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Sine Rule and Cosine Rule

1 (2 marks)
AC _ 72
sin 65° ~ sin 40° M1
_ 7.2sin65° _
AC = W =10.2cm Al
Answer: AC =10.2cm 2 marks
2 (3 marks)
BC?=6%+ 9% — 2 x 6 x 9 x cos 50° M1
BC? = 47.58 Al
BC =6.90 cm Al
Answer: BC = 6.90 cm 3 marks
3 (3 marks)
snB _ sn35°
9 ~ 7 M1
sing=20%" = 07375 M1
angle ABC = 47.5° (acute) Al
Answer: ABC =47.5° 3 marks
4 (2 marks)
Area= 5 x 8 x 11 x sin 42° M1
= 29.4 cm? Al
Answer: 29.4 cm? 2 marks
5 (3 marks)
AngleR = 180° — 55° — 80° = 45° B1
PR _ 12
Sn80° ~ Sn45° M1
_12sin80° _
PR = —Snasc - 16.7 cm Al
Answer: PR = 16.7 cm 3 marks
6 (2 marks)
Angle C =180° — 52° — 71° = 57° M1
BC _ 12 a
W—w,SOBC—ll.?)CI’n Al
Answer: BC =11.3cm 2 marks
7 (3 marks)
_ 9P +6°— 13
cos ACB = W M1 Al
_—-52 13
cos ACB = W = _f
angle ACB =118.8° Al
Answer: angle ACB = 118.8° 3 marks
8 (5 marks)
(a)Area=%><9><12><sin38° M1
=33.2cm? Al
Answer: 33.2 cm? 2 marks
(b) QR? = 9% + 12?2 — 2 x 9 x 12 x cos 38° M1
QR?=54.79 Al
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QR =7.40cm Al
Answer: 7.40 cm 3 marks
9 (4 marks)

9?+122-152 _ 0

cosC:—2><9><12 —2—1620 M1
So the angle opposite the 15 cm side is 90° Al
Area= 5 x 9 x 12sin 90° = 54 cm? M1 AL
Answer: 54 cm? 4 marks
10 (3 marks)
%X10><8xsinA=30 M1
.30 _
SnNA = 0 - 0.75 Al
A =48.6° (acute) Al
Answer: BAC = 48.6° 3 marks
11 (4 marks)
The shorter diagonal lies opposite the 65° angle B1
d?=6%+9% — 2 x 6 x 9 x c0s 65° M1
d?=71.36,d=8.45cm A1 A1
Answer: 8.45 cm 4 marks
12 (4 marks)
—3;48 = _smlgo ,s0sin B =0.700 M1 Al
Obtuse: B = 180° — 44.4° = 135.6° Al
C=180° — 30° — 135.6° = 14.4° Al
Answer: B =135.6°, C = 14.4° 4 marks
13 (7 marks)
(a) Bearing of P from R is 250°, so angle PRQ = 250° — 150° = 100° B1
PQ? =122+ 92 — 2 x 12 x 9 x cos 100° = 262.5 M1
PQ =16.2 km Al
Answer: PQ = 16.2 km 3 marks
sin QPR _ sin 100°
(b) =9 =620 M1
angle QPR = 33.2° Al
Bearing of Q from P = 070° + 33.2° = 103.2° M1
Bearing of P from Q = 103.2° + 180° = 283.2°, s0 283° to the nearest degree Al
Answer: 283° 4 marks
14 (7 marks)
snACB _ sin40°
)] 0 - 7 M1
sin ACB =0.9183 Al
acute: ACB = 66.7° Al
obtuse: ACB = 180° — 66.7° = 113.3° B1
Answer: 66.7° or 113.3° 4 marks
(b) Angle BAC = 180° — 40° — 66.7° = 73.3° (larger when ACB is acute) M1
Area= 5 x 10x 7 x sin 73.3° M1
=335 cm? Al
Answer: 33.5 cm? 3 marks
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15 (8 marks)
(a)%:%,sosinle.Z% M1 Al
Thisis greater than 1, which isimpossible, so no triangle exists El
Answer: sin B > 1, impossible 3 marks
(b) NeedsinB = 1, soa= 12 sin 40° M1
a=771lcm Al
Answer: 7.71 cm 2 marks
(©snB =230 - 0g571 M1
B =59.0° or 180° — 59.0° = 121.0° A1 AL
Answer: 59.0° or 121.0° 3 marks
16 (5 marks)
Angle ATB = 180° — 62° — 48° = 70° B1
AT _ 80 3
W—w,&)AT—&B.Z?m M1 Al
Width = AT sin 62° =55.9 m M1 AL
Answer: Width =56 m 5 marks
17 (7 marks)
(a)Areaz%XIOXABxsin 120° = 153 M1
5ABX3§:15\/§,90AB:6cm Al
Answer: shown 2 marks
(b) BC?=10% + 62 — 2 x 10 x 6 x cos 120° M1
=136 + 60 =196, so BC =14 cm Al
Answer: BC =14 cm 2 marks
(c) The smallest angle is opposite the shortest side AB, so it is angle ACB B1
snACB _ sin120°
6 T 14 M1
sin ACB = 0.3712, so angle ACB = 21.8° Al
Answer: 21.8° 3 marks
18 (6 marks)
Bearing of A from B is 280°, so angle ABC = 360° — 280° + 25° = 105° M1 Al
AC?*=9?+6% — 2x9x 6 x cos 105°, 0 AC = 12.0 km M1 AL
snA _ sin105° o oo
e I angle BAC = 28.8 M1
Bearing of C from A =100° — 28.8° = 71° Al
Answer: AC = 12.0 km, bearing 071° 6 marks
19 (5 marks)
(@) 49 = x* + (x + 3)> — 2x(x + 3) cos 60° M1
49=x>+ x>+ 6x+9— Xx(X +3) M1
49=x*+3x+9,50x*+3x —40=0 Al
Answer: shown 3 marks
(b)) x+8)(x—5=0,x=5(x>0) M1
Sides 5, 8, 7: perimeter = 20 cm Al
Answer: 20 cm 2 marks
20 (8 marks)
BC _ 6
(@) §na5° = Sneo” M1
BC:GXExi:QE:Z\/Ecm M1 A1
2
Answer: shown 3 marks
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(b) Angle B = 180° — 45° — 60° = 75° B1
Area:%><6><2\/€><sin75°:6\/€x3@E M1A1
_36+6/12 _ 36+123
= = M1
4 4
=9+33 Al
Answer: shown 5 marks
21 (9 marks)
(@) AC?=82+ 112 — 2 x 8 x 11 x c0S 65° M1 Al
AC?=110.6, s0 AC = 10.5 cm Al
Answer: AC =10.5cm 3 marks
_ 9%+ 7% - AC?
(b) cosADC = S x9x7 M1 Al
angle ADC =81.2° Al
Answer: 81.2° 3 marks
(© AreaofABC:%XSXlesin 65° = 39.88 M1
Areaof ACD = % x9x7xsn8l2°=3113 M1
Total area= 71.0 cm? Al
Answer: 71.0 cm? 3 marks
22 (6 marks)
(a) The angle of elevation at B is an exterior angle of triangle ATB, so it equals angle TAB + M1
angle ATB
41° = 28° + angle ATB, so angle ATB = 13° El
Answer: angle ATB = 13° 2 marks
TB _ 50
®) gh28 = sniz M1
TB =104.3 m Al
Height = TB sin 41° M1
= 68.46 m, so 68 m to the nearest metre Al
Answer: 68 m 4 marks
23 (10 marks)
(@) BC?=9%+ 72 — 2 x 9 x 7 x cos 80° M1
BC? = 108.1, BC = 10.4 cm AlA1
Answer: BC =10.4 cm 3 marks
_ 92+10.40% - 72
(b) cosB = T2 x9x1040 M1
angle ABC =41.5° Al Al
Answer: ABC =41.5° 3 marks
() BM = 2 BC =5.199 cm B1
AM?=9? + 51992 — 2 x 9 x 5199 x cos 41.5° M1 A1
AM =6.16 cm Al
Answer: AM =6.16 cm 4 marks
24 (7 marks)
(a) Largest angle is opposite the longest side (15 cm) B1
g 182+142-18° 140 _ 5
COSO=""5313x14 ~ 364 13 MiAL
0=674° Al
Answer: 67.4° 4 marks

15 . ’ 5 12
(b)2R=m,S|ne= 1—(1—3)2=1—3 M1
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_15x13 _
2R=—5—=1625 M1
R=8.125cm=8.13 cm (3 sf.) Al
Answer: R =8.13cm 3 marks
25 (6 marks)
AC?=5%+8% — 2x 5x 8x cos 70° = 61.64 M1 A1
Opposite angles sum to 180°, so angle ADC = 110° B1
AC? = 6% + CD? — 12 CD cos 110° M1
CD?+4.10CD + —256=0 Al
CD = 3.41 cm (positive root) Al
Answer: CD =3.41cm 6 marks
26 (5 marks)
_7°+6*—122 _ 59
(@ COSA_ZX—MS__@ M1 Al
A =1346° Al
Answer: BAC = 134.6° 3 marks
(b) sin A =sin(180° — A), so the sine rule gives an acute angle even when A is obtuse E1
The cosine rule gives a unique angle (cos is negative for obtuse angles), so it is safer El
Answer: sine rule hides obtuse angles 2 marks
27 (8 marks)
(@ C=(bcosA,bsinA) B1
a>=BC?=(bcosA — ¢)>+ (bsinA — 0)? M1
= b%cos’A — 2bc cos A + ¢? + b?sin’A Al
= b%(cos®A + sin®A) + ¢ — 2bc cos A = b? + ¢® — 2bc cos A, using cos’A + sinA =1 E1
Answer: proof 4 marks
(b) Comparing with the cosine rule: —2bc cos A = bc, so cos A = —% M1
A =120° Al
Answer: A = 120° 2 marks
(c)Area:%Xstxsin120° M1
=20 x @ =10y3 Al
Answer : 10\/§ 2 marks
28 (12 marks)
(a) The largest angle is opposite the longest side, so (x + 4)? = x? + (x + 2)2 — 2x(x + 2)cos 120° M1 AL
coleO°=—%,so(x+4)2=x2+(x+2)2+x(x+2) M1
X2 +8x+16=3x’>+6x+4,502x> —2x — 12=0, hencex? = x —6=0 AL
Answer: proof 4 marks
B)x—=3)(x+2)=0 M1
x = 3 (x = —2 isrejected as a length must be positive) Al
Sidesare 3cm, 5cmand 7 cm B1
Answer: 3cm, 5¢cm, 7cm 3 marks
(c)Area=%><3><5xsin120° M1
_ 153 >
=—2—¢m Al
Answer %E cm? 2 marks
(d) The smallest angle is opposite the side 3 cm; call it 6 B1
sin® _ sin120°
=5 M1
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o= 24838

)7 14
Answer: proof

29 (7 marks)
(a) AreaABC = %bc sin 20

Area ABD + area ACD = 5CAD sn © + 3b.AD sin 0

2bc(2:5in © cos 6) = 3AD(b +¢) sin O

Divide by 5 sin 6: 2bc cos 6 = AD(b + ©), s0 AD = 226959
Answer: shown

2 x 6 x 10 cos 30°
(b) AD = 16

_120x3 _153

2/16 4

Answer: EE cm

4

30 (8 marks)
a _ b
(@ §n28 = SnB
_bsn2B _ 2bsinB cosB
-~ snB sin B
Answer: shown

_a+ct—p? &+t =D
(b) COSB—T,SOa—Zb'T

a’c = b(a® + ¢ — b?), so a’(c — b) = b(c? — b?) =b(c — b)(c + b)
c#b,soa”=h(b+c)

Answer: shown

(c)a*=4%x9=36,s0a=6

Answer: a==6

=2b cosB

Trigonometric Graphs

1 (3 marks)
Maximum=3+2=5
Minimum=-3+2=-1
Period of cos 4x = 360° + 4 = 90°
Answer: (a) max 5, min —=1; (b) 90°

