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Answer all questions in the spaces provided.

Given that z is a complex number, and that z* is the complex conjugate of z, which of
the following statements is not always true?

Circle your answer.
[1 mark]

@y =z 2= (2=

Which of the straight lines given below is an asymptote to the curve

where a is a non-zero constant?

Circle your answer.

[1 mark]
y=ax y=ax—a y=a
The set Ais definedby A={x:—-/2<x<0}u{x:0<x<2}
Which of the inequalities given below has A as its solution?
Circle your answer.
[1 mark]

X2 — 1] > 1 X2 — 1) > 1 X2 -1 <1
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Do not write

4

The positive integer k is such that
k

> @r—k)=90

r=1

Find the value of £.

S Gr-10 =35, r—kxk=2klc+ D) -k

outside the
box

[3 marks]

32,3, _12_
2k+2k k- =90

12, 3, _
2k+2k—‘?0

I’ + 3k — 130 = 0

Ge=12)C +1S) =0

k is a positive integer, so k = 12

Turn over for the next question
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5 A curve has equation y = coshx box

Show that the arc length of the curve from x =a to x =5, where 0 <a < b, is
equal to

sinh b — sinha

b [4 marks]

Arc length s = ﬁ V(I + (dy/dx)?) dx

y = cosh x = dyldx = sinh x

| + (dy/dx)? = | + sinh’x = cosh’
s = ﬁ eosh?x) dx = ﬁ cosh x dx  (since cosh x > 0)

\

[sinh x]f

\

sinh b — sinh a  as required

0 4
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A circle C in the complex plane has equation |z —2 — 51| =a

The point z4 on C has the least argument of any point on C, and arg(z4) :%
Prove that a = 32£
[6 marks]

C has centre 2 + Si, i.e. the point (2, S), and radius a.

2) has the least argument of any point on C, so the half-line

arg 2 = /4 (the line y = x, x > 0) is a tangent to C at 2.

arg 2) = /4, so Re 2 = Im 2;0 et 2 = k + ki

The radius to 2) is perpendicular to the tangent (gradient 1), so

gradient from (2, S) to (k, k) is I g:lzi =

S—-k=k-2 = 2k=7 = k=3S$

> =(5-35)?+Q2-38)=225+225=4S

a=1/q.s=% - NCEY),
Check: distance from (2, S) tox —y = 0 is % = % v
“a= % as required

05
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7 The points A, B and C have coordinates A(4, 5, 2), B(—3, 2, —4) and C(2, 6, 1) o
7 (a) Use a vector product to show that the area of triangle ABC is 5\21_1_
[4 marks]
AB =b-a=-7 -3 - 6k
Al =c-a=-2i+j-k
AB x AL = ((=3)(-1) = (=6)())i = ((-D(=)) - (=6)(=2))j
+ ((=72)0) = (=3)(-2))k
=B+6)i-(-12)j+(-7-86k =249 +S8 — 13k
|AB x AC| = M2 + S2 + (—13)D) = 4275 = Syl
Area of triangle ABC = é/@ x AC| = é x Syl
Area = % as required
7 (b) The points A, B and C lie in a plane.
Find a vector equation of the plane in the form r.n =k
[1 mark]
Normal n = 9 + §j — 13k;  an = 6(3) + S(S) + 2(-13) = 3§
r.(9i + & — 13k) = 3§
Jun19/7367/2
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utside th
7 (c) Hence find the exact distance of the plane from the origin. ok
[1 mark]
: _ 35 35 7 _ 7
Distance = T S SAT CT C

Turn over for the next question

Turn over »
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8 A parabola P4 has equation 2 = 4ax where a >0
b
P4 is translated by the vector [O} where b > 0, to give the parabola P,
8 (a) The line y = mx is a tangent to P,
a
Prove that m = i\/%
Solutions using differentiation will be given no marks.
[4 marks]
Py y* = Galx — b)
Sub y = mx: m’® = 4alx — b)
m?x® — Gax + Gab = 0
Yy = mx is a tangent = equal roots = discriminant = 0
(=4a)? = 4(m?)(4ab) = 0
16a° = 16m?ab = wm? = % (a #0)
m =% 1/% as reguired
08 stemup.co.uk Jun19/7367/2
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8 (b)

The line y = \/gx meets P, at the point D.

