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Vector Notation and Operations

1
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11

Given that a =

3 -2
_1)andb—( 5

a+banda—b.

, find

() Write 5i — 2j as a column vector.
(b) Hence, or otherwise, find 3(51 — 2j) — (i + 4j) in theform xi + yj.

ABCD is arectangle with AB = a and AD = d. Write down, in terms of a and d, the vectors
BC, DC, BD and CA.

Giventhat (x + 2)i + (3 —y)j =5i — 2j, find the values of x and y.
-1
7 |

[

Find the vector that must be added to ;

to give

6

-9 6

2 3
Four vectorsare p = (_3), q= ( 2).

State which of the other three vectors are parallel to p, giving the scalar multiple in each case.

Thevectorsp = 3i + 2j and q = ki — 6j are pardlel. Find the value of k.

OABC is a parallelogram. The position vectors of A and C relativeto O area and c.
The point M is the midpoint of AB.
Find, in terms of a and c, the vectors

C B
c
0o a
(@ OB,
(b) AC,
(c) OM.
Giventhat a = ;) andb = (_1 ) find the vector x such that 2x — a = 3(x + b).

8 , find the scalars m and n such that ¢ = ma + nb.

Given a = 9

3

el e

In triangle ABC, AB = p and BC =q. Find, in terms of p and q,
(8 AC, (b) CA, (c) AB — CB.
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(2]

(3]

(4]
(2]

(2]

(3]

(1]
(1]
(2]

(3]

(4]

(4]
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12 In triangle OAB, OA =aand OB = b. M isthe midpoint of AB. Find, in terms of a and b, the
vectors AB and OM.

B
b M
O a A
(4]
13 . _— 3 =5 - .
A boat is rowed with displacement 4 km and then > km, wherei is east and j is north.
Find the resultant displacement, and the displacement needed to return the boat to its starting
point. (3]
14 Thevectorsp = (x* — 1)i + 6] and q = (x + 1)i + 3j are parallel. Find the possible values of x. [4]
15 A droneleaves abase O and flies three straight legs. Displacements are in metres, with i east and j north.
Leglis i ,leg 2is _6 ) and leg 3 is the vector d. After leg 3 the drone is at the point with position
vector 5/
(@ Findd. [2]
(b) The drone now flies straight back to O. Find the displacement of this fourth leg. [2]
16  Thevectorsa and b are not parallel. Given that (p + gQ)a+ (2p — g)b =5a + b, find p and qg. [4
17 ABCD isatrapezium with AB =a, AD =d and DC = %a. Find, interms of a and d, (a) AC,
(b) BD, (c) BC.
D C
d
A a B
(5]
18 3 _|=5 . S —_
Three forcesF, = 5 N, F, = 4 N and F5 act on a particle which is in equilibrium, so
the resultant force is zero.
Find F5, and find the value of t if F, + tF, is parallel to the vector (1) . [5]
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ABCDEF is aregular hexagon with AB = aand BC = b. Find, in terms of a and b, (a) CD,
(b) AD, (c) AE.

C B

Points A, B and C have position vectors >

A, B and C are collinear and find the ratio AB : BC.

: , (g) and (198) relative to an origin O. Show that

The vectors a and b are not parallel and neither is the zero vector.

(@ Giventhat (A+2p —3)a+ (2N —p+4)b =0, explainwhy A +2p — 3=0and 2A —
p+4=0.

(b) Hencefind A and 1.

(c) Giventhat (k +1)a + 6b ispardlel to 2a + kb, find the possible values of k.

ABCDEF is aregular hexagon with centre O. OA =aand OB = b.

C B

E F

(@ Explanwhy OC=b — a.

(b) Find AC intermsof aand b.

(¢) Find FD. What does your answer tell you about AC and FD?
(d) Show that FC = 2AB.

A student writes: "In triangle ABC, AB + BC + CA = 2AC, because AB + BC = AC and CA

=AC."
Explain the two errors, and state the correct value of the sum.

Givena=

;) andb = (_31 , find the values of k for which ka + b is parallel to a + kb.

In triangle OAB, OA =aand OB = b. The point P is on OA with OP = %OA and Q isthe

midpoint of AB. The line PQ is extended to meet the line OB extended at R.
Find OR in terms of b, and describe the position of R relative to O and B.

Prove that the diagonals of a parallelogram bisect each other.