2 (3 marks)
Cosine shape starting at the maximum (0°, 1), one full period
Minimum at (180°, —1) and maximum at (360°, 1)
Crosses the x-axis at (90°, 0) and (270°, Q)
Answer: see sketch

y
0,1
U T T >
9W0° 360°X
_]_ -

(180°, -1)
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3 (3 marks)
() 360° = 3 = 720° B1
(b) tan has period 180°, so 180° + 3 = 60° B1
(c) 360° + 4 =90° B1
Answer: (a) 720°, (b) 60°, (c) 90° 3 marks
4 (4 marks)
The sine curve translated 3 units up B1
Maximum (90°, 4), minimum (270°, 2) B1
y-intercept (O, 3) B1
The least value of y is 2, which is above the x-axis, so there are no x-intercepts El
Answer: see sketch 4 marks
y
4
3
2
(2707, 2)
1
! 00°  180° 270° 360X
5 (3 marks)
() sin 150° = sin(180° — 30°) = 5 B1
(b) sin 210° = —sin 30° = — 2 B1
(c) cos 60° =sin 30° = % B1
Answer: (a) 3, (b) =3, (0) 3 3 marks
6 (2 marks)
Translation by g (3 units up) B1
Maximum = 4, minimum = 2 B1
Answer: translation g) max 4, min 2 2 marks
7 (3 marks)
Maximum valueof y isa, soa=3 B1
The first maximum is a quarter of a period from the start, so the period is 4 x 45° = 180° M1
p= 380 _,
T 180° T Al
Answer: a=3,b=2 3 marks
8 (4 marks)
(a) Tranglation B1
30 .
by the vector 0 ) (30° to the right) B1
(b) Stretch parallel to the x-axis with scale factor % B1
and stretch paralel to the y-axis with scale factor 2 B1
. (30
Answer: (a) translation 0 ); (b) stretch x by % y by 2 4 marks
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9 (3 marks)
Period is 360° + 2 = 180°, so two complete cycles B1
Maxima at (0°, 1), (180°, 1), (360°, 1) B1
Minima at (90°, —1) and (270°, —1) B1
Answer: see sketch 3 marks
y
1 (0, 1) (180°, 1)
U T T T /I =
W 180° W 360°X
_1 .
(90°, -1)
10 (3 marks)
a:7+§_1)=3 M1 A1
Y el Gl
b= 5 =4 Al
Answer: a=3,b=4 3 marks
11 (7 marks)
(a) The curve is symmetrical about x = 360°, and has period 360° B1
Q: 360 — a B1
R:360+ a, S: 720 — « B1B1
Answer: Q: 360 — a; R: 360+ a; S: 720 — « 4 marks
(b) cos(180° — a) = —cos @ M1
T:180 — «, U: 180 + « Al A1l
Answer: T: 180 — a; U: 180 + « 3 marks
12 (3 marks)
Maximum at (O, 3) and (211, 3), minimum at (11, —3) B1B1
Crosses the x-axiswhere cos x = 0: X = % and x = 3711 B1
Answer: see sketch 3 marks
y
3 ¢0.3)
2 -
1 .
U T T >
-1 - a/ I n/2 21X
_2 .
= (m, -3)
13 (3 marks)
cos x = 0.5: x = 60° or 300° in the first cycle M1 A1
Add 360°: x = 420° or 660° Al
Answer: x = 60°, 300°, 420°, 660° 3 marks
14 (5 marks)
Sine curve trandated 60° to the left, amplitude 2 B1
When x = 0:y = 2sin 60° =43, 50 (0, {/3) B1
Maximum when x + 60° = 90°: (30°, 2); minimum when x + 60° = 270°: (210°, —2) B1B1
y = 0 when x + 60° = 180° or 360°, so x = 120° and x = 300° B1
Answer: (0, \/§); max (30°, 2); min (210°, —2); x = 120°, 300° 5 marks
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(30°, 2)

(210°, -2)
15 (7 marks)
@ Max=5+3=8m,mn=5—3=2m B1
Period = 360 + 30 = 12 hours B1
Answer: 8 m, 2m, 12 hours 2 marks
(b) 5 + 3c0S(30)° = 6.5, 0 COS30Y° = 3 M1
30t = 60 or 300 Al
t=2ort=10, that is 02:00 and 10:00 Al
Answer:t=2andt =10 3 marks
(c) Depthisatleast 6.5 mforO=t<2andfor10 <=t =< 12 M1
Total time=2+ 2 = 4 hours Al
Answer: 4 hours 2 marks
16 (4 marks)
Asymptote of tan 6 at 6 = 90°, so 30b =90 M1
b=3 Al
Period = 180° + 3 = 60° B1
Next asymptotes x = 90° and x = 150° B1
Answer: b = 3; period 60°; x = 90°, 150° 4 marks
17 (6 marks)
(@) Highest 14 + 7=21°C, lowest 14 — 7=7°C B1B1
Highest when 30t = 180, t = 6 (July) B1
Answer: 21 °C, 7 °C; July 3 marks
(b) cos(30t)° = —0.5 M1
30t =1200r 240, so0t=40rt=8 Al A1
Answer:t=4,8 3 marks
18 (3 marks)
Period = 2711 =m=314s(3sf) B1
sin2t = 2,502t = 0.7297 M1
t=036s Al
Answer: () s, (b) 0.36 s 3 marks
19 (4 marks)
Amplitude a= 2 B1
Maximumwhenx +b=0. —=30+b=0,s0b =30 M1 A1l
Check: minimum at x + 30 = 180, x = 150 B1
Answer: a=2,b=30 4 marks
20 (5 marks)
(a) cosx = 0.5 at x = 60° and 300° B1
Above 0.5 near the maximum: 0° < x < 60° and 300° < x < 360° B1B1
Answer: 0° = x <60° or 300° < x = 360° 3 marks
(b) sinx = —0.5 at x = 210° and 330° B1
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The curve is below —0.5 between them: 210° < x < 330° B1
Answer: 210° = x = 330° 2 marks
21 (9 marks)
(a) Amplitude: |g| = S_T(_l) = 2, and the curve startsat aminimum so a= —2 M1 Al
Midlineczwzl B1
L L 360
Half a period is 60°, so the period is 120° and b = 0 =3 M1 A1
Answer:a=-2,b=3,c=1 5 marks
(b) cos 3x = — 5 M1
3x = 120°, 240°, 480° (rangeis 0° = 3x < 540°) M1 Al
x = 40°, 80°, 160° Al
Answer: x = 40°, 80°, 160° 4 marks
22 (8 marks)

(a) tan curve trandated 45° to the right of y = tan x B1
Asymptotes x = 135° and x = 315° B1B1
Crosses the x-axis at (45°, 0) and (225°, 0) B1
y-intercept: tan(—45°) = —1, so (0, —1) B1
Answer: see sketch 5 marks
(b) tan(x — 45°) =3, s0 x — 45° = 60° or 240° M1 AL
x = 105° or 285° Al
Answer: x = 105°, 285° 3 marks
y A

x = 315°

O_ T >
1 360° X
(0, -1)
-2 4
_3 .
—4 4
23 (9 marks)
(a) Max 16, min 8 B1B1
sin=1: 22280 - g0t — 80= 91.25, t = 171.25, 50 day 171 M1 AL
Answer: 16 h, 8 h; day 171 4 marks
. 360(t —80),, _ 1
(b) H>14meanssin(——5ez—°) > 5 M1
» _ 360(t — 80) .
30° < 35 < 150 M1 Al
80 +30.4<t<80+ 1521, soabout 1104 <t<232.1 Al
Number of days = 122 Al
Answer: 122 days 5 marks
24 (6 marks)
a=3 B1
Quarter of aperiod = 65 — 20 = 45°, so period 180° M1
_ 360 _
b= 180 — 2 Al
Rising zero: 2x 20— c=0,s0c =40 M1 A1l
Check: 2(65) — 40 = 90, a maximum B1
Answer: a=3,b=2,¢c=40 6 marks
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25 (8 marks)

(a) Period = 180° + 3 = 360° B1
Asymptotes where% =90° or 270°: x = 180° and x = 540° B1B1
Crosses the x-axis at 0°, 360°, 720°; each branch increases B1B1
Answer: period 360°; x = 180°, 540° 5 marks
(b) tan(3) = 1 M1
% = 45° or 225° Al
X = 90° or 450° Al
Answer: x = 90°, 450° 3 marks

Yoy i i

ix = 180° 1x = 540°

[} 1

/) i

1 1

[} ]

[} 1

O i i >
180° 60° 540° 20°X

] i

] 1

[} 1

[} 1

—4 4 1 1

26 (9 marks)
(a) Stretch factor 3 in the x-direction: sin(%) M1
Then y-stretch and trandation: g(x) = 2 sin(%) -1 Al
Answer: g(x) =2 sin(%) -1 2 marks
(b) 9(0) = —1, so the curve starts at (0, —1) B1
Maximum when % =90°: (270°, 1) B1
g(x) = O when sin() = % s0 5 = 30° or 150°: (907, 0) and (450°, 0) M1 AL
The curve ends at (540°, —1) B1
Answer: see sketch 5 marks
(c) The curve is symmetrical about x = 270° M1
Q has x-coordinate 540° — 45° = 495°, and the same y-coordinate k = 2 sin 15° — 1 = —0.482 Al
Answer: Q = (495°, —0.482) 2 marks
y A
(270°, 1)

(4507, 0)

g

-1
(0, -1) (540°, -1)
_2 .
27 (9 marks)

(a) y = sin x: one period, maximum (90°, 1), minimum (270°, —1) B1
y = sin 2x: two periods, crossing the axis at 0°, 90°, 180°, 270°, 360°, amplitude 1 B1B1
Answer: see sketch 3 marks
(b) The curves meet at 5 points (including the ends of the interval) B1
Answer: 5 1 mark
(c) sinx=2sinx cosx, sosinx (1 — 2cos x) = 0 (do not divide by sin x) M1
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sinx = 0: x = 0°, 180°, 360° Al
cosx=%: X = 60°, 300° M1 Al
Answer: x = 0°, 60°, 180°, 300°, 360° 4 marks
(d)x:60°,y:sin60°:3§ B1
Answer : @ 1 mark
y A
y =sinx
1 -
O >
9 1 270° 0° X
1] y = sin 2x
28 (10 marks)

@t=0h=12—-10=2m B1
cos(18t)° repeats when 18t increases by 360, i.e. everyt =20s B1
Answer: 2 m; period 20 s 2 marks
(b) 12 — 10c08(18)° = 17, 50 cos(180)° = — 3 M1
18t = 120 (first solution) Al
t=2 =6675(3sf) A1
Answer: t =6.67s 3 marks
(c) h = 17 when cos(18t)° = —%, s0 120 = 18t = 240 M1 Al
20 40 . 20

?SIS?,atlmeOf?—B.(S?S Al
Answer: 6.67 s 3 marks
(d) sin(® — 90°) =sin © cos 90° — cos O sin 90° = —cos 6 M1
s0 12 + 10 sin(18t — 90)° = 12 — 10 cos(18t)° El
Answer: shown 2 marks

29 (9 marks)
(a) cos x = sin(x + 90°) B1
Tranglation by _(? 0) B1
. -90

Answer: trandation 0 2 marks
(b) Divide by cosx (cosx = 0 at asolution): tanx = 1 M1
X = 45° or 225° Al
tan x has period 180° so exactly two solutions in 360° E1l
Answer: x = 45°, 225° 3 marks
(c) Solutions at 45° + 180°n M1
Largest below 1000: n = 5 gives 945°; n = 4 gives 765°, so 945° is largest and 765° the second M1
Number: n = 0to 5, so 6 solutions; sum = 945° + 765° = 1710° A1 A1
Answer: 6 solutions; 1710° 4 marks
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30 (12 marks)

(a)Great&stSSmIeastZSm B1B1
Period = m =12 hours B1
Answer: 55m,25m,12h 3 marks
(b) 4+ 15sin(g) = 475, 0 sin(’g) = 05 M1
1t o 5

5 between 3 and 5 M1 Al
l=st=5 Al
Answer: 1 =t = 5, that is07:00 to 11:00 4 marks
(© sjn(lt) < —Z: reference angle 0.7297 M1
In one 12 hour cycle |n (i + 0.7297, 211 — 0.7297) M1 Al
Length per cycle = H(H — 2x0.7297) =3.213 h M1
Two cycles. 6.425 h = 386 minutes Al
Answer: 386 minutes 5 marks

Radians, Arc Length and Sector Area

1 (2 marks)

o _ 2o
72° =72 %X 5= 180 5 radians B1
T« X 675 Bl
Answer: (a) (b) 67.5° 2 marks

2 (3 marks)
(@ s=rB=6x0.8=4.8cm B1
Answer: 4.8 cm 1 mark
(b)A——rZG— 1 6x08 M1
= 14.4 cm? Al
Answer: 14.4 cm? 2 marks
3 (5 marks)
(a) 75° =75 X == 180 M1
_ 5 .

47 radians Al
Answer: 51—I2[ radians 2 marks
(b) Arclength=8 x — SH = 1211 B1

_ 1 2 5o _ 40H 2
Area= —><8 o =3 om M1 Al
. 10m . 40
Answer: arc —— cm; area —— Cm 3 marks
4 (2 marks)
(8 12x 22 = gg.° B1
(b) 2% x 299 = 150¢ B1
AnSNer. (a) 68.8°, (b) 150° 2 marks
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5 (4 marks)
@ 3
(b) 3
©1
@ snZh =sn(d)= 2

11 43
AnSNer.ﬁ, > 1, >

6 (4 marks)
Perimeter = 12 + 60
Area=%><62><6=186
12 + 60 = 180
1260 =12,s00 =1
Answer: @ =1

7 (3 marks)
Arc length = 9 x %H =61 cm
Perimeter =2 x 9 + 611 = 18 + 611 cm
Answer: (18 + 61x) cm

8 (4 marks)
(8) 3r*(1.25) = 40, 50 1* = 64

r=8cm

(b) Arclength =8 x 1.25 = 10 cm, so perimeter =2 x 8 + 10

=26cm
Answer: (a) 8 cm; (b) 26 cm

9 (5 marks)
(a) Arc =r0 and perimeter = 2r + r0
re = %(Zr +10)

50 =6+30,s00=3
Answer: shown

(b) 51% x 3= 54

r>=36,s0r=6cm
Answer: r =6cm

10 (3 marks)
Arc=30—2x9=12cm

_12 _ 4
9—?—§rad
Area=%><9><12=54cm2

Answer: % rad; 54 cm?

