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Answer all questions in the spaces provided.
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box

2

Find the number of solutions of the equation tanhx = coshx

Circle your answer.

©

The diagram below shows a locus on an Argand diagram.

Im 4

/|

N

N

/

Which of the equations below represents the locus shown above?

Circle your answer.

z+2—3i|=2

2 —2+3i| =4

z+2-3i|=4

[1 mark]

[1 mark]
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The matrix A = [(1) ﬂ represents a transformation.

Which one of the points below is an invariant point under this transformation?

Circle your answer.

(1, 1) 0, 2) (2,1)

The solution of a second order differential equation is f (¢)
The differential equation models heavy damping.
Which one of the statements below could be true?

Tick (v') one box.

f(t) = 2e ' cos (3f) + 5e ! sin (3¢)

f(t)=3e ! +4te!

f(t)=7e ' +2e % \/

f(f) = 8¢ ' cos (3¢ — 0.1)

Turn over for the next question

[1 mark]

[1 mark]
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Do not write
5 The function f is defined by o
fr)=2"(r—2) (rez)
5 (a) Show that
Fr+1)—f(r) =r2"
[2 marks]
fOr+1)—F0) =20 +1) -2)—2(r - 2)
=2"0r 1) -2'(r - 2)
=220 -1)-0-2)]
=2Qr-2-r+2)
=r2' as required
M
0 4 Jun23/7367/1
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5 (b)

Use the method of differences to show that

n
> or2r =2 —1)+2
=1

ér2'= é[f(r+l)—f(r)]

[4 marks]

r=1>~ Q) - £U) =0 - (-2)

r =2 £f(3) -f(2) =8 -0

r=3: f(q) - f(3) =32 -8

r=n-1 fw) —Ffn-1) =2"n-2) —2"""(n - 3)

r=n fln +1) = fn) = 2""'"(n = 1) = 27(n - 2)

Adding, all the intermediate terms cancel:

S 120 = fln + 1) - #(1)

r=1

\

270 = 1) = 2!/ - 2)

\

2 = 1) + 2 as required

Turn over for the next question
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6 The matrix M is given by
a a -6
1
-——|0 10 O
M 10
9 14 -13

where a is a real number.
The vectors v4, vy, and vz are eigenvectors of M

The corresponding eigenvalues are A4, A5, and A3 respectively.

1 1 c
It is given that Ao =1 and vy = [0 |, v, = |1]| and v3= |0
1 1

where c is an integer.

6 (a) (i) Find the value of A4

[2 marks]
) |a a -6 ! ) a-1¥8 !
Mv)=->10 10 0 0| =57 0 =MN|0
S99 =3[ 3] 30 [3]
Third component: —,—?)0 =3\ = -3 =3\
)\/ = -]
6 (a) (ii) Find the value of a
[2 marks]
First component: -2 70I3 =Nx1=-l
a-18=-10
a=¥
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6 (b) Find the integer ¢ and the value of A3 Omst’)githe
[4 marks]
| g 8 -6 ¢ ) Bc—6 ¢
MVBZWO,O 0 0 :W 0 =)\30
|_9 14 —IBJLIJ |_4c—13J |_IJ

Third row:  A; = 2< =12 T E

. . 8Bc-6 _ _ ¢ - 13)
First row: 0 = A3¢ = — 0
8¢ — 6 =9c¢® - 13¢
9% - 2lc+6=0 = 3*-7c+2=0
Bc-D-2)=0
c = é (reject, c is an integer) or ¢ =2
N _9@)-13 _ S _ I

3 - 10 0~ 2
c = 2, )\3 =0S

6 (c) Find matrices U, D and U~ such that D is diagonal and M = UDU "
[3 marks]
T T 2] =T 0 0 |
V=101 o0 D=0 1 o0
ERNd [0 0 05
det U =10-0)-10-0)+200-3)=-S
,'/ T =2 ,'—/—/ 2|
V'i=—7l0 -s 0| ==|0 s 0
| -3 2 l_ _3 -2 —I_