The finite region R is bounded by the x-axis, P, and a line through D perpendicular to
the x-axis.

The region R is rotated through 2r radians about the x-axis to form a solid.
Find, in terms of a and b, the volume of this solid.

Fully justify your answer.
[5 marks]

Sub y = \/%x into Py %xz = Ga(x — b)

ax’> = Gabx — Gab® = x> —4bx+ 4> =0 (a #0)

(x—-2b)>=0 = x=2b, soDis the point where x = 2b

P, meets the x-axis at its vertex (b, 0), so R lies between x = b and x = 2b

V=mf gzdx=Tr/; 4a(x — b) dx

\

2
QaT([XT - bx]zb

\

Gamf(22- - 2p2) - (& - )3

2
= 4a7tf0 + bT_?

V = 21ab?

09
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10

9 (a) Find the eigenvalues and corresponding eigenvectors of the matrix

12
5 5
-3 13

5 1

det(M = \) = ( =N =N - (2)(Z) =0

[5 marks]

N —ISA+026+026=0 = N-ISA+05=0

A=-DO-05) =0 = eigenvalues A =1 and A =05

=) -08x+ 04y =0 and —06x +03y =0 = y =2

; (or any non-zero multiple)

eigenvector

A=0S5 —03x+04y =0 and —06x +08y =0 = 3x=4y

eigenvector z

(or any non-zero multiple)

Find matrices U and D such that D is a diagonal matrix and M = upu-’

31 e-[4

9 (b)

[2 marks]

(columns of U are the eigenvectors, in the same order as D)

10
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11

9 (c) Given that M" — L as n — oo, find the matrix L.

o {2 =
e %)

[4 marks]

m _ nnon—l — L 1g 1]]os o] 2 -l
M 'UDU"?[s 2][0 /”][—3 q]

Asn > 00, 05 -0 and 1" =] for all n

in[" 1“0 o“[z —/]
s13 2]lo 1]|-3 4

[0 11[2 1] _ L[-3 4

/
slo 2][-3 4] S|-6 %

_[-06 03]
L= | -1.2 16

9 (d) The transformation represented by L maps all points onto a line.

Find the equation of this line.

m = Lm © X = —06x + 0.8y, ¢ =—1.2x + |6y

[2 marks]

y = 2(-0.6x + 0.83y) = 2x for every point (x, y)

Line: y = 2x

11
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12

10

Prove by induction that f(n) = n3 + 3n? + 8n is divisible by 6 for all integers n > 1
[7 marks]

n=1 f(0)=1+3+38=12=6x2, diisible by 6, so true for n = |

Assume true for n = ke f(k) = I3 + 3k® + 8k = 6m for some integer m

fOc+1) =G+ 1) +3C+1)*+380+1)

=0 +30° + 3+ +3°+6k+3+3k+38

=3+ 6l + 17k + 12

flc+1) = Fl) = 3k2 + 9 + 12 = 302 + 3k + 4)

I + 3k = kCk + 3): one of k and k + 3 is even, so k(k + 3) is even

s k% + 3k + 4 is even, so 30k + 3k + 4) is a multiple of 6

flc+1) = fk) + 30 + 3k + G) = 6m + 6g for some integer g

= 6(m + g), so flk + 1) is divisible by 6

So if the result is true for n = k, it is true for n = k + .

It is true for n = 1, so by induction f(n) is divisible by 6

for all integers n 2 |.