11 (3 marks)

Triangle OAB isisosceles; AB> =72+ 72 — 2 x 7 x 7 c0s 2.2

AB?=1557
AB =125cm
Answer: AB =125cm
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12 (3 marks)
_ 25 _ 5o

Angle—EXZn—?rad M1
s:rezlzxs?H:lOncm M1 A1
Answer: 10mm cm 3 marks

13 (5 marks)
a) Area= < x 10% x sin 1.4 M1

2

=49.27 cm? Al
Answer: 49.3 cm? 2 marks
(b) Sector area= % x 10% x 1.4 = 70 cm? M1
Segment = sector — triangle M1
=70 — 49.27 = 20.7 cm? A1
Answer: 20.7 cm? 3 marks

14 (7 marks)
(a) Area= 5 x 6 % 6 x Sin 60° M1
=18 % @ =9/3 Al
Answer: shown 2 marks
ach angleis &, so one sector hasarea 5 x 3° X 7 = —- M1 A1

b) Each angle is 3 h Ix@x D=3

Shadedarea:9\/_—3x37nz9\/§—97ncm2 Al
Answer: (93 — 9711) cm? 3 marks
(c) The sectors touch at the midpoints of the sides, so the boundary is three arcs M1
Eacharc=3><%=n,soperimeter=3ncm Al
Answer: 3 cm 2 marks

15 (5 marks)
Sectorarea:%X36><%:6n M1 Al
TriangIeOAB:%XSGXSin%:Q\E M1 A1
ment = 611 — =3.26cm Al

Seg 6m — 93 = 3.26 cm?

Answer: 3.26 cm? 5 marks

16 (9 marks)
(a)AngIeAOB:%H,SOAB:ZXstin% M1
=6y3 m Al
Answer: 63 m 2 marks
(b) Areaof circle = 36 B1
Minorsegment:%XGZX(Z?H—sinZ?H):12n—9\/§ M1 AL
Area= 36m — (121 — 9/3) = 241 + 93 Al
Answer: shown 4 marks
(c) Mgjor arc =6 x (21 — 2?H):&'[ M1 A1l
Perimeter = (8m + 6/3) m AL
Answer: (8 + 6/3) m 3 marks
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17 (4 marks)
(8 s=rB=80x0.35=28cm M1 A1
(b) A = 510 = 2 x 6400 x 0.35 = 1120 cm? ML AL
Answer: (a) 28 cm; (b) 1120 cm? 4 marks
18 (4 marks)
Distance = r = 0.35 x 40 M1
=140m Al
.40 _
Revolutions = 5o = 6.366 M1
= 6 revolutions Al
Answer: 14.0 m; 6 revolutions 4 marks
19 (6 marks)
(a) Area= % x 0.9 x (122 — 8?) M1 AL
= 36.0 cm? Al
Answer: 36.0 cm? 3 marks
(b) Two straight edges of 12 — 8 =4 cm each B1
Arcs 12x09+8x0.9=18 M1
Perimeter = 8 + 18 = 26.0 cm Al
Answer: 26 cm 3 marks
20 (11 marks)
(@) AB2=92+72 —2x9x 7 xcos0.9 M1
=51.68,so0 AB=7.19cm Al
Answer: AB =7.19cm 2 marks
(b)Area=%><9><7xsin0.9 M1
= 24.7 cm? Al
Answer: 24.7 cm? 2 marks
() Sector CDE = 5 x 5% x 09 = 11.25 cn® M1 AL
Areaof R = 24.67 — 11.25 = 13.4 cm? Al
Answer: 13.4 cm? 3 marks
(d)DA=9—-5=4andBE=7—-5=2 B1
ArcED =5%x09=45 B1
Perimeter =4 + 7189+ 2 +45=17.7 cm M1 Al
Answer: 17.7 cm 4 marks
21 (9 marks)
_ 62+107 — 8
(a) cos PAB = TOx6x10 M1
=12 _3
“120° 5 Al
angle PAB = cos™}(0.6) = 0.927 rad Al
Answer: shown 3 marks
(b) 62 + 82 = 102, s0 angle APB = 5 and angle PBA = = — 0.9273 = 0.6435 M1 AL
Segment in C,: angle PAQ = 2 x 0.9273, area = % x 6%(2 x 0.9273 — sin 1.8546) = 16.10 M1 A1
ment in C,: angle PBQ = 2 x 0.6435, area = 1y 8%(2 x 0.6435 — sin 1.2870) = 10.46 M1
2 2
Common area = 16.10 + 10.46 = 26.6 cm? Al
Answer: 26.6 cm? 6 marks
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22 (8 marks)
(a) The straight section is a common tangent. A line drawn parallel to it from P to the radius of M1
the large pulley forms aright-angled triangle with hypotenuse 10 and oneside5 — 2=3

Length =10% — 3% =491 Al

Answer: shown 2 marks
(b) The radius to the point of contact makes an angle with OP whose cosine is %, sothisangleis M1 A1
% — o, wheresin o = 0.3

The angle at O subtended by the arc is 21 — 2(% — Q) =1+ 2x El
Answer: shown 3 marks
(c) a = sin~}(0.3) = 0.3047 rad B1
Arc on large pulley = 5(11 + 2a) = 18.75; arc on small pulley = 2(11 — 2a) = 5.064 M1
Length = 2//91 + 18.75 + 5.064 = 42.9 cm Al
Answer: 42.9 cm 3 marks

23 (8 marks)
(a) Half of the angle: sin(3) = ¢ M1
% =0.9273,6 = 1.855 rad A1 AL
Answer: © = 1.855 rad 3 marks
(b) Sector = 5 x 25 x 1855 = 23.18 M1
Trianglez%><25xsin9=12(sincesin6=%) M1
Segment = 23.18 — 12 = 11.2 cm? Al
Answer: 11.2 cm? 3 marks
(c) Arc =50 =9.273 M1
Perimeter = 9.273 + 8 = 17.3 cm Al
Answer: 17.3cm 2 marks
24 (7 marks)

(a) Arc length = 15 x %H =201 M1 AL
This is the base circumference: 21ir = 201, sor = 10 Al
Answer: shown 3 marks

(b) Slant height 15, so h = /15?2 — 107 = {125 = 55 M1 AL

_1 2 _5 51 3
V=3mx 10 XS\/E—%?, cm M1 A1

Answer: %g@ cm?® 4 marks
25 (7 marks)
(a) %rze =32and 2r +r0 = 24 B1
[0 = 24 — 2r, 50 21(24 — 20) = 32 M1
12r —r?=32,s0r* — 12r+32=0 Al
Answer: shown 3 marks
b)yr—4Hr—-8=0 M1
r:4:9:244_8:4 Al
r=8:e=24gl6=1 Al
Answer:r=4,0=40orr=80=1 3 marks
(€) © must be less than 21 = 6.28; both 4 and 1 satisfy this El
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Answer: both @ < 2m 1 mark
26 (4 marks)
The formula %rze needs 0 in radians El
o= o o_2n
40 —40><180— 5 rad M1
_1 2
Al’ea—EXSGX?—4H M1
=12.6 cm? Al
Answer: 12.6 cm? 4 marks
27 (10 marks)
(a) Perimeter: 2r +r6 =20, sor6 =20 — 2r M1
1 1
A = 5170 = 51(r6) M1
= %r(ZO — 2r) = 10r — r? Al
Answer: shown 3 marks
(b) A =25— (r — 5)2 M1 AL
Maximum areais 25 cm? whenr =5 Al
0= ZO_TZ(S) = 2 radians AL
Answer: 25cm?, 0 = 2 4 marks
(c) Arc length =5 x 2 = 10 cm becomes the base circumference: 2R = 10, soR = % M1
Slant height =5 cm B1
h= \/52 - (%)2 =4.74 cm Al
Answer: 4.74 cm 3 marks
28 (10 marks)
(a) A sector with angle % has area one quarter of the circle M1
but the segment is the sector minus triangle OAB, so it would be smaller than a quarter of the El
circle
Answer: segment is smaller than the sector 2 marks
(b) Segment area = %rz(e —sin0) M1
This equals %1‘[!’2 M1
00 —sinB = % Al
Answer: shown 3 marks
(c) 8, =2.1693, 65 = 2.3970, 6, = 2.2485 M1 A1
The iteration convergesto 6 = 2.310 (3 d.p.) Al
Answer: @ = 2.310 3 marks
(d) AB = 2r sin(3) M1
=1.83r Al
Answer: AB = 1.83r 2 marks
29 (9 marks)
(a) The centre C of the small circle is on the bisector of angle AOB, at distance d from O B1
The perpendicular from C to OA haslengthr =d sin % = g sod=2r M1 A1
The circletouchesthearc: d+r=R, s0 R =3r M1 A1
Answer: shown 5 marks
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1 _,m _ mR?
(b)SeCtor—§R§— 6 M1
. R nR?
Cirde=mnr’=m(35)*= —5- M1
: _nR?> nR? _ nR?
Difference = 65— 9 - 18 Al
2
Answer: % 3 marks
nR  mR? 1
© 3576 =3 Al
Answer: % 1 mark
30 (9 marks)
(a) Segment = sector — triangle M1
Sector = %rze, triangle = %rz sin® M1 Al
Answer: shown 3 marks
b)S~ 220 —0+2
( ) -~ 2 ( 6) M1
293
= KV Al
Answer: shown 2 marks
() S=50(0.1 — sin 0.1) = 0.008329 M1 A1
Approximation = w =0.008333 Al
Percentage error = 0.050% Al
Answer: S = 0.008329, approx 0.008333, error 0.050% 4 marks
Trigonometric I dentities
1 (2 marks)
3(sin’x + cos’x) = 3 B1
¢ _sinx y .
AN X COSX = o= X COSX = Sin X B1
Answer: (a) 3; (b) sin x 2 marks
2 (3 marks)
20— 1 — o0 = 1 _ 2D _ 144
sin“B=1—-cos0=1 160 = 169 M1 A1
. _ 12 _snB _ 12
Gacutesosne—ﬁandtane—cose—? Al
Anwa:gnez%,tan9=%2 3 marks
3 (2 marks)
(a) 4(1 — cos’0) = 4sin’ B1
. . sinx _
(b) sinx + cosx — COSX B1
Answer: (a) 4 sin’0, (b) cos x 2 marks
4 (2 marks)
Use aright-angled triangle with opposite 3 and adjacent 4; hypotenuse =9+ 16 =5 M1
'6—3 e_4
SNno = 5 COsS O = 5 Al
. 3 4
Answer: sm9=§,cosezg 2 marks
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5 (2 marks)
cos’x = 1 — sin M1
So the expressionis 1 + 2 sin’x, a= 2 Al
Answer: a=2 2 marks
6 (2 marks)
Expand: sin®x + 2 Sin X cOS X + COs?X — 2 Sin X COS X M1
=sin’ +cos?x = 1 Al
Answer: 1 2 marks
7 (3 marks)
1 — cos’ = sin’x M1
sn’x  _ sinx
sinx cosx ~ cosX M1
=tan X Al
Answer: shown 3 marks
8 (3 marks)
B 144 25
COSZG =1- 169 ~ 169 M1
0 is obtuse so cos O is negative: cos 6 = —1—53 Al
_12, .5 12
tane—l—gv(-l—?,)— 5 Al
Answer: c0s @ = ——= tan @ = — =2
nswer: cos@ = -3, tan @ = -+ 3 marks
9 (2 marks)
LHS = cos’x — (1 — cos’X) M1
=2cos’x — 1 =RHS Al
Answer: proved 2 marks
10 (3 marks)
_ sinx ~ cosx
LHS = cosx T Enx M1
_ sin®x + cos’x
T sinxcosx M1
_ 1
~ dnxcosx Al
Answer: proved 3 marks
11 (3 marks)
Multiply numerator and denominator of LHS by (1 + sin x) M1
(1—snx)(1+sinx) _ 1—sin%X
cosx (L+sinx) ~ cosx (1+sinx) M1
_ cos’x . COSX
T cosx(l+sinx) ~ 1+sinx Al
Answer: shown 3 marks
12 (3 marks)
in9=1—2-23
sn‘9=1 9-79 M1
sin O is negative in the third quadrant: sin 8 = — 3 Al
_sin6 _ 5
tan 6 = S0 = 2 Al
Answer : sin(-):—lg,tan(-):lg 3 marks
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13 (3 marks)
Divide numerator and denominator by cos 6
tan6+2 _ 2+2
3tan6 -1~ 6-1
4

5

4

Answer: 5

14 (4 marks)

_sin® + (1 + cos x)?