Turn over »
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7 The function f is defined by
. 1
f(x)= smx—|—§ (0 <x<27)
Find the set of values of x for which
1
f(x)>=
@ =5
Give your answer in set notation.
[5 marks]
! . ! ! . | |
f(x)27 = Sinx+ > 25 o sinx+ 5 S-—
smx =20 or sinx<-l
sinx 20 for 0 <x<T1 andat x = 27
. . 37
simx<s-l = sinx=- = X ==
fx:0sxsm}u £, om3}
08 Jun23/7367/1
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Do not write
utside th
The function g is defined by o
g (x) = eSinx (0 < x < 27)
The diagram below shows the graph of y = g(x)
y
(0] X
8 (a) Find the x-coordinate of each of the stationary points of the graph of y = g(x),
giving your answers in exact form.
[1 mark]
g() =cosxe"* =0 = cosx =10
- - 31
x = and x = 5
8 (b) Use Simpson’s rule with 3 ordinates to estimate
Z
| 2eax
0
giving your answer to two decimal places.
[3 marks]
=T, =0 =
h‘z‘ x=0,5,7 y=1el
v L x T
[ =5 x5 x [l + 1 + 4e]
= = (2 + 4e) = 6.7903..
=679 (2dp)
8 (¢) Explain how Simpson’s rule could be used to find a more accurate estimate of the
integral in part (b).
[1 mark]
Use Simpson's rule with more ordinates (e.g. S ordinates),
i.e. more strips of smaller width.

Turn over »
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Do not write

outside the
The position vectors of the points A, B and C are box
a=2i+ j+2k
b=-i—-8j+2k
c=  —2j
respectively.
9 (a) Find the area of the triangle ABC
[4 marks]

AB=b-a=-3 -9 + Ok
AC=c-a=-2i-3 - 2k

I k
ABxAC=|-3 -9 0

-2 -3 =2

i1 = 0) —j(6 - 0) + k(q - 18)

\

18 — 6 — 9k

|AB x AC| = (82 + (-6)? + (-9)%) = 44] = 2]

Area=§/;v§x/?/:% =105

\

1o stemup.co.uk Jun23/7367/1
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9 (b)

9 (c)

The points A, B and C all lie in the plane I1

Find an equation of the plane II, in the form ren =d

[2 marks]
Normal: n = éi — 2j — 3k (parallel to 18i — 6] — k)
a-n=0))+WE2)+ @3 =4
r-(6i—2j—3k) =4
The point P has position vector p =i+ 4j + 2k
Find the exact distance of P from I1

[3 marks]

p-n=0)6)+ )2+ ()(-3) =-38

Inl = L6 + (=2)* + (=3)*) = 49 =7

\

Distance of T from 0 = , of plane through P =

7

7
4 2 _ 12
7 7~ 7

\

Distance of P from T

Turn over for the next question
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12

10

10 (a)

10 (b)

10 (b) (i)

The matrix M is defined as

2 -1 1
M=|-1 -1 -2
1 2 c

where c is a real number.
The linear transformation T is represented by the matrix M

Show that, for one particular value of ¢, the image under T of every point lies in
the plane

x+5y+3z=0
State the value of ¢ for which this occurs.

R I s I

|1 2 ¢ ]lz] [xt2y+ez]| |2]

[3 marks]

X +Sy +32=0Qx—-y+2)+S(—~x-—y—-22) +3(x + 2y + c2)

=Q-5S+3x+(1-5S+6)y+U-10+ 3c)z

= (3¢ - %)z

This is 0 for every point (x, y, 2) when 3¢ — 9 = 0, so every

image point lies in the plane x + Sy + 32 = 0 when ¢ = 3

c=3

It is given that M is a non-singular matrix.