(4]

(1]
(4]
(4]

(2]
(2]
(3]
(2]

(6]

(6]



StemUp | A Level Mathematics | Pure Mathematics: Vectors | Question Pack

27

28

29

30

ABCD is any quadrilateral with position vectors a, b, ¢, d relative to an origin O. The points P, Q, Rand S
are the midpoints of AB, BC, CD and DA respectively.

(@ Provethat PQRS is a parallelogram. [6]
(b) Given that the diagonals AC and BD of ABCD are equal in length, show that PQRS is a

rhombus. [3]
Leta=2i+jandb =i — 3j. A student is asked to find A such that a + Ab is paralel toi + 2j.

The student writes: "a+ Ab = (2 + A)i + (1 — 31)j. For thistoequal i +2j,2+A=1and1—3A=2,0A

=—land A= —%. Thereis no solution.”

(@ Explain the error in the student's argument. [2]
(b)  Find the correct value of A. [4]
(c) Hencewrite a+ Ab inthe form k(i + 2j) for this value of A. [2]

ABCD is atrapezium with AB = a, AD =d and DC = Aa, where A > 0. M and N are the midpoints of AD
and BC respectively.

D C
d
A a B
(@ Find the vector MN in terms of a and A. [5]
(b) Hence provethat MN is parallel to AB and DC, and that MN is equal to half of the sum
of the lengths of the parallel sides. [3]

The points A, B and C are not collinear. The point P satisfies 2PA + PB + 3PC = 0.

() Show that AP = SAB + 2AC. [4]
(b) Thepoint D lieson BC with BD : DC = 3: 1. Show that A, P and D are collinear, and
find the ratio AP : PD. [5]

Magnitude and Direction

Find the magnitude of the vector _68) [2]
, . . _— 8

Find a unit vector in the direction of | 15). [2]

A force of 6 N acts due east and a force of 8 N acts due north on a particle. Write each force

as a column vector and find the magnitude of the resultant force. [3]

Given that a =

7 2\ .. .
L] andb = (_11), find (a) Ja — bl, (b) |a] + [b in the form py2 + a5, [4]
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Find the distance between the points A(1, 2) and B(7, 10).

m s, Find its speed.

. . |—5
A particle has velocity ( 12

The vector v = —3i + 4j. Find the angle between v and the positive x-axis, measured
anticlockwise, giving your answer in degrees to 1 decimal place.

Given that |3i + kj| = 7, find the possible values of k, giving your answers as exact values.
3
4|

makes with the positive x-axis.

Find the vector of magnitude 20 that has the same direction as

Find the exact angle that the vector

2
2(3
A force of magnitude 8 N acts at 30° above the positive x-axis. Write the force as a column
vector, giving exact components.

Relative to an origin O, the point A has coordinates (—4, 1) and the point B is such that AB =

7i — 5j. Find the distance of B from O.

The points P(0, 0), Q(3, 4) and R(—4, 3) are given. Show that triangle POR is isosceles and
right-angled, and find the length QR as a surd.

A ship moves with constant velocity

north.
N

Y

0

(@ Find the speed of the ship.
(b) Find the bearing on which the ship istravelling, to 1 decimal place.

(2]

(2]

(3]
(3]

(3]

(3]

(3]

(3]

(4]

-6 . . . .
8 ) km h™%, wherei is aunit vector due east and j a unit vector due

(2]
(3]
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A hiker walks 8 km on a bearing of 072° from a start point Sto a point P, and then 5 km on a bearing of

200° to apoint Q. Takei as a unit vector due east and j as a unit vector due north.
N

(@  Write the displacements SP and PQ as column vectors, giving the components to 3
significant figures.
(b) Find the distance SQ and the bearing of Q from S.

Two forces of magnitude 7 N and 5 N act on a particle at O. The angle between them is 60°,
as shown. Find the magnitude of the resultant force and the angle it makes with the 7 N force,
giving answers to 3 significant figures.

5N

60°

The vectors OA and OB have |OA| = 3 and |OB| = 5, and the angle AOB is 60°. The vector
OP = 20A — OB. Find |OP] and the angle between OP and OA, to 1 decimal place.

The points A(1, 1), B(5, 2) and C(2, 6) are the vertices of atriangle. Find the angle ABCto 1
decimal place, and the area of the triangle.
-8
6 |

are drawn from the same point O. Use the cosine rulein

Find the two unit vectors that are perpendicular to

The vectorsa =

3 5
4) and b = (—12
the triangle formed by a, b and a — b to find the angle between a and b, to 1 decimal place.

a= i’) and b = (; , and A isarea number. Show that [a + AbJ? = 5A% + 10\ + 10, and
hence find the value of A for which |a + Ab| is least. State this least value.
Thevectorv=|, | itude 5

evectorv =|, ;| has magnitude 5.