LHS= (1 + cosx) sin x

SiN?X + 1+ 2C0SX + C0SX _ 2+ 200S X

(1 + cosx) sin x ~ (1+cosx)sinx

_ 2(1+cosx) _ 2 _

~ (L+cosx)sinx ~ sinx =RHS

Answer: proved

15 (6 marks)
(@) 4 = 4(sin’0 + cos’0), so 3sin%0 + 5 cos’0 = 4 sin’0 + 4 cos’0
cos’0 = sin’
Divide by cos®0: tan’0 = 1
tanO=1lortan®=—-1
Answer: tan O = 1
(b) 3(1 — cos?0) + 5 cos’0 = 3 + 2cos?0
Least value is 3 (when cos 6 = 0)
Answer: 3 + 2c0s°0; least value 3

16 (4 marks)
1 —cosx)+ (1+cosx
LHS= ((l + cos 3)(1(— cos x))
-2
~ 1 — cos’x
_ 2
"~ sin

Answer: proved

17 (4 marks)
tan®x — sin® = tan®x — tan®x cos’x
= tan®x(1 — cosx)
= tan’x sin®x
Answer: proved

18 (6 marks)
(a)cosezg,sinez%
2 2
%-'-yT:l
2 2
Answer: 75 + % =1
. _X=2 _y—1
(b)sme—T,cose—T

(x — 2)?+ (y — 1)? = 16, acircle of radius 4
Answer: (x — 22+ (y — 1)2=16
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19 (5 marks)
1 . 1—sin%x
(a)f(X)—m—Slnx_W M1
_ cos’X
T osinx Al
Answer: shown 2 marks
(b) cos?x = 0 and, for 0° < x < 180°, sin x > 0 M1
c0s?X
snx = 0 Al
f(x) = 0 only when cos x = 0, that is x = 90° B1
Answer: f(x) = 0; x = 90° 3 marks
20 (7 marks)
(a) cos’x = 1 — sin®x M1
f(x)=2—2sin> —3sinx+1=3—3sinx — 2sin’x Al
Answer: shown 2 marks
(b) Lets=sinx:f=3 —3s— 2s :3—5—2(s+%)2 M1 A1
Greatest % as= —%, which is possible Al
Least at s= 1 (furthest from —%): 3—-3—-2=-2 M1 Al
Answer: greatest %3, least =2 5 marks
21 (8 marks)
(a) Expanding: Sin“0 + 2 sin © cos 0 + cos’0 + sin0 — 2 sin © cos O + cos’0 M1
= 2(sin’0 + cos?0) = 2 Al
Answer: proved 2 marks
(b) Squaring the given equation: 1 + 2sin 6 cos 6 = %, sosinB cosO = —% M1 AL
From (a): (Sn® — cos0)?=2 — % M1
7
= Vi Al
Answer: —% and % 4 marks
(c) sin®0 + cos®@ = (sin O + cos B)(1 — sin O cos 0) M1
1 3 11
=21+3) =1 AL
Answer: % 2 marks
22 (9 marks)
(a) ya® + b? isnot a+ b: square roots cannot be taken term by term E1
Counter-example x = 45°: Sin x + cosx =2 # 1 B1
Answer: root of a sum isnot the sum of roots; e.g. x = 45° 2 marks
cos?X + Sin®x 1
+ 2 = =
(b) 1 + tan“x ox p—y M1 A1l
2y _ «in2
1_tan2X= COS™X 2SlnX M1
cos*x
a2
Dividing: (cosx = dn%) CoS?X = €os’X — Sinx Al
cos’x
Answer: proved 4 marks
_ _ 11— cos’
© cosx  9OSX= Tosx M1
_sinx
~ cos x Al
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. Sin X
=snXxx

oS X = sinx tan x Al
Answer: proved 3 marks
23 (8 marks)
(a) Difference of two squares: (sin’x — cos?x)(sin?x + cos’X) M1 AL
= sin?x — cos’x Al
Answer: proved 3 marks
(b)sinzx—(l—sinzx):%,sosinzx:% M1 A1l
sinx = ilg M1
X = 60°, 120°, 240°, 300° A1 Al
Answer: x = 60°, 120°, 240°, 300° 5 marks
24 (5 marks)
2
(@ cos’0=1—sn0=1- % M1 AL
_ 2X2 _ 2X2
y—4+2—?—6—? Al
Answer: shown 3 marks
(b) -1=snB<=1gives—3<=x<3 B1
0<cos’® <1gives4d<y=<6 B1
Answer: —3=x=3,4=sy=<6 2 marks
25 (7 marks)
(a) sin®x + cos® is asum of cubes = (sin x + cos X)(sin’x — sin X CoS X + COS°X) M1 Al
= (sinx + cos x)(1 — sin X cos X) Al
Answer: proved 3 marks
. 36 . 11
(b)Square:1+29nxcosx=2—5,sosmxcosx=% M1 Al
. 6 11 117
sin®x + cos’x = £(1 — 55) = 55 M1 AL
A S 11117
nswer: 50 125 4 marks
26 (8 marks)
(a) tan’x = sec®x — 1 M1
3sec’™x —3+5secx+1=0 M1
3sec’x +5secx —2=0 Al
Answer: shown 3 marks
(b)(3secx—1)(secx+2)=0,sosecx=%orsecx=—2 M1 Al
secx:%isimpossible,since|secx|2 1for al x El
COSX = —%, S0 X = 120° or 240° M1 Al
Answer: x = 120°, 240° 5 marks
27 (9 marks)
_(L+sinx) — (1 —sinx)
@ LHS = =g —gn9a+sn» M1 AL
_2snx .
T 1-—sin
_ 2sinx Al
"~ cos’
Answer: proved 4 marks
2sinx . . .
(b) === =4sinx, s02sinx =4snXx cos’x M1
cos?x
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2 sin x(1 — 2cos?x) = 0 (do not divide by sin x)
sinx = 0: x =0°, 180°, 360°
COSPX = =, 50 COS X = + =

> 7
X = 45°,135°, 225°, 315° (cos x # O at all of these)
Answer: x = 0°, 45°, 135°, 180°, 225°, 315°, 360°

28 (10 marks)
(@ x —2=3snBandy —1=—-3cosb
(x — 2%+ (y — 1)>=9sin0 + 9 cos’0
=9, acircle with centre (2, 1) and radius 3
Answer: (x — 2>+ (y — 1)°=9
(b) x*> =sin®0 + 2sin O cos O + cos’0
=1+2
so2y=x2—-1
Answer: 2y =x*> — 1
(€) (snB® —cos0)?=0,501—2sinBcos® =0

hencey =sin 0 cos 0 = %

x?=1+2y < 2, s0 greatest x is42
. 1 -
Answer: y = ; greatest X isy2

29 (12 marks)
(@) Let p=sin®x, q=cos’x,p+q=1
p°+q°=(p+0q)°— 3pg(p+0)
=1 — 3pq=1— 3sin’ cos’x
Answer: shown
(b) 1~ 3sinx(1 — ) = 15
3sin’x — 3sin'x = 75, 048 sin'x — 48’ + 9= 0
Divideby 3: 16 sin*x — 16 sin’x +3=0
Answer: shown
(€) (4sin>x — 1)(4sin’x —3)=0
sinx:i% orsinx:ilg
x = 30°, 60°, 120°, 150°, 210°, 240°, 300°, 330°
Answer: x = 30°, 60°, 120°, 150°, 210°, 240°, 300°, 330°

30 (11 marks)
., _1-—sn%
(a) cosec © —smG—W
_ cos?0 . Ll 0_ e_1—cos29_sjn29
= §gng Smilaly sec COSY="0s0  ~ cosO
Answer: shown
4 H )
(b) a®b? = 3),?23 x :0222 = sin’0 cos’0
5> .o _ 00s’ +sin%0
& b= sin?0 cos*0
 Aaan? 2
= %, using sin® + cos® = 1 — 3 sin’cos’

Answer: shown
(c) Let k = sin’ cos0: a’b? = k

2 2 _l_3k _1
a+b?+3==7—+3=
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So (@ +b2+3) =kx x =1 AL

Answer: proved 4 marks

Trigonometric Equations

1 (2 marks)

x=sn"Y(3) = 30° M1

Also x = 180° — 30° = 150° Al

Answer: x = 30°, 150° 2 marks
2 (3 marks)

x = cos™}(—0.4) = 113.6° M1 Al

By symmetry of the graph, the other solution is 360° — 113.6° = 246.4° Al

Answer: x = 113.6°, 246.4° 3 marks
3 (2 marks)

X =tan~11 = 45° M1

tan has period 180°, so x = 45° + 180° = 225° Al

Answer: x = 45°, 225° 2 marks
4 (3 marks)

sin~}(—0.3) = —17.5°; reference angle 17.5° M1

Third and fourth quadrants: x = 180° + 17.5° and 360° — 17.5° M1

x = 197.5, 342.5° Al

Answer: x =197.5, 342.5° 3 marks
5 (3 marks)

Let O =2x,0° = 0 < 720°: 6 = 60°, 120°, 420°, 480° M1 A1

x = 30°, 60°, 210°, 240° Al

Answer: x = 30°, 60°, 210°, 240° 3 marks
6 (3 marks)

tanx = 2

anx=z M1

x =59.0° and 239.0° A1Al

Answer: x = 59.0, 239.0° 3 marks
7 (4 marks)

Let 6 = 2x, with0° = 6 = 720° M1

sin 0 =0.6: 6 = 36.9°, 143.1°, 396.9°, 503.1° M1 A1

Xx=0+2=184, 716, 198.4, 251.6° Al

Answer: x =18.4, 71.6, 198.4, 251.6° 4 marks
8 (3 marks)

x — 30° =tan"'2 = 63.4° M1

x — 30° = 63.4° or 243.4° Al

X =934, 273.4° Al

Answer: X =934, 273.4° 3 marks
9 (4 marks)

20° = x + 20° = 380° B1

X + 20° = 120° or 240° M1 A1

X = 100° or 220° Al

Answer: x = 100°, 220° 4 marks
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10 (4 marks)
Either cos x = %: X = 60° or 300° M1 A1l
Ortanx = —1: x = 135° or 315° M1 Al
Answer: X = 60°, 135°, 300°, 315° 4 marks
11 (3 marks)
inx=t ox=m
sinX=3,0X=% M1 A1l
__ o _bn
X=1II 5~ 6 Al
A .. _ o 5
nswer: X_E’ 6 3 marks
12 (4 marks)
_ 1
COSX =*75 M1
COS X = %: 60°, 300°; cosx = —%: 120°, 240° Al A1
X = 60°, 120°, 240°, 300° Al
Answer: x = 60°, 120°, 240°, 300° 4 marks
13 (4 marks)
0° = 2x =< 360° B1
2x = 135° or 315° M1 Al
X = 67.5° or 157.5° Al
Answer: X = 67.5°, 157.5° 4 marks
14 (5 marks)
Factorise: (2sinx — 1)(sinx+1) =0 M1 Al
sinX:%:x:30°, 150° M1 A1l
sinx = —1: x = 270° Al
Answer: x = 30°, 150°, 270° 5 marks
15 (6 marks)
Usecos’x =1 — sin’x; 2 — 2sin> +3sinx =3 M1
2sin’x —3sinx+1=0 Al
(2snx — 1)(snx—1)=0 M1
sinx:%:x:30°, 150° A1 AL
sinx=1: x=90° Al
Answer: x = 30°, 90°, 150° 6 marks
16 (5 marks)
(tanx + 3)(tanx — 2) =0 M1 Al
tan X = 2: x = 63.4°, 243.4° Al
tan x = —3: x = 108.4°, 288.4° M1 Al
Answer: X = 63.4, 108.4, 243.4, 288.4° 5 marks
17 (5 marks)
cos(ZX—%):%,and—%SZX—%ss?H M1 A1
oy — L __no I o1
X—37 733 73 M1 A1l
_ II
X =0, 5.0 Al
II
Answer: x =0, 3,10 5 marks
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18 (4 marks)

2+ 1.5sin(0.8t) = 3.2, so sin(0.8t) = 0.8 M1 Al

0.8t =0.9273 or m — 0.9273 =2.214 M1

t=116sand 2.77 s Al

Answer: t =1.16, 2.77 4 marks
19 (5 marks)

3cosx = 2(1 — cos’X), s0 2 cos’X + 3cosx — 2=0 M1 Al

(2cosx — 1)(cosx+2)=0 M1

cos X = —2 isimpossible since cosx = —1 El

cosx:%: X = 60°, 300° Al

Answer: x = 60°, 300° 5 marks
20 (7 marks)

(a) cos(2x + %) = - 22 M1

_ o o 17
LHG—ZX+Z,wzieST M1
g 30 5 lim 13n
=4 a4 M1 A1
_ I _ o nm 5o 3o
2X—e—z,SOX—2,7,T,7 Al
A o m 5o 3
nswer: X 2' 2 40D 5 marks

(b) The graph has period 11, 0 in 411 there are four periods M1

Each period gives 2 solutions, so 8 solutions Al

Answer: 8 2 marks
21 (7 marks)

snx _ . . A

€)] COSX—Zsmx,sosmx—ZSlnxcosx(cosx;t0) M1

sinx(1 — 2cosx) =0 M1

sinx = 0: x = 0°, 180°, 360° Al

cosx:%: X = 60°, 300° M1 A1l

Answer: x = 0°, 60°, 180°, 300°, 360° 5 marks

(b) Dividing by sin x assumes sin x # 0, but sin x = 0 is a possible solution El

The solutions x = 0°, 180° and 360° are lost B1

Answer: solutions with sin x = 0 arelost: 0°, 180°, 360° 2 marks
22 (7 marks)

sinx _ . _ 5

(a)3cosx—8003x,soSsmx-8003x M1 AL

3sinx=8(1 — sin’x),s08sin> +3sinx —8=0 Al

Answer: shown 3 marks

(b) sinx = ﬁg@ M1

sin x = 0.8299 (the other root —1.205 is rejected) Al

X =56.1° or 123.9° M1 A1

Answer: x = 56.1°, 123.9° 4 marks
23 (6 marks)

