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Answer all questions in the spaces provided.
1 Find the imaginary part of
5+1
1—1
Circle your answer.
[1 mark]
S TN ©
2 Find the mean value of the function f(x) = 10x*4 between x =0 and x =a
Circle your answer.
[1 mark]
10q3 40a3 445
02 stemup.co.uk Jun22/7367/2
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3 The roots of the equation x? — px —6 =0 are « and f3 box
Find o2 + 2 in terms of p

Circle your answer.
[1 mark]

»2-6 p2+6 p2 12

4 Which of the following graphs intersects the graph of y = sinhx at exactly one point?

Circle your answer.
[1 mark]

y = cosechx y =coshx y = cothx

Turn over for the next question

Turn over »
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Prove by induction that, for all integers n > 1,

dor :{En(n~|—1)}
r=1
[4 marks]
n=10 LHS=P =1 RHS = x1x2)* =)=

LHS = RHS so the result is true for n = |

Assume true form =k 3 (r=1to k) = (klk + 1))?

Then s (r=1tok+1) =5k +1))?+ (k+1)3

=Wl + D?[E + Cc + 1)]

= Wl + 1)°0E + Gk + 4)

= Wl + 1?0k + 2)?

=l + Dk + 2))?

=l + D+ 1) +1))?

which is the result with n = k + |.

The result is true for n = |, and if it is true for n = k then it is also true

for n = k + 1. Hence, by induction, 3 r* = (an(n + 1))? is true for all

integers n = |

0 4
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The diagram below shows part of the graph of y = f(x)

The line TPQ is a tangent to the graph of y = f(x) at the point P<a J2r b’ f<a er b)>

The points S(a, 0) and T lie on the line x =a

The points Q and R(b, 0) lie on the line x = b

Q

AT

S R

AR

Sharon uses the mid-ordinate rule with one strip to estimate the value of the
b
integral J f(x)dx

a

=y

By considering the area of the trapezium QRST, state, giving reasons, whether you
would expect Sharon’s estimate to be an under-estimate or an over-estimate.
[3 marks]

P is the midpoint of TQ, so (ST + RQ)/2 = f((a + b)/2)

Area of trapezium QRST = (b — a) x %o(ST + RQ) = (b — a) f((a + b)/2)

This is the same as the area of the rectangle from the mid-ordinate rule

with one strip, so it equals Sharon's estimate.

The curve lies below the tangent TQ between x = a and x = b, so the

trapezium contains all of the area represented by the integral: area of

trapezium > [ f(x) dx.

Hence Sharon's estimate is an over-estimate.

05

Turn over »

stemup.co.uk Jun22/7367/2

Do not write
outside the
box


https://stemup.co.uk

7 The function f is defined by
ax—>5 9
f(x)zrc—l—b )cE[R,)c7é5
where a and b are integers.
9
The graph of y = f(x) has asymptotes x = > and y=3

7 (a) Find the value of a and the value of b

Vertical asymptote where 2x + b = 0: 2(4/2) +b =0 = b = -9

[2 marks]

Horizontal asymptote y = a/2 = 3 = a =6

7 (b) Solve the inequality

f(x) <x+2

Fully justify your answer.

6x — § q
WSX-FZ (X¢3)

[6 marks]

Multiply by (2x — 9)? > 0:

(x = S)(2x - 9) < (x + 2)(2x - 9)?

0sOx-D[x+2)02x-9) — (6x - S)]

0s(@x -9 —Sx—18-6x+35)

0<s(x—-9)0Cx% - lx-13)

0s(x-9)0Cx-13)(x+1)

. 9 13
Critical values: x = =, x =5, x =5

Cubic with positive leading coefficient, so it is 2 0

13

9
for—lsxs; or x =25
9

but x = 5 s excluded as f is not defined there.

06
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®Q7(b) continued

Check: x = 0: #(0) =5 <2 v; x =5 #(S) =25>7 X;
x=7f(7) =749, x=-21f(-2) =1 >0 X
Solution: - < x < % or x 2 ’73

Turn over for the next question
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8 (a)

8 (a) (i)

The function f is defined as f(x) = secx

Show that f(*)(0) =5

[4 marks]
f(x) = sec x

f'(x) = sec x tan x

f'(x) = sec x (sec? x) + tan x (sec x tan x) = sec?