(@ Find the two possible values of k, and write down the two possible vectors.
(b) Find the angle between these two vectors, to 1 decimal place.

(3]
(4]

(5]

(5]

(5]

(4]

(6]

(4]
(3]
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A river 60 m wide flows due east at 0.8 m s™* between two parallel straight banks. A swimmer, who can

swim at 1.5 m s™tin still water, starts from a point S on the south bank. T is the point directly opposite S on
the north bank. Takei as east and j as north.

T

i river

H 0.8 m/s

She

(@ The swimmer heads due north. Find the velocity of the swimmer relative to the bank,

her speed, and the bearing of her path, to 1 decimal place. [4
(b) Find how far downstream of T she reaches the north bank. [3]
(c) Shenow wishesto reach T. Find the bearing on which she should head, to 1 decimal

place. [3]

A drone moves so that its position vector relative to the base O of a mast, in metres at timet seconds, isr =
1+3t

2 — 4t)
(@ Findtheinitial distance of the drone from O and its speed. [3]
(b)  Show that |r]* = 25t — 10t + 5, and hence find the least distance of the drone from O
and the time at which it occurs. [5]

Two ships A and B leave a port P at the same time. A sails at 12 km h™* on a bearing of 060° and B sails at
9 km h™ on a bearing of 150°.

N

I

I

1

| A

1060°

l

P
B

(@) Find the distance between the ships after 2 hours. [3]
(b) Find the bearing of B from A, to 1 decimal place. [4
A force F of magnitude 26 N acts at an angle O to the positive x-axis, wheretan 6 = —% and

90° < O < 180°. A second force G = ( 34 ) N also acts.

—-20
(a) Find F as a column vector. (b) Find the magnitude and direction of the resultant of F and
G, giving the direction as an angle below the positive x-axis. [6]
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40
km h™, wherei is due east and j due north. The velocity of the aircraft over the ground is the sum of its
velocity through the air and the wind velocity.

An aircraft flies at an airspeed of 200 km h™* on a heading of 0 (a bearing). The wind has velocity -

(& The pilot wants to fly due north over the ground. Find 0, to 1 decimal place. [3]
(b) Find the speed of the aircraft over the ground on this heading, to 3 significant figures. 2]
() Find the time to complete ajourney of 600 km over the ground, giving your answer in

hours and minutes to the nearest minute. [2]
(d) The pilot instead flies on a heading of 000°. Find the speed and bearing of the aircraft

over the ground, to 1 decimal place. [4

OAB is an equilateral triangle with OA = 2i +j. The point B is a either of the two possible positions B or
B' shown in the diagram.

B

/
4

’
e
o

(@ Let OB =xi+yj. By considering the lengths OB and AB, find the exact position

vectors of the two possible positions of B. [8]
(b) Find the exact area of triangle OAB. [2]
OABC is arhombus with OA = (g and OC = (; , Where p, g, r and s are constants.
Prove that the diagonals OB and AC are perpendicular. [6]

. o ) . . 16 . .
Attimet=0aship Sisat the point with position vector 4 ) km relative to a port O, and moves with

km h™. At t = 0 apatrol boat leaves O and moves in a straight line at a constant

(-4
constant velocity ( 1

speed of 5 km h™! to intercept the ship. The unit vectorsi and j point east and north.
(@ Find the position vector of the ship at time t hours, and show that the patrol boat

intercepts the ship when t? + 15t — 34 = 0. [5]
(b) Solve this equation and hence find the velocity of the patrol boat and the bearing on
which it travels, to 1 decimal place. [5]

Position Vectors

The points A and B have coordinates (2, 5) and (7, 1). Find the vector AB as a column vector. [2]

The position vectors of A and B relativeto an origin O are OA =3i — j and OB =i + 4.
Find the position vector of the midpoint of AB. [2]

The points A and B have coordinates (3, —1) and (7, 5). Find the vector AB and the position
vector of the midpoint M of AB. [3]
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Given OA = (2) and OB = (_14), find AB and BA.

3

2 m and then undergoes a displacement of

A particleis at the point with position vector 5

-3 . -
4 | M- Find its new position vector.