Range: —30° = 3x — 30° = 510° M1 A1l

3x — 30° = 30°, 150°, 390°, 510° M1 A1

3x = 60°, 180°, 420°, 540° Al

x = 20°, 60°, 140°, 180° Al

Answer: x = 20°, 60°, 140°, 180° 6 marks
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24 (6 marks)
Case 1. 2x — 30° = x + 45° + 360°n, so x = 75° + 360°n M1 A1l
Case 2: 2x — 30° = —(x + 45°) + 360°n, so 3x = —15° + 360°n M1 A1
X = —5°+120°n gives x = 115°, 235°, 355° M1
X =75°, 115°, 235°, 355° Al
Answer: x = 75°, 115°, 235°, 355° 6 marks
25 (6 marks)
(a) Two (sineis positive in two quadrants) B1
Answer: 2 1 mark
(b) Three cyclesin the interval, 2 per cycle M1
6 solutions Al
Answer: 6 2 marks
(c)0° = % =< 180°, which is one period of tan M1
1 solution Al
Answer: 1 2 marks
(d) Only x = 180° B1
Answer: 1 1 mark
26 (9 marks)
(@) sin? = (1.5 — 2 cos x)? = 2.25 — 6 COS X + 4 C0S*X M1
1 — cos’ = 2.25 — 6 cos X + 4 cos>X M1
5cos’x — 6 cosx + 1.25=0, s0 20 cos’x — 24 cosx +5=0 Al
Answer: shown 3 marks
(b) cos x = 24%01@ = 0.9317 or 0.2683 M1 AL
Candidates: x = 21.3°, 74.4° (from the first) and x = 285.6°, 338.7° (from the second) M1
Squaring can introduce false roots, so test insin x + 2 cos x = 1.5 M1
21.3° and 285.6° give 2.23 and —0.43, so are rejected Al
X =74.4° or 338.7° Al
Answer: x = 74.4°, 338.7° 6 marks
27 (11 marks)
(@) Usesin® =1 — cos?X: 6 — 6 cos?X + cos X = 4 M1 Al
Rearranging: 6 cos’x — cosx — 2=0 Al
Answer: shown 3 marks
(b) (3cosx — 2)(2cosx +1) =0 M1 Al
COS X = %: X =48.2°, 311.8° M1 Al
COS X = —%: x = 120°, 240° Al
Answer: x = 48.2°, 120°, 240°, 311.8° 5 marks
(C) 6SiN> + COS X = 6 — 6 COSX + COS X M1
1 1
=6+ 57 — 6(cosx — 75)° M1
145 1
Greatest value a5 6.04 (3 s.f.) when cos x = £ Al
Answer: 95 i _1
nswer: 2% when Cos X = 12 3 marks
28 (10 marks)
(a) Divide every term by cos?x M1
2tan’x — 3tanx+1=0 Al
Answer: shown 2 marks
(b) Qtanx — 1)(tanx — 1) =0 M1
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tanx = %: X = 26.6°, 206.6° M1 A1l
tan x = 1. x = 45°, 225° Al
If cosx = 0 then sin® = 1 and the left side equals 2, not O E1
Answer: x = 26.6°, 45°, 206.6°, 225° 5 marks
(c) Let x = 2y, with 0° = x = 360°; the solutions are those found in (b) M1
2y = 26.6°, 45°, 206.6°, 225° Al
y =13.3° 22.5° 103.3°, 112.5° Al
Answer: y = 13.3°, 22.5°, 103.3°, 112.5° 3 marks
29 (10 marks)
(@) 2sin?30° +psin30°—1=0 M1
2><%+%—1:0,90p:1 Al
Answer: p=1 2 marks
(b)2sin> +sinx —1=(2sinx — 1)(snx+1)=0 M1 Al
sinx = 3: x = 30°, 150° AL
sinx = —1: x = 270° Al
Answer: x = 30°, 150°, 270° 4 marks
. 1, 9
(© 2(smx+z) — 35 M1 Al
Leastvalue—%,whensinx:—% Al
X =194.5° (and 345.5°) Al
Answer: —% at x =194.5° 4 marks
30 (9 marks)
i o 151
(a)—zs2x—ZsT M1 Al
2 _n_u 4o 7un 10m
X= 273333 MLAL
oy = 7o 19n 3lo 430 _ 7o 19 3lm 43n;
XTI 12 12 PXT 28 28 28 A Al
A .o _ /m 19m 3lm 431
nswer . X_ﬂ’ o4 24 o4 5 marks
_ 7+ 191 + 31 + 430 _ 100m
(b) Sum = o7 =z M1
_ 251
~ 76 A
Answer: shown 2 marks
(C)ZX—%:%+HH M1
_7m
X=247 72 Al
A .. _ o 4 o
nSWGI‘.X—ﬁ > 2 marks
Reciprocal and Inverse Trigonometric Functions
1 (3 marks)
o _ 1 _
sec 60° = o5 60° =2 B1
o__ 1 _
cosec 45° = Snase ~ \/E Bl
cot 30° = ﬁ = \/§ B1
Answer: (a) 2; (b) 2; (©) 3 3 marks
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2 (3 marks)
.o_q1,1 o
sin 1(5) =% B1
cos'}(=1) =mn B1
—1 _ I
tan™(1) = 7 B1
Answer: (a) %; (b) 1x; (c) % 3 marks
3 (3 marks)
o — 1 _— 1_ = -
(8) sec 120° = oo = =373 = 2 B1
o__ 1 _
(b) cot 45 —m—l B1
o _ 1 __
(C) cosec 210° = Snoi0° - 2 B1
Answer: (a) =2, (b) 1, (¢) =2 3 marks
4 (3 marks)
1 _
(@) 7o = 0364 B1
1 _
(b) oS 25° 1.10 Bl
1 _
(C) Sn100° — 1.02 B1
Answer: 0.364, 1.10, 1.02 3 marks
5 (3 marks)
II
@ -5 B1
II
(b) 3 B1
II
(© v B1
Answer: —%, %, —% 3 marks
6 (2 marks)
cosx|=1,s0jsecx|=1ly<—-l1lory=1 B1
cosx = —1at x =180° B1
Answer:y = —=lory=1; x=180° 2 marks
7 (3 marks)
(a) cosec x is undefined where sin x = 0: x = 0°, 180°, 360° B1
Answer: x = 0°, 180°, 360° 1 mark
(b) Turning points where sin x = +1: (90°, 1) and (270°, —1) B1
Rangey = —-lory=1 B1
Answer: (90°, 1), (270°, =1);y=—=lory=1 2 marks
8 (3 marks)
1 _, _1
cosx _ & SPCOSX=73 M1
X = 60° Al
X =360° — 60° = 300° Al
Answer: x = 60°, 300° 3 marks
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9 (3 marks)
tanx = £
anx=z M1
X = 26.6° Al
x = 180° + 26.6° = 206.6° Al
Answer: X = 26.6°, 206.6° 3 marks
10 (4 marks)
1 « snx _ 1 _
@ Snx *cosx _ cosx _ XX MLAL
- in2
(b) numerator = cosx — COsXx = ! CO(;(:(SZX = ?Or;); M1
Divide by sin x: 302))(( =tan x Al
Answer: (a) sec X, (b) tan x 4 marks
11 (3 marks)
1 . 1-—sn%
LHS—m—SnX—W M1
_ cos*
T osinx Al
_ o COSX _ t
= COSX X 5 = = COS X COt X Al
Answer: proved 3 marks
12 (4 marks)
Sec X = ﬁ; asymptotes where cos x = 0: x = 90°, 270° B1B1
Turning points at (0°, 1), (180°, —1), (360°, 1) B1
Branches never enter —1<y<1 B1
Answer: see sketch 4 marks
y A . .
x = 90° = 270°
° ! !
24 /0 I o
1 (02/1) i i(3 , 1)
1 1 g
_IU_ 9f° 270° X
1 °,41)
-2 i |
3 ! :
] [}
—4 4 1 1
13 (9 marks)
(a) Trandation by 1 unit to the left B1
Stretch of scale factor 2 in the y-direction B1
Tranglation by 11 units upwards B1
Answer: trandate 1 left; stretch factor 2 iny; trandate mm up 3 marks
(b) Domain: =1 =x+1=<1s0-2=<x=0 B1
End points (=2, 2(-%) + 1) = (=2, 0) and (0, 2m) B1B1
Passes through (—1, 11), with the arcsin shape B1
Answer: see sketch 4 marks
(c) arcsin(x + 1) = M1
o
x+1—smz—2,sox—2—l Al
AnSIVGI‘:X:g—l 2 marks
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(0, 2m)

v

X
14 (4 marks)
Shape: decreasing branches between the asymptotes B1
Asymptotes x = 0°, 180°, 360° (where tan x = 0) B1
cot x = 0 when tan x is undefined: (90°, 0) and (270°, Q) B1B1
Answer: see sketch 4 marks
y

»
>

1
1
1
1
1
1
1
1
1
1
I
0°  270°N\_ 360°X
1
1
1
1
1
1
1
1

[
WP RN W e
/

o o

-4
15 (6 marks)
; + cot _sinx+cosx_sin2x+coszx
(@) tanx + cot x = cosX sinx ~ sinXcosX MLAL
=-§ﬁ;75§;-=cosa:xsa:x Al
Answer: proved 3 marks
(b) Lett=tanx:t+%=g,802t2— 5t+2=0,(2t—1)(t—2)=0 M1
tanx = % or2 Al
X = 26.6° or 63.4° Al
Answer: x = 26.6°, 63.4° 3 marks
16 (5 marks)
sec’x = 1 +tan’x, so 2tan’x — 5tanx — 3=0 M1 Al
(RQtanx +1)(tanx — 3) =0 M1
tanx = 3: x = 71.6°, 251.6° Al
tan x = —%: X = 153.4°, 333.4° Al
Answer: X = 71.6, 153.4, 251.6, 333.4° 5 marks
17 (7 marks)
tan(A — B) = 4;3
(a) tan( )= T34%3 M1
-1
=13 Al
Answer: —
nswer: 13 2 marks
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34
(b)tan(A+B):1_£x1 M1
275
_ 7.9 _7
“10710°9 AL
Answer : % 2 marks
X—-—x _1
© 1vae =2 L
Ax=1+3x%s03x° —4x+1=0 M1
(3x—1)(x—1):0,sox:%orx:l Al
Answer:x=%orx=1 3 marks
18 (4 marks)
_ 2m, _ 1
(8) 3x=cos(5) = —5 M1
-_1
X==5% Al
1
Answer: x = -5 2 marks
oy 12
(b)x—l—sn(z)— > M1
x=1+ g Al
AnaNer:x:1+3g 2 marks
19 (5 marks)
(@) Asx — *oo, tan~x — J_r% B1
II II
y=zady=—= B1
II
Answer:y = > 2 marks
_ II _ II
(b) tan~*(y/3) = 5, tan"}(+/3) = =5, UM = 0 M1 AL
The graph has rotational symmetry about O (it is an odd function) El
Answer: 0 3 marks
20 (4 marks)
_1+snx
LHS = oS X M1
_(1+snx)(1—snx)
~  cosx (1—sinx) M1
_1-sn> _ cosx
T cosx(l—sinx) ~ 1-—sinx ALAL
Answer: proved 4 marks
21 (7 marks)
Use cot?x = cosec® — 1: 2 cosec’x — 2 = cosec X + 1 M1 AL
2 cosec® — cosec X — 3=0 Al
(2 cosec x — 3)(cosec x +1) =0 M1
cosecx:%: sinx = %,x:41.8°, 138.2° M1 A1
cosec x = —1:sinx = —1, x = 270° Al
Answer: x =41.8°, 138.2°, 270° 7 marks
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22 (8 marks)
(a) Reflection of the principa part of y = sin x in the liney = X: increasing, through the origin B1
Domain—lsxsl,range—%sys% B1
End points (-1, —%) and (1, %) B1
Answer: see sketch 3 marks
_ .o _ 1
(b)2x—1—sm€—§ M1
-3
X=7 Al
3
Answer: x = 2 2 marks
(c) Let® =sin~ 1153,sosm6- 53and9|sacute B1
_ | 25 12
cosO =41 — 169 - 13 M1
_snb _ 5
an 6 = cos0 Al
A 2 and o
nswer . 3 an 3 marks
y A
/2 - (1, m/2)
-1 1 x
-T1/2
(-1, -/2)
23 (9 marks)
(a)Le‘cy:l+3'5;in2x,sosin2x:y;:_,,1 M1
2X = arcsm(y ) sox—%arcsm(y ) M1
70 = 5 arcsn(* 5) A1
Answer: f~1(x) = arcsm( l) 3 marks
(b) Domain of f~ 1=rangeoff: —2=<x<4 B1
Range of f~* = domain of f: —% sy=< % B1
End points (-2, —%) and (4, 7) B1
Crosses the axis at (1, 0), with the arcsin shape B1
Answer: see sketch 4 marks
1 o X—10 I x—1_ . 1m_1
(c)zarcsm(—3 )—12,30 3 =Sng =5 M1
)
X=3 Al
5
Answer: X = > 2 marks
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y 3
(4, w/4)
/4 -
-2 1(1, 0) 4 X
-1/4
(-2, -m/4
24 (7 marks)
in 51 _1
(@) sin 5 =3 M1
sin‘l(%) = %; therange of sin"tis [-%, %], and %H lies outside it Al E1
Answer: % 3 marks
(b) tan 3 = —1 M1
-1 _ _E
tan™(—1) = 7 Al
Answer: —% 2 marks
(© Letcosezgwithein[O,r[],sosine20 M1
o 9 _4
sin =41 — 25 -5 Al
Answer: % 2 marks
25 (7 marks)
(a)secx:%meanscosxzz, which isimpossible El
Answer: cos X = 2 impossible 1 mark
(b) Solutions exist when |cos x| = I_tl =l so0kl=1 M1 Al
Answer: k = —=lork=1 2 marks
k=2 cosx:%,x:60°,300° B1B1
k=—2:cosx = —%, X = 120°, 240° B1B1
Answer: k = 2: 60°, 300°; k = —2: 120°, 240° 4 marks
26 (7 marks)
(a) Period 180°; asymptotes where sin 2x = 0: x = 0°, 90°, 180° B1B1
Minimum value of the upper branch is 3 at 2x = 90°: (45°, 3) B1
Maximum of the lower branch is —3 at 2x = 270°: (135°, —3) B1
Answer: see sketch 4 marks
(b)3cosec2x=6,sosin2x=% M1
2x = 30° or 150°, x = 15° or 75° A1A1
Answer: x = 15°, 75° 3 marks
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1N
ol
o
(=]
e ——— . ———