12
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14

11

The line L4 has equation

x—2 y+4 4z-5

3 8 5
The line L, has equation
-2 2
r—| 0 x|1[=0
3 3

Find the shortest distance between the two lines, giving your answer to
three significant figures.
[8 marks]
x =2 y+4 _ 2-125

Ly 3 - 8 T 7125

Point on Ly (2, -4, 1.25); direction 3i + 8j + 1.25k, so dy = 12i + 32j + Sk

Ly r=(=2i+3k) + NQ2i+j+3k); dy=2i+j+ 3k

Between points: (2i — 4j + 1.25k) — (=2i + 3k) = 4i — 4 — .75k

Common perpendicular n = d) x d,

= (32x3 = Sx1)i — (12x3 = $x2)j + (12x] — 32x2)k

= Q)i — 26) — S2k = 13(7i - 2j - 4k)

Use 7/ — 2j — Gle |7 — 2j — Gk| = (49 + G + 16) = /69

Shortest distance = [Cai = 4 = 17571 = 2 = )]

V69
_j28+8+7] _ 43
V69 T 69
= $5.107659... = S8 (3 sft)

1 4
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Turn over for the next question
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12 Abel and Bonnie are trying to solve this mathematical problem: box

z =2 — 31 is a root of the equation
273 + mz2 +pz+91=0

Find the value of m and the value of p.

Abel says he has solved the problem.
Bonnie says there is not enough information to solve the problem.

12 (a) Abel’s solution begins as follows:

Since z =2 — 3i is a root of the equation,
z = 2 + 31 is another root.

State one extra piece of information about m and p which could be added to the
problem to make the beginning of Abel’s solution correct.
[1 mark]

m and p are both real numbers.

16
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12 (b)

Prove that Bonnie is right.

[4 marks]

Without m and p real, 2 + 3i need not be a root. For any m and p:

__al
product of roots = ——

Case I: roots 2 — 3/, 2 + 3i, y: I3y = ——% = y-= —%
SUW)OfI’OOtS:‘I—%:%:——ﬂ = m=-|
sum of pairs = 13+¢/(—§) =-I=J;— = p=-2

Case 2: roots 2 — 3i, g + 6/, 6. (2 -3)(4 +6i) =8 +18 =26

__a __7
266 =4 = 6=—7
. . 7 17 R m
sumofroots=2—3/+¢i+6/—z=7+3/=—7
= m=-L -6

sum of pairs = 26 — - (6 + 3i) = IS5 - $.25i =& = p=31-10Si

Both cubics have leading coefficient 2, constant term =2 x (=91/2) = 9l

and the root 2 — 3i, but they give different values of m and p

m=-l,p=-2 or m=-8S5-26ip=3-105i).

There is more than one possible pair of values of m and p, so there

is not enough information to solve the problem: Bonnie is right.

17
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13 (a)

13 (b)

2

o0
Explain why J x%e~%*dx is an improper integral.
3

The upper limit of integration is infinite (e0), so the interval of

[1 mark]

integration is unbounded: it is an improper integral.

o0
Evaluatej x2e ¥ dx
3

Show the limiting process.

Byparts: u=x, V=e* = 4 =2 v=-7ge

[9 marks]

x> dx = -% x’e™® + [xe ™ dx

Again: u=x V=e* = u=I| v=-ge

Ixe™> dx = —% xe % + éfe'zx dx = -—% xe % — Ze

o xPe ™ dx = —é x2e > — éxe'z" - %e'z" +c

14
/; x2e 2 dx = lim A x2e™%* dx
n—-oo

= lim [__é W22 — %xe'z" _ %e—Zx];

n—-oo

2
= lim ('% o2 %6—21/; _ %e—ZVI)

+ (%e“s + %e”é + %e“‘)

Asn oo ne? -0 ne® -0 -0

(the exponential decays faster than any power of n grows)

ﬁ e dy = 0 + 22 e

2
%56 ( = 0.01549..)

18
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Turn over for the next question
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14

14 (a)

Let

¢ 1

Sn = — (r+ 1)(r + 3)

7

where n > 1
Use the method of differences to show that

5n2 + an

S = 12(n + b)(n + c)

where a, b and ¢ are integers.