The point A has position vector 3i — 2j and the point B has position vector i + 4j. Find AB
and the distance AB as a surd in its simplest form.

A isthe point (—1, 4) and B is the point (9, —1). The point P lies on AB such that AP : PB =
2 : 3. Find the position vector of P.

The points A(1, 2), B(6, 3) and C(8, 7) are three vertices of the parallelogram ABCD, labelled in order.

yll
8 -
7
6
5 4
4
3 4
2
1 4

C

A

»
T T T T T T T T T

0] 1 2 3 4 5 6 7 8 9x

(@ Find the position vector of D.
(b)  Show that the midpoints of the diagonals AC and BD coincide.

A(—3, 2) and B(9, —2) are two points. The point M lieson AB with AM : MB = 3: 1. Given
that M is the midpoint of PQ, where P is the point (10, 3), find the position vector of Q.

10 ) The point D lieson BC withBD : DC=2: 1. Find AD and

AB = (_62) and AC =

hence the length AD.
The midpoint of AB isM(3, 2) and A isthe point (—1, 5). Find the coordinates of B.

P(2, 3), Q(5, 9) and R(8, 15) are three points. Show that they are collinear and state the ratio
PQ: OR.

A particle moves so that its position vector at timet secondsisr = ( 1+ 2,[) metres. Find its
position when t = 3, and the time at which it crosses the y-axis.
The points A(1, —2), B(4, 1) and C(10, k) are collinear.

(@ Find the value of k.
(b) Findtheratio AB : BC.

(2]

(2]

(3]

(3]

(2]
(2]

(4]

(4]

(3]

(4]

(4]

(4]
(1]
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. . (3
m and moves with constant velocity

: . - 2
A drone starts at the point A with position vector 4

1

i iseast and j is north. Its position vector after t secondsisr.

(@ Writedownr intermsof t.

(b) Find the time at which the drone is 20 m east of the origin, and its position vector then.

(c) Show that the drone passes through the point (11, 13) and find the time it takes to reach
it.

(d) Find the distance the drone travels in the first 6 seconds.

A(1, 2) and B(7, 5). The point P lieson AB with AP: PB =2: 1 and Q lies on AB extended
beyond B with AB : BQ = 3 : 1. Find the position vectors of P and Q.

The points A(2, 1), B(5, 5) and C(9, 2) are shown. Show that triangle ABC is isosceles and
right-angled at B, and find its area.

‘yA
%] B
4_
2-
A | -
Ol 2 4 6 8 10x

A(1, 7) and B(7, —1) are two points. The point R lies on AB with OR = OA + pAB. Show

that |OR|? = 100p2 — 100p + 50, and hence find the point of AB that is closest to the origin
and its distance from O.

Attimet =0 particlePisat 3

_1|ms™". ParticleQisat

) m and moves with velocity

-1 -1
1 |ms™

Find the position vectors of P and Q at timet, show that the particles do not collide, and find

the distance between them whent = 2,

(_61) m and moves with velocity

2a+3b
5

A student says: "The point P that divides AB in theratio 2 : 3 has position vector
Explain the error, find the correct expression, and check it for A(0O, 0), B(10, 5).

A triangle ABC has vertices with position vectors a, b and ¢ relative to an origin O. The point M is the

midpoint of BC, and G is the point on AM suchthat AG: GM =2: 1.
A

(@ Write down OM.
(b) Showthat OG = 3(a+b +0).

(c) Explainwhy G aso lies on the other two medians of the triangle.
(d) Find the coordinates of G when A, B, C are the points (1, 2), (7, —1) and (4, 8).

m s, where

(1]
(2]

(2]
(2]

(5]

(5]

(6]

(5]

(4]

(3]

(1]
(1]
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The points A(1, 1), B(5, 3) and C(3, 7) are shown in the diagram.

yl\
g ]
- C
6 -
5 -
4 -
3 B
2 -
'1a
ol 1 2 3 1 5 6x
(@ Show that triangle ABC is right-angled and isosceles, stating which angle is the right
angle. [4
(b) ABCD isasqguare. Find the coordinates of D. [2]
(c) Find the area of the sguare. [1

ABCD is aquadrilateral with position vectors a, b, ¢ and d relative to an origin O. The points M and N are
the midpoints of AB and CD respectively.