N ° 135¢ 180° M
|
—3 L m‘ _Ih)
|
—6 - 1
27 (10 marks)

(a) Expand: sec®x — tan®x
Use 1 + tan®x = sec?x

S0 sec’x — tan’x = 1
Answer: shown

(b) From(a):secx—tanx:%

Adding the equations. 2 sec X = g SO SeC X = %

4 1 3 S .. . .
cosx = ¢ and tan X = sec X — 5 = —, which is positive, so x isin the first quadrant

5 2 4
X = 36.9° (the solution 323.1° has tan x < 0 and is rejected)
Answer: x = 36.9°
(c) If sec x + tan x = 0, then the product in (a) would be 0
but the product is always 1, which is a contradiction
Answer: product isalways 1

28 (12 marks)
(a) Let6=tan‘1x,sotan9=xand0<6<%
i _ _1
Then tan(5 — 6)—cot9—;

II

and % — @ isintherange of tan~%, sotan_l(%) =5 — 6, giving the result

Answer: proved

a1 a1 _ tanA+tanB
_2+3 _
"1-6- 1
A+Bisbetween%andn(asA,B>%)
_ 3o
SOA+B—T
Answer: proved
(c) Take tan of both sides: 22 = 1

X=1—2x3,02x*+3x—1=0

. —3:;3[17

X>0,§)X=ﬂ

4

AnSNer: X = ﬂ

4
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29 (12 marks)

(a) Lety:sin‘lx,sox:sinywith—%sys%

x:siny:cos(%—y)

% — y liesin [0, 1], the range of cos™?, so cos™*x = 5

. _ II
Hence sin~*x + cos 1x=7

Answer: proved

— II P
(b) cos™x = » — sin"x

sn"x=1m — 2sin"!x, sosin"x =

_ 3

Answer: X = 3

2
] o _ 51
(c)2sin™x + 5= %

iy I o1
sn X—6,X—2

N| -

Answer: X =

30 (10 marks)

(@) Let © = arctan x, so tan 6 = x

Thensin® = ——
w/1+x2

sin20=2sin0 cosO = 2

1+Xx

Answer: shown
2X 24

2

3

1+x

and cos O = ——

2

(b) =£,soz4x2—50x+24=o

1+ x?

II

12x2 — 25x +12=0,(3x — 4)(4x — 3) =0

_ 4 _ 3
X—§0|'X—Z

. _ 4 _ 3
AnSNer.x—§orx—Z

2x _(1—x)2>
1+x2 1+x2 =
Equality when x = 1
Answer: x =1

(cl-

0

-y

Compound and Double Angle Formulae

1 (3 marks)

sin(45° + 30°) = sin 45° cos 30° + cos 45° sin 30°

V2 3 2 1
_gxg+gx§
_6+y2

4
Answer: shown
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2 (3 marks)
cosO = % (3, 4, 5 triangle)
- R _ 3 4 _ 24
sm26—25|n9c059—2><§><§_E
C_osn0-1_18_7
cos20=1—-2sn0=1 55 = 55
. _ 24 7
Answer: sin 26—2—5,c0520—2—5
3 (2 marks)
cos2x =1 — 2sin’
_ 2_7
=1-35=3
7
Answer: 5
4 (3 marks)
(@) 2 sin 20° cos 20° = sin 40°

(b) cos?’A — sin?A = cos 2A, so = cos 30°
_B
T2
Answer: (a) sin 40°, (b) 3@
5 (2 marks)

sin x cos 30° + cos x sin 30°

—E' +1
—25|nx 2COSX

3 . 1
Answer: g sin X + 5 COSX

6 (3 marks)
cos(45° — 30°) = cos 45° cos 30° + sin 45° sin 30°

BB L B
-2 2 2 2~ 4

Answer: shown

7 (5 marks)
2+ 1
_ tanA+tanB _ 3
@A +E) =T mA@nB - |2
3
_r.1_
e —my= 2 35,5
O ten(a —B)=—2 =3+ 3=
3

A — B isbetween —90° and 90° and tan(A — B) =1, s0A — B =
Answer: (a) 7; (b) tan(A — B)=1,s0A — B =45°

8 (5 marks)
sinA:%andcosB:%
(a)cos(A+B):%x%—%xl_53:%:%

33 16
Answer: (a) = (b) =
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9 (3 marks)
SiN(X +y) =sSiNX COSYy + COS X Siny
sin(x —y) =sin X cosy — cosx siny
Adding: 2 sin x cosy
Answer: proved

10 (4 marks)
2sinxcosx —cosx =0
cosx (2sinx—1)=0

cosx =0:x=90° sinx = 1: X = 30°, 150°

2
Answer: x = 30°, 90°, 150°

11 (3 marks)

cos 20 = cos’0 — sin®0 = (cos © — sin B)(cos O + sin )

Cancel (cos® — sinB): cosO +sin O
Answer: shown

12 (5 marks)

The left-hand side is 4 sin(2x + x) = 4 sin 3x

sin3x = 5, and 0° = 3x = 540°

3x = 48.59°, 131.41°, 408.59°, 491.41°
X =16.2°, 43.8°, 136.2°, 163.8°

Answer: x = 16.2°, 43.8°, 136.2°, 163.8°

13 (6 marks)

(@) cos O = —% (6 isobtuse) and sin @ = —g (third quadrant)

. . 40,, 3 9, 4
cos(6 + @) =cos6 cosg — sinB sin@ = (-77)(-5) — (77)(-5)

_120+36 _ 156
T 205 205
156

Answer: 505

(b) sin(6 — @) =sinB® cosp — cosO sin g = (%)(-%) - (-%)(-%)

_ —27-160 _ 187
T 206 T 205
187

Answer: —T.S

14 (5 marks)

Usecos2x =2 cos’Xx — 1: 2cos’X —1=3cosx + 1

2cos’x —3cosx —2=0
(2cosx +1)(cosx —2) =0

. . 1
cos X = 2 isimpossible; cos x = -5

X = 120°, 240°
Answer: x = 120°, 240°

15 (7 marks)
(a) sin 3x = sin 2x coS X + €OS 2X Sin X

=2sinx cos’x + (1 — 2sin’) sin x
=2snx(1 — sin®) +sinx — 2sin’k
=3snx — 4sin’

Answer: proved

(b) LHS = sin 90° =
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1 1 3 1

RHS=3x 35 —4x(3)°=5—-5=1 B1

Answer: both sides equal 1 2 marks
16 (4 marks)

Sin 2X = 2 Sin X Cos X B1

1+cos2x =1+ 2cos’x — 1 =2 cos’x M1 A1

2 Sin X €oS X

———— =tanx Al

2 COS“X

Answer: proved 4 marks
17 (4 marks)

tanx+1 _ 3

1—tanx ~ M1

tanx+1:3—3tanx,sotanx:% M1 A1

X = 26.6°, 206.6° AL

Answer: X = 26.6°, 206.6° 4 marks
18 (4 marks)

The perpendicular from A bisects BC, sosin 9 = 1% = g M1 A1l

cos20 =1 — 2sin’0 M1

-1 18 7

TlT BT Al

Answer: sin @ = : cos 20 = -

nswer: sn o = 5 Cos =25 4 marks

19 (7 marks)

(@ snBcosa+cosOsinac=2sn0 M1

Divide by cos 6: tan © cosa + sin o = 2 tan 6 M1

tan 6 (2 — cosa) =sin « M1

_ sh«
tane——z_cosa Al
Answer: shown 4 marks
_ sn60°  _ 43 _ 1

(b)tan® = > —5s60r = 27372 = 7 M1 AL

0 = 30° or 210° Al

Answer: 0@ = 30°, 210° 3 marks
20 (9 marks)

tan 45° + tan 10°

(a) tan 55° = tan(45° + 10°) = T 755 o 17 M1
1+t
=T—% Al
1+t

Answer: 1—¢t 2 marks

(b) tan 35° = tan(45° — 10°) = T+ M1 AL
o o 1+t 1-t_

tan 55 tan35—1_t><m—l Al

Answer: 11—::; shown 3 marks

(c) 3cosB cos10° — 3sinB sin10° =2sin B cos 10° — 2 cos O sin 10° M1

Divide by cos 6 cos 10°: 3 — 3ttan 6 =2tan 6 — 2t M1 AL
_ _ 3+ 2t

3+2t—tan6(2+3t),sotan6—2+3t Al

Answer: shown 4 marks
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21 (9 marks)
(a) sin x cos 30° + cos x sin 30° = 2 cos X M1
Esinx+lcosx:2cosxso 3sinngcosx M1 A1
2 2 ’ 2 2
tanx =3 Al
X = 60°, 240° Al
Answer: X = 60°, 240° 5 marks
(b) cosA cosB — sinAsinB + cosA cosB +sin A sinB M1
=2cosA cosB Al
Answer: proved 2 marks
(c) Take A = 45°, B = 30°: cos 75° + cos 15° = 2 cos 45° cos 30° M1
=2x g X 3@ = 3@ Al
Answer: shown 2 marks
22 (8 marks)
@ % =3tanx M1
2 tan x = 3 tan x(1 — tan®x) = 3tan x — 3 tan’x M1
3tan®x —tanx =0, sotan x (3tan’x — 1) =0 Al
Answer: shown 3 marks
(b) tan x = 0: x = 0°, 180° B1
tan’x = <, sotan x = + = M1
3 B
x = 30°, 150° Al
Answer: x = 0°, 30°, 150°, 180° 3 marks
(c) When x = 45°, tan 2x = tan 90°, which is undefined M1
so the equation has no meaning there (the left side cannot equal 3) El
Answer: tan 90° is undefined 2 marks
23 (6 marks)
(@) 1 — cos 2x = 2 sin’X, sin 2x = 2 sin X COS X M1 AL
anx =tan X Al
2sin x cosx
Answer: proved 3 marks
2
(b) X = 22.5° tan 22,5° = L C0S45" _ 1- % M1 AL
Sin 45° E
2

=2J\/§E=\/§_ Al

Answer: shown 3 marks
24 (6 marks)
(&) 2sin X cosx = sin 2x M1
4 Sin X COS X COS 2X = 2 Sin 2X CoS 2X = sin 4x M1 A1l
Answer: shown 3 marks
(b) sin4x = % 0° = 4x = 720° M1
4x = 30°, 150°, 390°, 510° Al
X =7.5°, 37.5°, 97.5°, 127.5° Al
Answer: x = 7.5°, 37.5°, 97.5°, 127.5° 3 marks
25 (5 marks)
(a) Take A =B =90°: sin 180° = 0 but sin 90° + sin 90° = 2 M1 Al
Answer: false, A =B = 90° 2 marks
(b) Takex =0°:cos0° =1and 2 cos0° =2 M1 Al
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Answer: false, x = 0°
(c) True: thisisthe double angle formula for sine
Answer: true

26 (7 marks)
(@) cos2x =1 — 2sin’x
1-2sin’x+5snx+2=0,502sin’x —5snx —3=0
Answer: shown
(b) 2sinx + 1)(sinx —3)=0

sinx = —3 (SN x = 3 rejected)