3

X + sec x tan® x

x + sec x (sec? x — 1) = 2sec® x — sec x

\\

sec

£"(x)

\

6sec’ x (sec x tan x) — sec x tan x

= bsec® x tan x — sec x tan x

F9(x) = I18sec? x (sec x tan x) tan x + bsec® x sec® x

— (sec x tan x) tan x — sec x sec® x

= |8sec® x tan® x + bsec® x — sec x tan® x — sec® x

sec 0 =1, tan 0 = 0:

F900) =0+6-0-1=5 as required

0 8
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8 (a) (ii) Hence find the first three non-zero terms of the Maclaurin series for f(x) = secx
[2 marks]

£0) =1, £C0) =0, £'00)=2-1=1 f"00) =0 £90) =5

" )
£ = #0) + £'(0)x + 522 4 @5 00 1y

| 5 s
secx=l+3x +—x + .

2¢
8 (b) Prove that
im secx — coshx _1
x—0 X4 6
[4 marks]
x2 x3 x? x2 x3 x?
e=l+x+o7+r+gpte, €=l -x+57 -7+~

2 4
cosh x = h(eX +e>) = | +X7 +;—q + 0(x%)

sec x —cosh x = (| + 5 x2 SL +00¢)) - ( + Xj 55 + 0G¢4))
=% 0(x6) =%+ 008

mx;# = Z + 002)  (higher powers of x)

As x = 0, the 0(x*) terms - 0, so

lim (X—> 0 ) sec x ;qcosh X _

RA
6

L -
09
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10

9 (a)

9 (b) (i)

A curve passes through the point (5, 12.3) and satisfies the differential equation

1
D2 ogpy 2V

>3
dx x2-9 o

Use Euler’s step by step method once, and then the midpoint formula
Vet =Vra t 2hf(xr’ Vi), Xpp1 =X+ h
once, each with a step length of 0.1, to estimate the value of y when x =5.2

Give your answer to six significant figures.

[4 marks]
flx, y) = (¢ — 9)” +xz_2)_(_"(Lq, Xo=3S, yo=123, h =0l
£(S, 12.3) = Y16 + =222 = 4+ 76875 = 11,6875
Euler: y =123 + 0. x 11.6875 = 13.9687S, x = S.
£(S.), 13.46875) = 7.01 + 22295 25 5008172..
Midpoint: y, = yo + 2h £(x, y))
=123 + 0.2 x12.2008172...
= 14.7601634...
g #19.74902 (6 s.f.)
Find the general solution of the differential equation
%:(x2_9)%+x22"_y9 (v >3)
[6 marks]
%%—x-—‘?y 2
[ = = —In(? - 9)
“n(x-9) - __!

Integrating factor = e e

/ dy 2x 1
ﬁx'Ww(xz—‘U/

a’x(xz—‘?) x—‘?)

\\

. —/v(x gy dx cosh"(§)+c

10
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11

®9(b) (i) continued
y =03 - 9)(cosh"(% ) +¢)

9 (b) (ii) Given that y satisfies the differential equation in part (b)(i) and that y = 12.3 when
x =5, find the value of y when x =5.2

Give your answer to six significant figures.

[3 marks]
x=S y=123: ,f—f = cosh”(g) +c
¢ = 0.76875 - cosh"(%) = 0.76875 — In 3 = —0.3298622...
x =82 y=(522- 9 (cosh” () - 0.3298622...)
= 18.09 x (1.1471222... — 0.3298622...)
= 14.74336490...
y =14.7634 (6 s.f.)
9 (c) Comment on the accuracy of your answer to part (a).
[1 mark]

14.7602 and 14.7G34 agree to 4 s.f. (14.74), so the estimate in (a) is very

accurate (error about 0.02%).

Turn over »
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12

10 The curve C4 has equation
vy
25 4
The curve C, has equation
x% = 25y2 — 6x — 200y — 416 = 0
10 (a) Find a sequence of transformations that maps the graph of C4 onto the graph of C,
[4 marks]

Cr O —6x) — 25(y? + 8y) = 416

(x—3)2-9-25(y + 4)* + 4900 = 416

(x—3)?-25(y + 49)* = 2§

_ 2)2

(X 253) _ (g + L,)Z = ’

2 2
o 5% -
Stretch scale factor ¥ parallel to the y-axis (replace y by 2y):

2 (2y)? B 2 B

w4 =l = =]
Translation by vector [_ﬂ (replace x by x — 3, y by y + 4):

& - 3)? ( 2 _ . R

~—c— = (y +4)* =1, whichis ¢,
So: a stretch, scale factor Y5, parallel to the y-axis, followed by a
translation by the vector [_ﬂ

12 stemup.co.uk Jun22/7367/2
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10 (b) Find the equations of the asymptotes to C, box

Give your answers in the form ax + by + ¢ = 0 where a, b and c are integers.
[3 marks]