(8 Show that MN = 2(AD + BC). [3
(b) Giventhat (A> — 5A + 8)MN = AD + BC, and that MN is not the zero vector, find the

possible values of A. [3]
A particle P is at the point with position vector _qm at timet = 0 and moves with constant velocity g)
ms™1. A particle Q is at the point with position vector 365) m at timet = 0 and moves with constant
velocity _3 ms™ L.
(@ Show that P and Q collide, and find the time and the position vector of the collision. 4
(b) Find the distance between P and Q whent = 2. [2]
ABCD is arhombus with A(1, 1), B(4, 5) and AD = (_34).

C
B
A

(@ Show that ABCD is arhombus (the diagram is not to scale) and find the coordinates of

C and D. [4]
(b)  Show that the diagonals AC and BD are perpendicular. [3]
The points A and B have position vectors a and b. The point P lieson AB with AP: PB = A : 1.

_a+ib

(@ Show that OP = EEYE [3]

(b) Giventhat A is(1, 5) and B is (7, —1), find the value of A for which Pliesontheliney
= X, and state the coordinates of P. [4]
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\,? km and moves with constant velocity

east and j a unit vector north, and t is the time in hours after noon.
y (km)

point with position vector

A

8 .
B
o

O 4 8 12 18 20

»
>

2;(1(km)
_4 4

(@ Write down the position vectorsr , and r g of the ships at time't.

(b)  Show that the distance d km between the ships satisfies d? = 25t — 100t + 125.

(¢) Hencefind the time at which the ships are closest together and the least distance
between them.

(d) Each ship can see the other whenever they are less than 6 km apart. For how long (to
the nearest minute) are the shipsin sight of each other?

28  ABCD isaquadrilateral with position vectors a, b, ¢ and d relative to an origin O.

(@ Provethat if ABCD is a parallelogram then its diagonals AC and BD bisect each other.

(b) Provethe converse: if the diagonals of ABCD bisect each other then ABCD isa
parallelogram.

(c) Usetheresult in part (b) to show that A(1, —2), B(5, 0), C(7, 4) and D(3, 2) form a
parallelogram, and find the coordinates of the point where its diagonals meet.

At noon (t = 0) ship A is at the origin O and moves with constant velocity (g) km h™%. Ship B is at the

2 L .
_2) km h™!. Herei is a unit vector

(2]
(3]

(3]

(3]

(4]
(3]

(2]

29  Thepoints A(1, 2), B(9, 8) and C(—1, 13) form atriangle. The point P lieson AB and CP is perpendicular

to AB, as shown.

(@ Using OP = OA + pAB, and the fact that two perpendicular vectors have a scalar
product of zero, find 11 and the coordinates of P.

(b) Find the area of triangle ABC.

(c) Explain why triangle ABC isisosceles.

(6]
(3]
(1]
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30 ABCD isaquadrilateral with A at the origin and B(6, 0), C(8, 4), D(2, 6). The diagonals AC and BD

intersect at X.
D
C
®
X
A

(@ Write down vector equations for AC and BD, using parameters s and u respectively. [2]
(b) Hence find the position vector of X. 4
(c) FindtheratiosAX : XCand BX : XD. [3]

Vector Geometry

1 The points A, B, C and D have coordinates A(1, 2), B(5, 4), C(0, —1) and D(2, 0). Show that

AB isparallel to CD. [2]
2 In triangle OAB, OA = aand OB = b. The points P and Q are the midpoints of OA and OB
respectively.
Find PQ in terms of a and b, and describe the relationship between PQ and AB.
B

(3

3 . . 1 3] - . .

A line has equationr = o] * A 1) Find the point on the linewhen A = 2 and when A = —1. [2]
4 Find a vector equation of the line through the points A(1, 4) and B(3, 10). [3]
5 . : . 1 2

Does the point (7, —1) lieon theliner = 5| * A > ? [2]
6 : N 2\ (-3 4 . . .

Three lines have direction vectors _a'l 6 and ol State which pair of lines are parallel. [2]
7 : . : 3

Theline | passes through the point A(2, 1) and is parallél to the vector o/

(@  Write down a vector equation of |. [1]

(b)  Show that the point B(11, —5) lieson I. [2]

(c) Find the coordinates of the point where | crosses the x-axis. [2]
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8 OABC isatrapezium in which CB is parallel to OA and CB = %OA. OA=aandOC =c.

C_ B
C
o a A

(@ FindOB intermsof aandc. 1

(b) Find AB intermsof aand c. [1

(¢) Thepoint M lieson AC withAM : MC=1: 2. Find OM. [2]
9 , . . ) 2 3} .