_7u 1lo
T 6 6
A Lo _ M 1l
nswer.x—T,T

27 (12 marks)
(a) cos4x = 2 cos?2x — 1
=2(2cos’x — 1) -1
=8cos’x — 8cos’x +2 — 1 =8cos’x — 8 cos’x + 1
Answer: proved
(b) The equationiscos4x =0
4x = 90°, 270°, 450°, 630°, 810°, 990°, 1170°, 1350°
X =225° 67.5° 112.5°, 157.5°, 202.5°, 247.5°, 292.5°, 337.5°
Answer: x = 22.5° 67.5° 112.5°, 157.5°, 202.5°, 247.5°, 292.5°, 337.5°

() g =2c0s?225° — 1

co225 = 2712

4

C0s 22.5° = @ (positive as 22.5° is acute)

Answer : @

2
_8+y64—32 _2%42
(du= 16 -T2
From (b), u = cos?x takes the values c0s?22.5° = Z%E and cos’67.5°
S0 C0s?67.5° = Z%E and cos 67.5° = @
Answer: shown
28 (10 marks)
(@A+B=n—-C,sotan(A +B)=—tanC
tanA +tanB _ —tanC
I—tnAtng

tanA+tanB=—-tanC+tanAtanBtan C
tanA+tanB+tanC=tanAtanBtanC
Answer: proved
(b)2+3+tanC=6tanC

tanC=1

Answer:tanC =1

(c)tanA=29iv&ssinA=%;tanB=39ivessinB= ;tanC=1givessinC=

=
=
Ble

. . . . 2
Sinerule:a:b:c:smA:smB:smC:—:i'—

5
Multiply by y10: 22 : 3: {5

Answer: 22 : 3: 5
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29 (8 marks)
(a) cos 3x = cos(2x + X) = COS 2X COSX — Sin 2X Sin X M1
= (2 cos’x — 1) cosx — 2 sin®x cos X M1 A1
=2 cos’X — cosx — 2(1 — cos?X) cos X = 4 cos°x — 3 cos X Al
Answer: proved 4 marks
(b) Put x = 20°: cos 60° = 5 = 4c® — 3¢ M1
8c*—6c—1=0 Al
Answer: shown 2 marks
(c) For a cubic with leading coefficient 8, the product of the rootsis —_Tl) M1
_1
=3 Al
1
Answer : 8 2 marks
30 (10 marks)
(a) 108° = 180° — 72°, so cos 108° = —cos 72° El
cos 108° = cos(3 x 36°) = 4¢® — 3c and cos 72° = cos(2 x 36°) = 2¢* — 1 M1 Al
So4c® — 3c=—(2c? - 1) Al
Answer: shown 4 marks
(b) Expand (c+ 1)(4c> —2c — 1) =4c® — 2c> —c+4c> —2c— 1=4c*+2c> - 3c— 1 M1
c=—1isnot possible (cos 36° > 0), s04c> — 2c — 1=0,c= 2% g+ 16 M1 Al
cos36°>Osoc=l+45 Al
Answer: cos 36° = ! +4 > 4 marks
(c) cos72° = 2¢® — 1 M1
=px 8r25 4 3+, Y5-1 AL
Answer: shown 2 marks
R Formula
1 (3 marks)
Rcosa=5and Rsina =12 M1
R=y57+122 =13 Al
tanoc=%2,soo(=67.4° Al
Answer: 13 sin(x + 67.4°) 3 marks
2 (3 marks)
R cos(x + &) =R cosx cosa — Rsin X sin & M1
Rcosa=1,Rsna=1s0R=42 AL
tan o =1, so a = 45°; cos X — sin X =+/2 cos(X + 45°) Al
Answer: 2 cog(x + 45°) 3 marks
3 (3 marks)
R=y3?+4%=5 B1
Rcoso&=3,Rsinoc=4,sotan(x=% M1
a =53.13° Al
Answer: 5sin(x + 53.13°) 3 marks
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4 (3 marks)

R=4y3+1=2 Bl

Rcoson:\/§,Rsinoc:l,sotanoc:%,oc:30° M1 A1

Answer: 2 cos(x — 30°) 3 marks
5 (2 marks)

R= \/122 + 52 M1

=13 Al

Answer: 13 2 marks
6 (2 marks)

Smallest value of 6 sinx — 8 cosx is —10 M1

Smallest value=7 — 10 = —3 Al

Answer: —3 2 marks
7 (4 marks)

(@ Rsn(x —a)=Rsinxcosa — Rcosx sin o M1

Rcosa =3, Rsna =2 s0R=113 Al

tancx:%, o =33.7° Al

(b) Greatest value = R =13 B1

Answer: (a) 13 sin(x — 33.7°); (b) /13 4 marks
8 (3 marks)

5s8in(x + 53.13°) = 2, so sin(x + 53.13°) = 0.4 M1

X +53.13° = 23.58° or 156.42° (or 383.58°) M1

X = 103.3° or 330.4° Al

Answer: x = 103.3°, 330.4° 3 marks
9 (5 marks)

5sinx + 12 cosx = 13 sin(x + 67.38°) M1 Al

sin(x + 67.38°) = 1% M1

X + 67.38° = 27.49° or 152.51° Al

x = 85.1° (the first value gives x < 0; add 360° to get 320.1°) Al

Answer: x = 85.1, 320.1° 5 marks
10 (6 marks)

(@ R=42 B1

Rcoscle,Rsinoczl,socx:% M1 Al

Answer: y2 sin(x — %) 3 marks

(b)ﬁsin(x—%):l,sn(x—%):% M1

_o_om 3o
X= 272 Al
-
X=3,1 Al
II
Answer: x = 5,10 3 marks
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11 (5 marks)
_ _3 __ 0
R=y13,tana = 5, a =56.31 M1 A1
Greatest value = /13 = 3.61 B1
2X +56.31° = 90°, so x = 16.8° M1 Al
Answer: /13 sin(2x + 56.31°); max 3.61 at x = 16.8° 5 marks
12 (7 marks)
(@ Rcosax=8 Rsna=6 M1
R=464+36 =10 Al
tn o= o, a=3687° AL
Answer: 10 sin(x + 36.87°) 3 marks
(b) Greatest value is 10 B1
when x + 36.87° = 90°, so x = 53.13° B1
Answer: 10 when x = 53.13° 2 marks
(c) The denominator isleast when 8 sinx + 6 cosx = —10: 15— 10=5 M1
Greatest value = % =4 Al
Answer: 4 2 marks
13 (7 marks)
(@ Rcosa=3, Rsna=4 M1
R=5 Al
tana = %, o =53.13° Al
Answer: 5sin(@ — 53.13°) 3 marks
(b) Maximumh=4+5=9m B1
30t — 53.13 =90, sot = 4.77 hours B1
Answer: 9matt =4.77 2 marks
(¢) 4 +5sin(30t — 53.13)° = 6.5, so sin(30t — 53.13)° = 0.5 M1
30t — 53.13 =30, sot = 2.77 hours Al
Answer: t = 2.77 2 marks
14 (10 marks)
(@ R=y4°+3?=5 B1
tanon=%,socx=0.6435 M1 A1l
Answer: 5sin(@ — 0.6435) 3 marks
(b) Maximum T=15+5=20°C B1
it _ o
E — 0.6435 = 7 M1
t = 8.458, which is 08:27 Al
Answer: 20 °C at 08:27 3 marks
(c) 5sin(75 — 0.6435) = 2, S0 sin(75 — 0.6435) = 0.4 M1
o — 0.6435 = 0.4115 or 2.7301 M1 AL
t=4.030 and t = 12.89, that is 04:02 and 12:53 Al
Answer: 04:02 and 12:53 4 marks
15 (8 marks)
(@ R=13 B1
12 .
tan o = &, o =67.38 M1 A1
Answer: 13 sin(x — 67.38°) 3 marks
(b) Maximum 7 + 13 = 20 when x — 67.38° = 90°, x = 157.38° B1M1A1
Minimum 7 — 13 = —6 when x — 67.38° = 270°, x = 337.38° B1A1l
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Answer: max 20 at 157.38°; min —6 at 337.38° 5 marks
16 (6 marks)
2.§in 2x + cos 2x =5 sin(2x + 26.57°), tanoc:% M1 AL
Sin(2x + 26.57°) = % = 0.4472 M1
2x + 26.57° = 26.57°, 153.43°, 386.57° M1 A1
2x = 0°, 126.87°, 360°, so x = 0°, 63.4°, 180° Al
Answer: x = 0°, 63.4°, 180° 6 marks
17 (5 marks)
(a) Maximum value is 5, reached once M1 A1
Answer: 1 2 marks
(b) Theliney = 4 crosses the curve twice B1
Answer: 2 1 mark
(c) 6 > 5, the greatest value B1
Answer: 0 1 mark
(d) The least value, reached once B1
Answer: 1 1 mark
18 (6 marks)
R=y4+12 =4, tana =3, a = 60°, so y = 4 sin(x + 60°) M1A1AL
Maximum when x + 60° = 90°: (30°, 4); minimum when x + 60° = 270°: (210°, —4) B1B1
y-intercept: 4 sin 60° = 23, 0 (0, 2/3) B1
Answer: see sketch 6 marks
y
4 3y 4)
2 - /
U T T T T :
90° 180° 270 360° X
-2 4
—4 7 (210°%%)
19 (10 marks)
(a) Multiply both sidesby sin x (sinx # 0): 3cosx +2sinx =3 M1 A1
Answer: shown 2 marks
(b) R=432+22 =13 B1
tanoc=%, so o = 56.31° M1 Al
Answer: 13 sin(x + 56.31°) 3 marks
. 3
+56.31°) = —= = 0.
(c) sin(x + 56.31°) 3 0.8321 M1
X +56.31° = 56.31° or 123.69°, so x = 0° or X = 67.4° M1 Al
x = 0° isrejected because cot x and cosec x are undefined there El
X =67.4° Al
Answer: X = 67.4° 5 marks
20 (9 marks)
(@ Rcosax=2,Rsna=1 M1
R=15 Al
tan o = % o =26.57° Al
Answer: /5 cos(x + 26.57°) 3 marks
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L 04472
5

\/_

(b) y/5 cos(x + 26.57°) = 1, s0 cos(x + 26.57°) =

X + 26.57° = 63.43° or 296.57°

X =36.9° or 270.0°

Answer: x = 36.9°, 270.0°

(c) Denominator isleast when 2 cos x — sinx = —5, giving 3 — 45
1 _ 3+¢5

3-5  (3-{5)3+15)

=ik

Greatest value =

31
Answer: 7 + 715

21 (9 marks)

(a)Zsin(x—%)zZsinxcos%—Zcosxsin%

n_y3 . m_1
COSE— 2,S|n§—§
=+/3 sin X — cos X
Answer: shown

(b) 2sin(x — 5) =1, o sin(x — ) = 3

om_ I 51
X~6" 6% %
_ I
X—§0I’H

II
AnaNer:x:§,n

(0) (i) k = 2 isthe maximum value: 1 solution (x = ZTH)

(i) 1.5 is between —1 and 2 on the rising part and falling part: 2 solutions
(iii) the liney = —1 meets the curve at the y-intercept (x = 0), at X = %H and at the end point x =

2m: 3 solutions
Answer: (i) 1; (ii) 2; (iii) 3

22 (9 marks)
(8 3sinx +4 cosx =5sin(x + 53.13°)
Denominator rangesfrom6 — 5=1to6+5=11

_1_ _1
Grear[estf—I—1,Ieastf—11

Answer: greatest 1, least 1—11

(b) 6+ 5sin(x +53.13°) = 3, so sin(x + 53.13) = — >
X +53.13° = 216.87° or 323.13°
X = 163.7° or 270.0°
Answer: x = 163.7°, 270.0°
23 (6 marks)
(@) 4 sin(x + 60°) = 4 sin x cos 60° + 4 cos x sin 60°
a=4x % =2
3
b=4x g = 2\/5

Answer: a=2,b=2/3
(b) 4.sin(x + 60°) = 2, sin(x + 60°) = 5
X + 60° = 150° or 390°
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X =90° or 330° Al
Answer: x =90°, 330° 3 marks
24 (8 marks)
(@ LHS=0—-4=-4 B1
RHS=5sin53.13° =4 B1
Answer: —4 # 4 2 marks
(b) R=5 B1
Rcosa =3, Rsna =4, so o =53.13° M1
3sinx —4cosx =5sn(x — 53.13°) Al
Answer: 5sin(x — 53.13°) 3 marks
(c) sin(x — 53.13°) = 0.8 M1
x — 53.13° = 53.13° or 126.87° AL
x =106.3° or 180.0° Al
Answer: x = 106.3°, 180° 3 marks
25 (6 marks)
@R=2 B1
tan o = = == M1 AL
36
Answer: 2 sin(x + %) 3 marks
(b) sin(x + ) = @ M1
Xx+=2=2 o 3 Al
6 4 4
X = = or m Al
12 12
Answer: X = nm 3 marks
12' 12
26 (15 marks)
(a) Extend AB beyond B: BC makes an angle of 180° — 120° = 60° with this line, so BC makes M1 A1
angle 6 + 60° with the horizontal
h=5sn6 +4sin(® + 60°) M1
=5sn0+2sin0+2/3cos0=7sn0+2/3 cosO Al
Answer: shown 4 marks
_ _ _ 23 _ o
(b) R=149 + 12 =61, tan o = ==, s0 @ = 26.33 B1MLAL
Greatest h=+/61 =7.81 m Al
when 6 + 26.33° = 90°, so O = 63.67° M1 A1
Answer: y/61 m = 7.81 m when 0 = 63.67° 6 marks
(c) {61 sin(0 + 26.33°) = 6 M1
0 + 26.33° = 50.19° or 129.81° M1 AL
0 = 23.9° or 103.5° AL A1
Answer: 0 = 23.9°, 103.5° 5 marks
27 (11 marks)
(a) The horizontal extent of AB is 8 cos 0 M1
The horizontal extent of AD is6sin®, soW =8cos0 + 6sin0 Al
Answer: shown 2 marks
(b) Rcosa =8, Rsina =6, R=10, a = 36.87° M1 A1
Greatest width 10 cm when 6 = o = 36.87° Al
Answer: 10 cm when 0 = 36.87° 3 marks
(c) 10 cos(6 — 36.87°) = 9, so cos(0 — 36.87°) = 0.9 M1
0 — 36.87° = +25.84° Al
0 =62.7° or 11.0° Al
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Answer: @ =11.0°, 62.7°
(d) Height H=8sin6 + 6 cos 6

WH =64 sin 0 cos O + 48 cos’0 + 48 sin’® + 36 sin O cos O = 48 + 100 sin O cos O = 48 + 50

sin 20
Greatest value 98 cm? (when 0 = 45°)
Answer: 98 cm?