2
Asymptotes of C; y = +Tx

Stretch s.f. V5 parallel to y-axis: 2y = :t%x = y= :téx = Sy = *x

Translation [_ﬂ 2 Sly +4) = #(x - 3)
Sy + 20

\

Xx—3 = x-5S5y-23=10

Sy+20=-—x+3 = x+Sy+17=20

Asymptotes: x — Sy —23 =0 and x+ Sy +17 =10

Turn over for the next question

Turn over »
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11 (a)

Find the eigenvalues and corresponding eigenvectors of the matrix

5 3
M= | 2 2
_3 13
2 2
[5 marks]

S 13 9

dettM = N) =0: (G -NGF -N-5=0
6S 9

A — 9\ + - — 3 = 0

M- +14=0

A-2200-7)=0 =

112 -3/27 [x 0 ) 3
A=2 {—3/2 q/z_{l‘{w = ZX—-7y=0 = x=3y

. 3
elgenvector |

_ o [z =32 [x] _ o] 9. 3 _
AN=7 s | |yl Tlo]l = T2X—34=0 = y=-3
eigenvector —;

'31 Cor multiples)

. [ 3] .
A = 2: eigenvector | ||, A = 7: eigenvector

T4 stemup.co.uk
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11 (b) (i)

[2 marks]
The invariant lines are in the directions of the eigenvectors.
m h’l =3x(-1)+1x3=0
so the directions of the invariant lines are perpendicular.
11 (b) (ii) Describe fully the transformation represented by M
[2 marks]

Describe how the directions of the invariant lines of the transformation represented by
M are related to each other.

Fully justify your answer.

Stretch, scale factor 2, parallel to y = éx [direction Fﬂ ]

and stretch, scale factor 7, parallel to y = —3x [direction Fﬂ ]

(a two-way stretch)

Turn over for the next question
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12 The shaded region shown in the diagram below is bounded by the x-axis, the curve box
y=1(x),and the lines x=a and x =5

yl\

T y=1f)

0 a b x

The shaded region is rotated through 2wt radians about the x-axis to form a solid.

12 (a) Show that the volume of this solid is

b
T J (f(x))2 dx

[4 marks]
Split the region into thin vertical strips of width dx. The strip at x has

height y = f(x).

When a strip is rotated through 21 about the x-axis it forms a thin disc,

approximately a cylinder of radius y and thickness &x:

Volume of disc = 1ty* dx

Total volume = % my? 6x (sum from x = a to x = b)

Volume of solid = lim (6x-0) I my* 6x
7 7
= T(l: y? dx = T(I (F(x))? dx

16
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12 (b)

In the case where a =1, b =2 and

where m and n are integers.

& +3)?
(f(x))* = x)((x + )7 =

A B c
x T x+1 7t (x + 1)?

outside the
box

[7 marks]

(x + 3)2 = Alx +1)?> + Bx(x + 1) + Cx

x=0 9=4A = A=9

x=- 4=-C = C=-4

x> coefficients: | = A +B = B =-38

9 ¥ 49
(f(x))Z:; T ox+ ) (x+1)?

) 8 4
V:T(_[ (; T ox+ (x+l)2)dx

2
Tr[‘?h/)x—i’ln(x+l)+xj,]l

\

T@In2-8m3+3)-@lnl-8In2+2)]

\

\

m(7 I 2-8In3-%)

Tr(ln(é—;?) -3)

\\

which is of the required form with m =17, n = 8

17
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13 (a) The matrix A represents a reflection in the line y = mx, where m is a constant.

2m m2 — 1

1 —m?2 2m
m2 +1

ShowthatA:( 1 )

You may use the result in the formulae booklet.
[5 marks]

Reflection in y = (tan 8)x: A = k’,’; ;g _CS;Z ;gw where wm = tan ©

c0s’0(l — tan®6) = cos®*0(l — m?)

\

cos 20 = cos’0 — sin’e

2 tan O cos’0 = 2m cos’O

sin 26 = 2 sin B cos B =
| | |
20 — — —
cos® = sec’® ~ )+ tan’®0 T~ wm® + |
| = m? . 2m m? =
$0 €0s 20 = 75, S$n20 =7, —c0s20 =77
A = / | = m? 2m
= m? o+ 2m wm? - |

18
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13 (b)

The matrix B is defined as B =

y

where I is the 2 x 2 identity matrix and k is an integer.

Show that (BA)? = kI

B:BI, BA:L’(l'mZ ZW).‘

m? + ) 2m m? -

[3 marks]

(BA)? = O’ i_,)z P - ZW,“ P - ZW,“

2m m? - | 2m m? - |

ECEDk ’VZW)(I - m?) + 2m(m? = 1)

A = m?)? + am® 2m( = wm?) + 2m(m? = 1)

am® + (m?> - I)2~‘

_ 9 I+ 2m* + m° 0
~ (m? +1)? 0 |+ 2m* + m°
I i +1)? 0 9 0
=~ (m? +1)? 0 (m? +1)? 0 9

(BA)> =4I, so k=29

Question 13 continues on the next page

19
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13 (c¢) (i) The diagram below shows a point P and the line y = mx
Draw four lines on the diagram to demonstrate the result proved in part (b).