Find the Cartesian equation of the liner = 1t A 41N the form ax + by = c. [3]
10  Writetheliney = 2x — 3 in vector form. [2]
= Thelinesl,: r = é + A 1 and I, r = (_52 +1 _21) meet at a point. Find its position

vector. (4]
12 Show that thelinesr = ; + A _23) andr = g +u _64 are parallel but not the same line. [4]
13 : . 2 1) _ . .

Thelinel has equation r = 1] * A 3] Find the coordinates of the points where | crosses the

x-axis and the y-axis. [4]
14 . o . : . . 3

OABC isatrapezium in which CB is parallel to OA and CB = 30A. Relative to the origin O, OA = 1 and

OC = (_69 . The point D lieson ACwithAD : DC=1:3.

(@ Find OB and OD. (4]

(b) Show that O, D and B are collinear, and state the ratio OD : DB. [2]

15 OABC isapardlelogram with OA = aand OC = c. The point M is the midpoint of AB and X is the point
on OB with OX = 2OB.

(@ Find OB and OM intermsof a and c. 2]
(b) Show that C, X and M lie on a straight line. [3]
(c) Findtheratio CX : XM. [1

16 Two lines have direction vectors

> and (_31) Find the acute angle between the lines, to 1

decimal place, using the scalar product. (4]
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23

1 3
1)t 2,

and the shortest distance from P to |.

Thelinel has equation r = . Find the foot of the perpendicular from P(12, —1) to |,

. . . 1+2t . . 13— 3t
Attimet, particle Pis at 2+t and particle Q is at 3+t

paths of P and Q cross, but that the particles do not collide.

, with t = 0. Show that the

i g +n g are given, where k is a constant. Find the

value of k for which the lines are (a) parallel, (b) perpendicular.

Thelinesl:r = +A

(ks) andl,:r =

Thelinel,isr = + A . Find a vector eguation of the line |, through P(5, 3) that is

2
-1

1
0
perpendicular to |,, and the point where |, and |, meet.

(6]

(5]

(5]

(6]

In triangle OAB, OA =aand OB = b. The point P lies on OA with OP: PA = 1: 2 and the point Q lies on

OB withOQ: QB =2: 1. Thelines AQ and BP intersect at X.
B

Qs X

@) P A

(@ Write down OP and OQ interms of a and b.
(b) Find OX interms of a and b.
(c) Findtheratio BX : XP.

2 1 (10
1 +}x2)andlz.r-(3 +1

(@ Find the coordinates of the point P where the lines intersect.
(b) Find the coordinates of the points where |, and |, cross the x-axis.

(c) Hencefind the area of the triangle bounded by I, |, and the x-axis.

Two lines have equations |, r =

The points A and B have position vectors a =

2) and b = (15'52) relative to the origin O.

(@ Find the unit vectorsin the directions of OA and OB.
(b) Hence find a vector equation of the line | which bisects the angle AOB.
(c) Thepoint Plieson | and has x-coordinate 27. Find the coordinates of P.

-3 . .
1/ where the units are centimetres.

(2]
(5]
(2]

(4]
(2]
(3]

(2]
(3]
(2]
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24 Theline| has equation r = 2 +A

1) The point Pis (2, 7). Find the foot Q of the

perpendicular from P to |, and hence the coordinates of the reflection P of Pin|.

<

10 1
9 -
8 -
7 .
6 .
5 -
4 -
3 .
2 .
A
0' 123456780
(6]
25 Prove that the angle in a semicircle is aright angle. Use a circle with centre O, diameter AB
and a point P on the circumference, taking OA = a, OB = —aand OP = p. [5]
26  ABCD isaparalelogram with AB = a and AD = d. M is the midpoint of CD. The line AM meets the line
BC extended at E.
of
d
Aa
(@ Find AM intermsof aand d. [2]
(b)  Show that C isthe midpoint of BE. [5]
27 OABCisaparalelogram with OA = aand OC = c. The point M is the midpoint of AB and the point N is
the midpoint of BC. The lines OM and AN intersect at X.
N
C . B
*
X
O A
(& Find OX intermsof aand c. [6]
(b) Findtheratio AX : XN. [1]
(¢) Theline CX meets AB at the point R. Find the ratio AR : RB. [4
28 Thelines|; and |, have equations|;: r = ; +A _21) andl,:r = i +1 _42)
(@ A student says: "The direction vectors are paralel, so the lines never meet.” Show that
the student is wrong, and describe the relationship between the lines. [3]
(b) Thelinel; has equationr = l(<) +v _2 . Find the value of k for which | coincides
with | ;. [3]

(c) Explain why, for any other value of k, |, and |5 are parallel but have no point in
common. [2]
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29 A drone flies from the point S(2, —1) with constant velocity i

metres). A circular no-fly zone has its centre at C(12, 4) and radius 5\/5 .
Yo

10
5 1 C
[ ]
[ éwxr
S

units per minute (Ilengths in hundreds of

0]

(@ Write down the position vector of the drone after t minutes and find its speed.