28 (12 marks)
(@ Rsin(x+a) =Rsinxcosa + R cosx sin
Compare coefficients: Rcosax =aand Rsna =b

Squaring and adding: R%(cos’a + sina)) = a + b2, so R = ya’ + b?
and o satisfies tan a = 2, with cos = & and sina =

Answer: proved

(b) 2'sin x + p cos x has greatest value {4 + p? and least value —4 + p?

Solutions exist if {4 + p? = 3
p>=5sp=<—50p=45
Answer: p = —50r p=+5

(©) coszx=%and25inxcosx=sin 2x
3coszx+4sinxcosx:%+%c052x+25in2x
3 . . . [9 5
5cost+25m2x=Rsm(2x+oc)W|thR= 2%74=3
Greatestvalue:%+g:4
Answer: 4

29 (9 marks)

(a) Expand: & sin®x + 2ab sin x cos x + b? cos?x
plus a® cos’x — 2ab sin x cos x + b? sin?x

Sum = a%(sin?x + cosx) + b?(cos’x + sin®x) = a2 + b?
Answer: proved

(b) The second bracket squared is = 0, so (asin x + b cosx)? < a2 + b?

Equality whenacosx — bsinx =0, i.e.tanx = %
Answer: shown

(c) Greatest value {25 + 144 = 13

tanx =2 =232
NX=p=12

Answer: 13 when tan x = %

30 (12 marks)
(@ R:5,tana:%
o =53.13,s0h =6+ 5sin(30t + 53.13)°
Answer: 5sin(30t + 53.13)°
(b) Maximum depth 11 m
30t +53.13=90,t =1.229
t=1h 14 min, that is01:14
Answer: 11 m at 01:14
(c) 5sin(30t + 53.13°) = 2, so sin(30t + 53.13°) = 0.4
30t + 53.13° between 23.58° and 156.42° (plus multiples of 360°)

180 = 2% 2358 _ 4 428 hours

Each window lasts 0
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The model has period 12 hours, so 24 hours contain exactly two periods: total = 2 x 4.428 = 8.86 Al
hours
Answer: 8.86 hours 6 marks

Small Angle Approximations

1 (3 marks)

snB = 0 B1

62
cosf=1-— > B1
tan® = 0 B1
2

Answer:sin(-)ze,cosﬂz1—%,tan9z6 3 marks
2 (3 marks)

(a) 30 B1

2

()1 — B =1 292 B1

(c) 56 B1

Answer: (a) 30, (b) 1 — 202, (c) 50 3 marks
3 (3 marks)

0.1

cos01l=1- — = 0.995 M1 Al

Calculator: cos 0.1 = 0.99500, so the approximation is accurate to 4 decimal places B1

Answer: 0.995 (calculator 0.99500) 3 marks
4 (2 marks)

4sin20 =80 and3tan 6 = 36 M1

Sum = 116 Al

Answer: 110 2 marks
5 (4 marks)

Estimate = 0.04 B1

tan 0.04 = 0.040021 B1

Percentage error = W x 100 = 0.053% M1 AL

Answer: 0.053% 4 marks
6 (2 marks)

2 2
1—cosez1—(l—%)=% M1
1 — cos© 02 _ 1

O Tt Al

Answer: shown 2 marks
7 (3 marks)

snBtan® = O x O = 62 B1

2

cosesinez(l—%)é) M1

_ 0°

=9 — > Al

Answer: shown 3 marks
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8 (4 marks)
2 2
cos39zl—@:1—% M1 A1
2sin20 = 49 B1
2
Sum = 1+40 — % Al
Answer: shown 4 marks
9 (3 marks)
0 — H -— H —
2 —ZXW—%—O.O34907rad M1
sin 2° = 0.03491 Al
Calculator: sin 2° = 0.03490, so the estimate is correct to 3 s.f. B1
Answer: sin 2° = 0.03491 3 marks
10 (5 marks)
2
21— %) +30 = 2.29 M1 A1
02 -30+029=0 Al
0= ﬂ =0.1or 2.9; the small root is6 = 0.1 (sgrt = 2.800) M1 A1
Answer: @ = 0.1 5 marks
11 (4 marks)
Chord AB = 2r sin(%) M1 Al
. .0 0
For small ©: sin(z) = 5 M1
So AB = 2r x % =10, which is the arc length Al
Answer: AB = r0 4 marks
12 (3 marks)
The diameter is approximately the arc of a circle of radius 384 000 km M1
d = rB = 384 000 x 0.0087 M1
= 3340 km Al
Answer: 3340 km 3 marks
13 (5 marks)
2
cos20 = 1 — @ =1 — 202, so the numerator = 4 — 202 M1 Al
sin © = 0, so the denominator = 1+ 6 B1
(4—209)(1+0)1=41-0+62.)—20° M1
~ 4 — 40, ignoring terms in 2 and higher Al
Answer: shown 5 marks
14 (4 marks)
2
4cosez4(1—%)=4—262 M1 AL
3sin20 = 60 B1
Sum = 4 + 60 — 262 Al
Answer: shown 4 marks
15 (5 marks)
1-20%+30 =11 M1 A1
202 -30+0.1=0 Al
0= b@ = 0.0341 (the larger root is not small) M1 AL
Answer: 0 = 0.0341 5 marks
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16 (4 marks)
0 sin 20 = 26?2

2

1—cos30 = %

262

20" _ 4
92 ~ 9

Ratio =

Answer :

17 (8 marks)
(a) Approximation =1 — 0.02 = 0.98
cos 0.2 = 0.980067

0.980067 — 0.98
0.980067

Answer: 0.0068%

(b) Need 22319 < 0,01, i <2 <101

Test 0 = 0.24: 5o = 10097, which is below 1.01

Test 6 = 0.25: 1.0105 and 6 = 0.26: 1.0114, both above 1.01

Error = x 100 = 0.0068%

The boundary is at about 0.244, so the largest value is 8 = 0.24 to 2 d.p.

Answer: @ = 0.24 (boundary at 0.244)

18 (4 marks)

- 12 _
tan O = 800 — 0-015

tan® = 0, s00 = 0.015 rad
0 ~ 0,015 x 12 = 0.86°

Answer: @ = 0.015rad = 0.86°

19 (4 marks)
(@ sin30 =30 and 2+ cosO — 3
0.
30 ©
(b) tan 40 = 40 and cos 6 — 1
=2
20 ~

Answer: (a) 1, (b) 2
20 (5 marks)
BC? = 80% + 80% — 2 x 80 x 80 cos O = 12800(1 — cos 0)
2
1—cosO = %, so BC? = 640002, BC ~ 800

24
0~ 2% =003rad
Answer: @ = 0.03
21 (9 marks)
(@) Arc=r0 = 6371 x 0.002 = 12.742 km
Chord = 2r sin(3) =~ 2 x 6371 x 222 = 12 742 km (t0 5 57

Answer: both 12.742 km to 5 s.f.
I
2)3/6) o

(b) chord ~ 2r(3 -

3

"
arc — chord = oy
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6371 x 0.002°

Sz = 0.00000212 km = 2.1 mm M1 A1

Answer: 2.1 mm 5 marks
22 (6 marks)

2
31— 97) +20 = 3.185 M1 AL
362 _ 2 _

3_7"'29_3'185'3039 —40+037=0 M1A1

0= blﬁzs_@ = 0.1000 M1

(y11.56 = 3.4, s0 6 = 0.1; the other root is not small) Al

Answer: @ = 0.1 6 marks
23 (7 marks)

(a) Bob's vertical depth below the pivotisL cos 0, sorise=L — L cos® =L(1 — cos 6) M1 A1

02 . 02
1—cose~7,sor|se~7 Al
Answer: shown 3 marks
2

(b) Approximation = % =0.0108 m B1

Exact = 1.5(1 — cos 0.12) = 0.0108 m B1

Error = 0.12% M1 Al

Answer: approx 0.0108 m, exact 0.0108 m, error 0.12% 4 marks
24 (7 marks)

(a) The approximation requires 0 in radians; 30° = % rad = 0.524 El

A sine value cannot exceed 1 El

Answer: @ must bein radians 2 marks

(b) sin30° ~ & = 05236 M1 AL

Error = W x 100 = 4.7% M1 AL

Answer: 4.7% 4 marks

(c) The error is about 5%, so it is not accurate for angles as large as 30°; it is only reliable for El

small angles

Answer: not reliable 1 mark
25 (6 marks)

(@ h=% — 05=00236 B1

. II . II I .
sm(g—h)=sm€cosh—cos€smh M1
2
cosh=1-— h7 and sin h = h, which gives the result Al
Answer: h = 0.0236; shown 3 marks
2

(b) 51 — 2920 — @ x 0.02360 = 0.4794 M1 AL

Calculator: sin 0.5 = 0.4794, so the two agree to 4 decimal places Al

Answer: 0.4794; 0.4794 3 marks
26 (5 marks)

(@tana = % M1

tana = a,s0d = %0 Al

Answer: shown 2 marks

(b) Initia distance = 2000 + 1200 = 3200 m M1 Al
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40

o= 3505 = 0.0125 rad Al
Answer: 3200 m; 0.0125 rad 3 marks
27 (8 marks)
2
(a)cosezl—%,sineze M1
92
Sum=1+0 — - Al
Answer: shown 2 marks
b) —— withu=0 — &
(b) T3y Withu= 5 M1
~1—u+u? M1
92
=1-0+— +0%+(termsin 6° 67 Al
302
=~1—0+ N Al
Answer: shown 4 marks
1 _
(©) 55005 +snoos - 094 M1
1— 0.05+ 1.5 x 0.0025 = 0.954 Al
Answer: 0.954 = 0.954 2 marks
28 (10 marks)
(a)TriangIeOAB:%><1><1><sin9:%sin6 B1
Sector OAB = 5 x 1 x 0 = 20 B1
AT=tan6,triangIeOAT=%><1><tan9=%tan6 M1 A1l
Answer: % sin 0, %6, % tan O 4 marks
(b) The triangle OAB lies inside the sector, which liesinside triangle OAT El
1 . 1 1
SOE n6<§9<§tan9 E1l
Answer: shown 2 marks
(C)From9<tan6:Gcose<sin9,socose<¥ M1 A1
Fromsin 6 < O: sge <1 Al
AsO — 0,cos0 — 1, so ¥ is squeezed to 1, which justifiessin 6 = 6 E1l
Answer: shown 4 marks
29 (10 marks)
2
(a)1—%:2e,soez+4e—2:o M1 AL
e = @ = _2 + \/6 M1
The positive root: 6 =6 — 2 = 0.449 Al
Answer: 0 = 0.449 4 marks
(b) f(B) = cos 6 — 26:f(0.4) =0.121 >0 M1
f(0.5) = —0.122 < 0, sign change, f continuous Al
Answer: sign change 2 marks
(c) 8, =0.45022, 6, = 0.45017, 6, = 0.45019 M1 A1
Root = 0.4502 to 4 d.p. Al
Error in (a): 0.4495 — 0.4502 = 0.0007 Al
Answer: root = 0.4502; error = 0.0007 4 marks
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30 (8 marks)
(@) sin(x + hy =sinx cosh + cos x sin h M1
Subtract sin x and divide by h: sin x ((221 =1y 4 cosx (301 AL
h h
Answer: shown 2 marks
h2
cosh—1 ~2 _ h

(b) h = H =73 M1 A1
sinh

=1 B1
Expression = cos X — g sin X Al
Answer: shown 4 marks
(c)Ash—»O,%sinx—»O M1
So the derivative is cos x Al
Answer: cos X 2 marks
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