Label as P’ the image of P under the transformation represented by (BA)2

[2 marks]
YA
o X
13 (c) (ii) Explain how your completed diagram shows the result proved in part (b).
[2 marks]

The lines show the effect on P of A (reflection in y = mx), then B

(enlargement, scale factor 3, centre 0), then A again, then B again.

The end point P' lies on the line OP with OP' = 9 x OP, so (BA)? is an

enlargement scale factor 9, centre 0, i.e. (BA)? = 9l.

2 0
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13 (d) The matrix C is defined as C =

oo a|J
-—
)

ol

Find the value of m such that C = BA

Fully justify your answer.
[4 marks]

12/ 9/ 3 [1-m  2m
¢ =Bk [q/s —/2/5} = A [ 2m mz-l-‘

\ 6 9
Top right: mz—V:’, =<

am? + 9

\\

30m

3m? —10m + 3 =0

Gm-1Dm-3)=0 = wm=3 or mzé
30 - wm?) 12

Top left: — 77~ =<
_ 2 ]
=3 '?‘O,—oq)=—'?¢? so reject m = 3
1, 3x3/ _ 29 _ 12
M=3" "0/ "0 TS
oy 30m? =) 12
Cand bottom right = 775~ = —¢ )
=1
m=3

Turn over »
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14

14 (a)

14 (b)

On an isolated island some rabbits have been accidently introduced.

In order to eliminate them, conservationists have introduced some birds of prey.
At time ¢ years (¢t > 0) there are x rabbits and y birds of prey.

At time ¢ = 0 there are 1755 rabbits and 30 birds of prey.

When ¢ > 0 it is assumed that:

the rabbits will reproduce at a rate of a% per year

each bird of prey will kill, on average, b rabbits per year

the death rate of the birds of prey is ¢ birds per year

the number of birds of prey will increase at a rate of d% of the rabbit population
per year.

This system is represented by the coupled differential equations:

dx
—=04x-13 1
T X y (1)
dy =0.01x —1.95 (2)
dt
State the value of a, the value of b, the value of ¢ and the value of d
[2 marks]
a=40, b=13 c¢c=1495 d=1
Solve the coupled differential equations to find both x and y in terms of ¢
[9 marks]
. 0.9x — X
From (1): 13y = 0.4x — x = ¢ = %
R . . 0.9x — X
Differentiate: y = (”,(3 =
0.9% — %

Sub into (2): 3 = 0.0lx — .95

0.9x — x = 0.13x — 25.35

X —0.4x + 0.3x = 2535

Auxiliary equation: m> — 0.4m + 0.13 = 0

2 2
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®149(b) continued

= 0.9 * 1/(0.215 -0.52) - 02 + 03

CF: x = e*?t(A cos 0.3t + B sin 0.3t)

Pl: x=k = 03k =2535 = k=195

x = e%?t(A cos 0.3t + B sin 0.3t) + 195

x = e%?t[(0.2A + 0.3B) cos 0.3t + (0.2B — 0.3A) sin 0.3t]

_0.4x - %
Y="13

= 502 [(0.2A — 0.3B) cos 0.3t + (0.34 + 0.2B) sin 0.3t] + 2%

= 5e"2[(0.24 - 0.3B) cos 0.3t + (0.3A + 0.2B) sin 0.3t] + 6

t=0: x=175§ = A+195 =175 = A =1560

t=0 y=30 » 2222 L 6-30 5 32-038=2312 >

B=0

x = 1560e%%t c0s(0.3t) + 195

g = 24e%% cos(0.3t) + 36e%%t sin(0.3t) + 6

2 3
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14 (c) Given that x and y are both positive for 0 < ¢ <5, use your answer to part (b) to box
show that the conservationists’ plan will succeed.
[3 marks]

t =58 x=1560¢ cos(1.S) + 195 = 495.0 > 0

5.4: x = 1560e"%% cos(1.62) + 195 = =309 < 0

~
\\

x is continuous, so x = 0 for some t between S and $.4: solving gives t =

$.378... % §3%

When t = $33: y = 2477 c0s(1.614) + 36€'°7¢ sin(1.614) + 6 =~ 108

So y > 0 (about 108 birds of prey) when the rabbit population reaches

zero. The rabbits die out first, so the conservationists' plan will succeed.

END OF QUESTIONS

2 4
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There are no questions printed on this page
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number

Additional page, if required.
Write the question numbers in the left-hand margin.
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