(b)  Show that the distance CD from the centre to the drone satisfies CD? = 25(t — 2)? + 25,
and find the least distance from C to the path.
(c) Find the length of time for which the drone is inside the no-fly zone.

30 ABCD isaquadrilateral with position vectors a, b, ¢ and d relative to an origin O. P, Q, R and S are the
midpoints of AB, BC, CD and DA.
(@ Show that the line segments PR and QS have the same midpoint, with position vector

Ta+b+c+d).

(b) Deduce that PQRS is a parallelogram, whatever the shape of ABCD, and state where its
diagonal s meet.

(c) Giventhat ABCD isitself a parallelogram, show that this point is the intersection of its
diagonals.

Three-Dimensional VVectors

1 Find the magnitude of the vector 2i — 3j + 6k.

2 The points A and B have coordinates (1, 2, 3) and (4, —2, 5). Find the vector AB and its
magnitude, leaving the magnitude as a surd.

3 Write the point P(2, —3, 5) as a position vector in the form xi + yj + zk, and write the vector
3i — 4k as a column vector.

4 The point A has coordinates (—1, 4, 2) and AB = 2i — 3j + 5k. Find the coordinates of B and

the distance of B from the origin O, leaving your answer as a surd.
5 Find the coordinates of the midpoint of P(1, —2, 5) and Q(7, 4, —3).
6 2 -6
Show that the vectors [ —3| and | 9 | are paralédl.
1 -3

7 The points P and Q have coordinates (1, 2, —1) and (7, —4, 5). The point R lies on PQ such
that PR : RQ = 1: 2. Find the coordinates of R.

(2]

(5]
(4]

(4]

(2]

(3]

(2]

(3]

(2]

(3]
(2]

(2]

(3]
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10

11

12

13

14

15

16

17

OABCDEFG is a cuboid. The position vectors of A, C and D relative to the origin O are OA = 6i, OC =

and OD = 2k. The point M is the midpoint of EF.

G e oF
1 A §

D | 4
IS S —hB
/,, 3

O 6 A

(@ Write OF as a column vector.
(b) Find AG and show that |AG| = 7.

(c) Find OM.
2

Find a unit vector in the direction of | —3|, and the vector of magnitude 14 in that direction.
6

OABCDEFG is a cuboid with OA = 4, OC = 3 and OD = 12 units, as shown (not to scale),
with O at the origin and OA, OC, OD aong the x, y and z axes. Write down the coordinates
of F and find the length of the diagonal OF.

F

Given that | | = 12, find the possible values of p.

2p

Show that the point D(3, 1, 1) lies on the line through A(1, 2, —1) and B(7, —1, 5), and find
theratio AD : DB.

A(L, 2, 3), B(4, 2, 5) and C(6, 5, 4) are three vertices of the parallelogram ABCD, in that
order. Find the coordinates of D.

Theline | passes through the points A(1, —2, 3) and B(4, 0, —1).

(@ Find avector equation of I.

(b) Show that C(7, 2, —5) lieson .

() Find the coordinates of the point where | meets the plane z = 0.

a=2+)—2kandb=i— 4 +8k.
(@ Find the angle between a and b, to 1 decimal place.
(b) Find the value of A for which a + Ab is perpendicular to a.

The points A(L, 2, —3) and B(4, —1, 3) are given. The point P lies on the line AB such that
the distance AP is twice the distance PB. Find the two possible position vectors of P.

k k
Thevectorsa= |k| and b = | —5| are perpendicular. Find the possible values of k.
2 3

3

(1]
(2]
(1]

(3]

(3]

(3]

(4]

(3]

(2]
(2]
(2]

(3]
(3]

(4]

(4]
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18

19

20

21

22

23

24

25

26

Triangle ABC has vertices A(1, 1, 1), B(3, 3, 2) and C(2, —1, 3). Show that triangle ABC is
isosceles with aright angle at A, and find its area.

