 27‘(‘,‘/0.8 [? (x + 0‘2)3/2]00.25

4 g
= TBE (4532 — 0.2%2)

9 g
"P0T (0.301269... - 0.089442...)

1am
= 7S =07QS870

\

Internal surface area = 0.796 m* (3 dp.) as reguired

2 2
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Turn over for the next question
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17

In this question use g =10 m s2

A particle P of mass 0.6 kg is attached to one end of each of two light elastic strings,
AP and BP

The other ends of the strings, A and B, are attached to fixed points which are
7 metres apart, with A vertically above B

The natural length of the string AP is 2 metres.

When the extension of the string AP is e metres, the tension in the string AP
is e newtons.

The natural length of the string BP is 3 metres.

When the extension of the string BP is e metres, the tension in the string BP
is 3e newtons.

The whole system is in a large tub of oil.

The diagram shows the particle P, the strings and the points A and B

s P

The particle P is held at the point between A and B which is 0.5 metres vertically below
its equilibrium position.

The particle is then released from rest.

During the subsequent motion the oil causes a resistive force of

. 4 . .
magnitude Ev newtons to act on the particle, where v m s~ is the speed of

the particle.

At time ¢ seconds after P is released, its displacement towards B from its equilibrium
position is x metres.

2 4
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17 (a) Show that during the subsequent motion the particle satisfies the differential equation

2
A 4 A =0

06—+
dr?  +f5 dr

Fully justify your answer.
[5 marks]

Eguilibrium: extensions e,, eg with e, + eg =7 -2 — 3 =2

Resolving vertically:  Se, = 3eg + 0.6 x 10

Sep = 3(2 - eA) + 6 = Bep, = 12

ex = 1.5 m, eg =05 m

At displacement x (towards B) from equilibrium:

tension in AP = S(1.S + x) up, tension in BP = 3(0.5 — x) down

. 4 o G dx . s
resistance —5 v opposes the motion, i.e. — 5 g in the x direction

N2L, taking downwards (towards B) as positive:

& 49 d
0657 =06 x 10 +300.5 -x) - SU.S+x) - % %

d’x g dx
067 =6+15—-3x—-75—-5- "5 G

P o o
0677 = —3x — 5 G

d’x 4 dx .
0657 + 55t +38x =0  as required

(BP stays taut as x < 0.5 throughout the damped motion.)

Question 17 continues on the next page

Turn over »
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17 (b)

Find x in terms of ¢, giving your answer in exact form.

[6 marks]
4

Auxiliary equation:  0.6N\* + BSA+E=0

=4/ * I6/S — 4 x 0.6 x 8) —4/S + (=16)

= 2 x 06 = 1.2

—4/S * Gi 24 10

A=""12 =3 *73I
10t 10t
x = e 25t3(A cos 5 + B sin 3 )
t=20 x=105S: 05=eCh+0) = A=0S
Product rule:
ax 245 10t 10t
G = — 3 e2PP(A cos 3 + B sin 3 )
10 0t 10 10t
+ e 2Pt (=5 A sin 3 + 3 B cos 3)
dx
Released from rest: t =10, 5 =0
245 10

0=-—3 A+ 38

245 5 5
B="jgA="g x05="g

] 0t 5 1ot

x = e25B3(5 cos 5 + 5 sin —3)

2 6
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Turn over for the next question
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Do not write

18

18 (a)

outside the
box

The diagram shows part of the graph of y =15cosechx and part of the graph

1
of y:4sinhx+5

Solve the inequality

1SCosechx<4sinhx+%

Give your answer in logarithmic form.

[4 marks]
Let s = sinh x.  Curves meet: % = 4s + é = 8%2+s-30=0
(3s - lS)(s +2) = =  sinh x = % or sinh x = =2
x = arsinhy g In(g + V(zézqs +1)) = In(g + 3) n 4
x = arsinh(=2) = (=2 + K6 + 1)) = n(yS - 2)

1S

x>0 (s> 0): IS<6152+7 & 8?2 +s5s-30>0  s>3

x<0(s<0): 1S>642+5 & 32 +s-30<0 & -2<s<0

In(\S —2) <x<0 or x>lng

2 8 G/Jun25/7367/1
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18 (b) Given that

f(x)=In (tanh (%xD (x>0)

f'(x) =cosech x

Show that

[4 marks]
X
f(x) = nCtanh 5 )
Yosech®(Vox) )
) = i (chain rule)
| cosh(Vsx)
= 2c0sh?(hx) X “sinh(hax)
!
= 2sinh(Vsx)cosh(Vsx)
Using sinh 2& = 2sinh A cosh A with A = Jx:
_r
= sinh x
f(x) = cosech x  as required
Question 18 continues on the next page
Turn over »
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18 (c)

The shaded region R is enclosed by the positive x-axis, the positive y-axis, the graph of

: 1 .
y=4smhx+5, the graph of y =15cosechx and theline x=In9

yl\

Find the area of R

t
Give your answer in the form P inr+sin (Ej where p, g, r, s and t are integers.

q

For x > 0 the curves meet at x = In G (from part (a)).

[7 marks]

R = [4" %(4sinh x + ) dx + [), 4" ? 1Scosech x dx

Jd" “Casinh x + %) dx = [Gcosh x + Vox]," ¢

17
cosh(n 4) = (4 + %) = 3

17 17 9
=4gxg +hinGg-(G+0) =7 +m2-4G=7 +1In2

L " 1Scosech x dx = 1S0n tanh(%x)1), & ° Cusing (b))

a” a® -

tanh(n a) = Z "

¥ g
T =257 so tanh(%ln 9) = tanh(n 3) = 357 = ¢

\

and  tanh(Bin 4) = tanh(n 2) = %

4 3 4
=1SUns = InT) =15 In(3)

9 4
Area of R =5 +1In 2 + 1S In(3)
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END OF QUESTIONS
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There are no questions printed on this page

DO NOT WRITE/ON THIS PAGE
ANSWER IN THE/SPACES PROVIDED

32

stemup.co.uk

G/Jun25/7367/1

Do not write
outside the
box


https://stemup.co.uk

33

Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.

3 3

stemup.co.uk

G/Jun25/7367/1

Do not write
outside the
box


https://stemup.co.uk

34

Do not write
outside the
box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

3 4

stemup.co.uk G/Jun25/7367/1


https://stemup.co.uk

35

Do not write
outside the
g w - - bOX
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

35

stemup.co.uk G/Jun25/7367/1


https://stemup.co.uk

36

Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.

Copyright information

For confidentiality purposes, all acknowledgements of third-party copyright material are published in a separate booklet. This
booklet is published after each live examination series and is available for free download from www.aqga.org.uk

Permission to reproduce all copyright material has been applied for. In some cases, efforts to contact copyright-holders may have
been unsuccessful and AQA will be happy to rectify any omissions of acknowledgements. If you have any queries please contact
the Copyright Team.

Copyright © 2025 AQA and its licensors. All rights reserved.

3 6

2 56 A7 367 /1

stemup.co.uk G/Jun25/7367/1

Do not write
outside the
box


https://stemup.co.uk