State any restrictions on the value of ¢
[2 marks]

det M=2(-c+94) +1(-c +2) +1(-2 +1)

=9 - 3¢

M non-singular = det M #0 = ¢ # 3

12

stemup.co.uk Jun23/7367/1

Do not write
outside the
box


https://stemup.co.uk

13

10 (b) (ii) Find M~ in terms of ¢
[4 marks]
det M = 9 — 3¢ i
G—c —c+Z -
Minors: | =¢=2 2¢-1 S
| 3 -3 -—3_
[6—c -2 -]
Cofactors: | c+2 2c-1 -S
| 3 3 —3_
, 4=c c+Z 3 |
M—l = 7 - 2, c—2 2¢-1 3
B
10 (b) (iii) Using your answer from part (b)(ii), solve
2x—y +z =-3
—X—y —2z=-6
X +2y+4z=13
[3 marks]
c=4 detM=9-)2=-3
| 0 6 3
M—’ = —_3 2 7 3
-1 =5 3]
X | =3 , 0-36+39 | , 3 =
y| =M -¢| = —|-6-492+39| = —| 9 3
| 2 ] | 13 | | 3+30-39 ] | —6 | 2
x=-l, y=3 2=2

13
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11

11 (a) (i)

The function f is defined by
f(x) =4x3 — 8x2 —51x — 45 (x € R)

Fully factorise f (x)

f(S) = 500 — 200 — 255 — 45 =0 = (x - S) is a factor

[2 marks]

flx) = (x — S)(ax® + 12x + 9)

= (x = 5)(2x + 3)?

11 (a) (ii) Hence, solve the inequality f(x) <0

(2x + 3)> 20,50 f(x) < 0 when x — S <0 and 2x + 3 # 0

[2 marks]

3
x<S§ x# >

x<—% or — <x<§

1 4
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7
11 (b) The graph of y = f(x) is translated by the vector [O}
The new graph is then reflected in the x-axis, to give the graph of y = g(x)

Solve the inequality g(x) <0
[3 marks]

Translation: y = f(x — 7)

Reflection in x-axis: g(x) = —f(x — 7)

=-(x - 12)(2x - 11)?

9x) =0 = x=% or x =12

g0 <0 o (x=12)2x-1)*=20

x=% or x 212

Turn over for the next question

Turn over »
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16

12 (a) Starting from the identities for sinh 2x and cosh 2x, prove the identity

tanh2x = m
1 4 tanh? x
[2 marks]
tanh 2x = sinh 2x  _ 2 sinh x cosh x
cosh 2x cosh’x + sinh’x
Dividing numerator and denominator by cosh’x:
_ 2 tanh x .
tanh 2x = T as reguired
12 (b) (i) The function f is defined by
f(x) = tanhx (x>0)
State the range of f
[1 mark]
0<Fflx) <!
12 (b) (ii) Use part (a) and part (b)(i) to prove that tanh2x > tanhx if x >0
[3 marks]

For x >0, 0 < tanh x < |

= 0 <tanh’x <] = | < | + tanh’x < 2

2
I+ tan’x !

Since tanh x > 0, multiplying both sides by tanh x:

2 tanh x
| + tanh’x

> tanh x

tanh 2x > tanh x for x > 0 (using part (a))

16
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utside th
13 Use I'Hépital’s rule to prove that o
lim [ xsin2x
= cos(X) | A
()
[5 marks]
Let f(x) = x sin 2x and g(x) = cos%
f(rt) =msin 2wt =0 and g(m) = cosg =0

Both are 0 at x = T, so I'Hdpital's rule can be used.

F(x)
g0 = -—é sin%

. f(x) f (x)
lim 2oy = lim 265

f(r) =sin 2T + 2T cos 2TW = 0 + 27T = 270

\

sin 2x + 2x cos 2x

-1
g(m) = — sm7 = -3

sin 2x

/IET}:) W) __, /2 = -4 as required

Turn over for the next question

Turn over »
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14

14 (a)

14 (b)

The curve C has polar equation

4
L S— — <
d 5+ 3cosf (-m<0<m)
Show that r takes values in the range % <r <k, where k is an integer.
[2 marks]
-l <cosOs] = 2<5+3cs0<¥
r is maximum when cos 8 = =I; r = % =2
r is minimum when cos 8 = I r = % = %
So 5 <sr<2, ie k=2
Find the Cartesian equation of C in the form y2 =f(x)
[4 marks]

Sr+ 3rcos© =4

x=rcos®, r=0C+¢y?)