A(L, 2, 3), B(3, 5, 7) and C(7, 11, 15) are three points. Show that A, B and C are collinear and
find the ratio AB : BC.

The points A(2, —1, 0), B(—1, 3, 4) and C(3, 1, 2) are given, and the point P is such that 4PA
+ 3PB = 5PC. Find the position vector of P.

The points A, B and C have coordinates A(2, 1, 0), B(5, 3, 6) and C(1, 3, 2). The angle BAC is 6.

c

A-f

(@ Find AB and AC, and their magnitudes.
(b) Find 6, to 1 decimal place.
() Find the exact area of triangle ABC.

1 1 -1 2
Two lines have vector equations|,: r = (2| + A|—1|and |, r =|—2| + 1 .
3 2 13 -3

(@ Show that the lines intersect and find the position vector of the point of intersection.
(b) Find the acute angle between the lines, to 1 decimal place.

The points A(5, 4, @), B(b, b, b — 3) and C(c, —2, 5) are collinear, where a, b and c are
constants, and AB : BC = 1: 2. Find the values of a, b and c.

1 1 0
Thelinesl;:r =A|1|andl,:r =|0| + 1| 1| are given, where c is a constant.
1 c 2

(@  Show that when ¢ = 0 the lines do not intersect, and that they are not parallel.
(b) Find the value of c for which the lines intersect, and the point of intersection.

(6]

(4]

(4]

(2]
(3]
(3]

(5]

(3]

(6]

(4]
(3]

A pyramid has a rectangular base OABC, where O isthe origin, A is (6, 0, 0), B is(6, 4, 0) and Cis (0, 4,

0). The vertex V is directly above the centre of the base, at height 5.

(@ Write down the coordinates of V and find the exact length of the edge VA.
(b) Find angle AVC, to 1 decimal place.

1 2
Thelinel hasequationr = |2 | + A| 1|. Find the shortest distance from the point P(5, 1, 4) to
3 2

I, and the coordinates of the foot of the perpendicular.

(3]
(4]

(6]
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27

28

29

30

1 1 3 2
Two lines have vector equations|,: r =[0|+A| 2 |and |l r =[1| +pu|—1|, wherek is a constant.

2 -1 k 1
(@ Giventhat k =0, show that |, and |, are skew. [5]
(b) Find the value of k for which the lines intersect. [2]
(c) For thisvalue of k find the position vector of the point of intersection. [2]
(d) Find the acute angle between the lines, to 1 decimal place. [2]

A dronefliesin a straight line at constant speed. Relative to thetop T of a radio mast, taken as the origin,

-10 2
the position vector of the drone t seconds after it isfirst observed isr = | —8 | + 1| 3|, in metres, wherei, |
-9 6
are horizontal and k is verticaly upwards.
(@  Show that the distance d metres of the drone from T satisfies d? = 49t — 196t + 245. [3]
(b) Find the least distance between the drone and T, and the time at which it occurs. [3]
(c) The mast carries atransmitter that can only be received within 12 m of T. Find the times
between which the drone is within this range, to 2 decimal places. [3]
(d) Show that at the time of closest approach the direction of motion is perpendicular to the
position vector of the drone. [2]

Two drones fly with constant velocities. Relative to a control point O (with i, j east and north, k vertically

0 4
up, lengths in metres), drone Pisinitially at | O | and moves with velocity | 2 | ms™ . Drone Q isinitialy
40 -1
12 2
at | —3| and moves with velocity | 3 | ms™.
49 -3
12 — 2t
(@ Show that the vector from Pto Q at timet secondsis| —3+1 |. [2]
9-—-2t
(b)  Show that |PQJ? = 9t> — 90t + 234, and find the least distance between the drones and
the time at which it occurs. [6]
(c) Safety rules require the drones always to stay at least 3.5 m apart. For how long are they
closer than 3.5 m? [4

OABCDEFG is a cuboid with OA =a, OC = b and OD = c adong the X, y and z axes, so Fis(a b, ). The
space diagonals are OF, AG, BD and CE (diagram not to scale).

G F

(& Write down the position vectors of the midpoints of OF and AG, and deduce that these
two diagonals bisect each other. [3]

(b)  Show that all four space diagonals have length ya2 + b? + 2. [3]
(c) Fora=4,b=6andc= 12, find the acute angle between OF and AG, to 1 decimal
place. [4]