(r+l)’(r+3) =2 B 1=AG+3) +BGHD)

[6 marks]

r+ 1 r+ 3
!

r=-3 B=--

r=-I A

\

N~

2
L)

T r+3

~
+ |~ >-
~

[

o= |w|=|™]=
N B B Y

n+1 n+3

All terms cancel except the first two positive and last two negative:

| | ] ] |
Si=5(F *+3 ~ 357 ~ 73/

! ,S 2n + S
?(Z - (n+§)(n+3))

_ S +2)n+3)-60Cn+S5)
- 12(n + 2)(n + 3)

_ S+ 25n + 30 — 12n — 30
12n + 2)(n + 3)

Sn? + 13n

Sh = T2l + Dn + 3)

2 0
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Question 14 continues on the next page
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22

14 (b)

Show that, for any number k greater than B if the difference between 3 and S, is

less than 1 then

5 12
k

k—5+Vk?+1
n> 2

[6 marks]
S, < /iz for all n, so the difference is % -5, < %
S Sn? + 13n _ S +Sn+6) —5n” —13n
12 12(n + 2)(n + 3) ~ 12(n + 2)(n + 3)
12n + 30 < !

TN+ +3 %

Both denominators are positive (n =2 1, k > 0), so

k(2n + 30) < 12(n + 2)(n + 3) = 12n? + 60n + 72

120> + (60 — 12l)n + (72 — 30k) > 0

=6 20+ (0 -2ldn + (2 - Sk) >0

Roots of 2n® + (10 — 2k)n + (12 = Sk) = 0 :

_ 2k =10 = (0 = 2k)* — 3012 — Sk))

4

2k =10 £ Gl +4) k=S P+ 1)

B 4 ~ 2

k > % = 12 = Sk < 0, so the product of the roots 2 ;Sk < 0

one root is negative and the other is positive.

The quadratic (positive n® coefficient) is positive only outside the

roots, and n > 0, so n must be greater than the positive root:

— 2
p>X=St 21/& + ) as reguired
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Turn over for the next question
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15

15 (a)

A =) B
—

ol

Two tanks, A and B, each have a capacity of 800 litres.

At time ¢ = 0 both tanks are full of pure water.

When ¢ > 0, water flows in the following ways:

Water with a salt concentration of u grams per litre flows into tank A at a constant
rate

Water flows from tank A to tank B at a rate of 16 litres per minute

Water flows from tank B to tank A at a rate of r litres per minute

Water flows out of tank B through a waste pipe

The amount of water in each tank remains at 800 litres.

At time ¢ minutes (¢ > 0) there are x grams of salt in tank A and y grams of salt in
tank B.

This system is represented by the coupled differential equations

% =36 — 0.02x + 0.005y (1)
% = 0.02x — 0.02y (2)

Find the value of r.
[2 marks]

Water from B to A carries r/800 of the salt in B each minute:

=0.005y = r=0.005 x 800

_r
200 Y

r=24

2 4
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15 (b) Show that u =3
[3 marks]

Volume of A stays at 800 litres, so flow into A = flow out of A:

inflow from pipe + 4 = 16 = 12 litres per minute enter A through the pipe

Salt entering through the pipe per minute = 12u = 36 (constant in (1))

W=36<+12=3 as reguired

15 (c) Solve the coupled differential equations to find both x and y in terms of ¢.
[9 marks]

From (2): 0.02x = % + 002y = x=50% +y4

& _ pdy | dy
il

() sodY . 9 _ 4
Sub in (1): S04 + 5L = 36 — 0.02(S0G + y) + 0.00Sy

& . _
S05% + 258 + 0.015y = 36

Auxiliary equation:  S0m? + 2m + 0.01S = 0

2 * ‘,/0(: -3 m=—-0.0 or m=—-0.03

m =

CF: y= Ae-0‘03t + Be-o.OIt

Pl: tryy =\ 0.0ISA =36 = A= 2400

Y= Ae-0.03t + Be—O.Olt + 2400
Y = _0.03pe700% — 0,01Be 00"

SO%% + ¢ = —).SAe 093 — 0 SBe00t 4+ pe 003t 4 B0t 4 2400

X =
x = —0.5Ae0%3 + 0.5Be 00" 1 2400
t=0: x=0andy =0 (both tanks hold pure water)

A+B+2600=0 and -0S5A+ 0.5B + 2400 =0

Turn over »
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box

= A+B=-24900 and B - A = -4800
= B =-3600, A =1200
x = —600e7%9% — 1800709 + 2400
y = 12007093t — 3600e7%" + 2400

END OF QUESTIONS
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