SV + ¢?) = § — 3x

250 + ¢?) = (4 — 3x)? = 16 — 24x + 9%°

254% = 16 — 24x — 16x°

5 _ 16 — 24x — 16X
- 25

18
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19

14 (c)

The ellipse E has equation

16x2

2 —_—
25 1

Yo+

Find the transformation that maps the graph of E onto C

C: 16x> + 24x + 28y° = 16

[4 marks]

16GC + > x) + 254 = 16

16Gc+ = )2 = 9 + 254 = 16

186G+ 2 )2 + 257 = 2§

2, 16 392 _
g+25(x+q)—l

16x° . 3
5o = |, so x s replaced by x + -

. 2
E: gy + 4

~3/4

0

|

E maps onto C by a translation by the vector [
C

J

Turn over for the next question
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15

Find the general solution of the differential equation

d?y . dy
—~= 3= —4y =cos2x -+ 5x
dx?2 dx Y

Auxiliary equation: m? — 3m — 4 = 0

[9 marks]

m-9dm+1)=0 = m=4 -l

CF: y = Ae™ + Be™

Pl: try y =pcos2x + g sin 2x + rx + s

Y = —2p sin 2x + 2g cos 2x + r

\

Y’ = —4p cos 2x — 44 sin 2x

Substituting into the differential equation:

(=49p cos 2x — G4g sin 2x) — 3(=2p sin 2x + 2g cos 2x + r)

= 4(p cos 2x + g sin 2x + rx +s) = cos 2x + Sx

cos 2x:. —4p —6bg—-Gp=1 = -8p—64g=1

sin2x: -4 +6p —Gg=0 = 6p—38g=

- _3 - _ 2
9= "5p P 25

X —4r=$§ = r=-%

- - _3r _ 15
constant: -3r—4s =0 = s = T
General solution:
gty pex _ 2 IERCIT
y = Ae™ + Be X3 cos 2x < Sin 2x Y
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16 (a) Show that

4 1
J “Intdt = a(In 2)?
051

where a is a rational number to be found.
[4 marks]

Let u = Int, a’u=%dt

g ) In g
’/LTIV)ta’t=MfMUO'U

2 md_ n9)? (n 05)?

- [7 ]Ino.S - 2 B 2

= @2l 2 a2 - L 22
:%(IV)Z)Z KY/) 0:%

2 2 Jun23/7367/1
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16 (b)

A curve C is defined parametrically for t > 0 by
x =2t I B
The arc formed by the graph of C from ¢t = 0.5 to ¢t =4 is rotated through 2= radians
about the x-axis to generate a surface with area S
Find the exact value of S, giving your answer in the form
S:w<b+cln2+d(ln2)2)
where b, ¢ and d are rational numbers to be found.
[7 marks]
ax dy _ 4 _ 1
& > & Tty
%)2+(%%)2=Q+t2—2+%2—t2+2+ —(t+—)2
S=2m[ g MCE)2 4 ()2 dr = o[ (b2 = G+ L) dt
/y dt /5 2 t
Yol ]
S=2n’L(7t tt-thht-<nt)dt
=1 _r L =1, _ A1
ftlnta’t—ztlnt fztdt Ztlnt qt
L’
and from part (a): / i Intdt == (IV; 2)?
S
S=oml [t + 4 - S mt+t ], —50n2)?}
[t + 4t -2 Int],, =(32+3-8ln4;)
! !
(/23 ? ~ 3! 7)
o 7 1, _ Slos 124
=40 - 16 In 2 153 31;42—,23 glnz
_ sI03 129, , _ 3 2
S 2(,23 311/)2 2(/;02))
S = (5103 _ IZQ, 2_30”2)2)
_ SI03 _ _ﬁ _
b——éq, c=—7, d=-3

2 3
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END OF QUESTIONS
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There are no questions printed on this page
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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