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Sine Rule and Cosine Rule

1 In triangle ABC, angle A = 40°, angle B = 65° and BC = 7.2 cm.
Use the sine rule to find the length of AC, giving your answer to 3 significant figures.
C

7.2 cm

40° 65°

2 Intriangle ABC, AB =9 cm, AC = 6 cm and angle BAC = 50°.
Find the length of BC, giving your answer to 3 significant figures.

3 Intriangle ABC, angle A =35°, BC=7 cmand AC =9 cm.
Find the acute angle ABC, to 1 decimal place. (Use the sine rule.)

4 Triangle PQR has PQ = 8 cm, PR = 11 cm and angle QPR = 42°. Find its area, to 3 significant
figures.

5 In triangle POQR, angle P = 55°, angle Q = 80° and PQ = 12 cm.
Find the length of PR, giving your answer to 3 significant figures.

6 In the triangle shown, find the length of BC, to 3 significant figures.
C

500 71°

12 cm

7 The sides of triangle ABC are AB =13 cm, BC=6 cmand AC =9 cm.
Find the size of angle ACB, giving your answer to 1 decimal place.

C

9cm 6 cm

13 cm

8 Triangle PQR has PQ = 9 cm, PR = 12 cm and angle QPR = 38°.
(@ Find the area of the triangle, to 3 significant figures.
(b) Find the length of QR, to 3 significant figures.

9 A triangle has sides 9 cm, 12 cm and 15 cm. Show that it is right-angled and find its area.
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Triangle ABC has area 30 cm?, AB = 10 cm and AC = 8 cm, and angle BAC is acute.
Find angle BAC, to 1 decimal place. [3]

A parallelogram has sides 6 cm and 9 cm and one angle of 65°. The shorter diagona splits it
into two congruent triangles.
Find the length of the shorter diagonal, to 3 significant figures. [4

In triangle ABC, angle A = 30°, BC = 10 cm and AC = 14 cm, and angle ABC is obtuse.
Find angle ABC and angle ACB, to 1 decimal place. [4

A ship leaves port P and sails 12 km on a bearing of 070° to a buoy R. It then sails 9 km on a bearing of
150° to alighthouse Q.

N
150°
N 070° R
P
Q

(@ Show that angle PRQ = 100° and find the distance PQ, giving your answer to 3

significant figures. [3]
(b) Find the bearing of P from Q, to the nearest degree. [4

In triangle ABC, AB = 10 cm, AC = 7 cm and angle ABC = 40°. The diagram shows that there are two
possible positions, C and C', for the third vertex.

CI
7 cm C
7 cm 40°

A 10 cm B
(@ Find the two possible sizes of angle ACB, to 1 decimal place. [4
(b) Find the greater of the two possible areas of the triangle, to 3 significant figures. [3]
Intriangle ABC, angle A =40°,a=BCand b=AC =12 cm.
(@ Show that no triangle exists when a= 6 cm. [3]
(b) Find the least value of afor which atriangle exists, to 3 significant figures. [2]
(c) Giveninstead that a=9 cm, find the two possible sizes of angle B, to 1 decimal place. [3]

A surveyor wants the width of ariver. She marks points A and B on one bank, 80 m apart,
and sights atree T on the opposite bank. Angle TAB = 62° and angle TBA = 48°.
Find the shortest distance from T to the line AB (the width of the river), to the nearest metre. [5]
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In triangle ABC, AC = 10 cm, angle BAC = 120° and the area of the triangle is 15\/§ cm?.
(@ Show that AB =6 cm.

(b) Find the length of BC.

() Find the smallest angle of the triangle, to 1 decimal place.

A boat sails 9 km from A to B on a bearing of 100°. It then sails 6 km from B to C on a
bearing of 025°.

Find the distance AC and the bearing of C from A. Give the distance to 3 significant figures
and the bearing to the nearest degree.

In triangle ABC, AB = x cm, AC = (x + 3) cm, angle BAC = 60° and BC =7 cm.
(@ Show that x2+3x — 40=0.
(b) Hence find the perimeter of the triangle.

In triangle ABC, AB = 6 cm, angle A = 45° and angle C = 60°. Do not use a calculator in this question.

You may use the fact that sin 75° = M.

2
(8 Show that BC = 2//6 cm.
(b)  Show that the area of the triangle is (9 + 3y/3) cm?.

In the quadrilateral ABCD, AB =8 cm, BC =11 cm, CD =7 cm, DA =9 cm and angle ABC = 65°.

7 cm C

11 cm
9 cm

65°
A 8 cm B

(@ Find the length of AC, to 3 significant figures.
(b) Find the size of angle ADC, to 1 decimal place.
() Find the area of the quadrilateral, to 3 significant figures.
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(2]
(3]
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(2]

(3]
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(3]
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A vertical tower stands on level ground. Points A and B are on the ground, in a straight line with the foot of
the tower, with B between A and the tower and AB = 50 m. From A the angle of elevation of thetop T of

the tower is 28° and from B it is 41°.

T
41°/ 28° /
base B————A
50 m

(& Show that angle ATB = 13°.
(b) Find the height of the tower, to the nearest metre.

In triangle ABC, AB =9 cm, AC =7 cm and angle BAC = 80°. M is the midpoint of BC.
(8 Find BC, to 3 significant figures.

(b) Find angle ABC, to 1 decimal place.

() Find the length AM, to 3 significant figures.
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A triangle has sides 13 cm, 14 cm and 15 cm. The sine rule states that gniA = 2R, where R is the radius of

the circle through the three vertices (circumcircle).
(& Findthelargest angle of the triangle, to 1 decimal place. [4]
(b) Hencefind the radius of the circumcircle, to 3 significant figures. [3]

ABCD isacyclic quadrilateral with AB =5 cm, BC =8 cm, AD =6 cm and angle ABC =
70°.
Find the length CD, to 3 significant figures. [6]

In triangle ABC, AB =7 cm, BC =12 cm and AC = 6 cm. A student uses the sine rule to find angle BAC
and gets an acute angle.

(@ Find angle BAC using the cosine rule, to 1 decimal place. [3]
(b) Explain why the sine rule alone can give awrong answer here, and which rule is safer. 2]

Triangle ABC has sidesBC = a, CA = b and AB = c. The triangle is placed on coordinate axes with A at the
origin O and B at (c, 0), and angle BAC = A, as shown.

C
b a
A

A (0, 0) ¢ B (c, 0)

(@ Write down the coordinates of C in terms of b and A, and use the distance formula for

BC to prove that a® = b? + ¢ — 2bc cos A. [4]
(b) A different triangle has a® = b? + ¢® + bc. Find the size of angle A. [2]
(¢) Inthetriangle from part (b), b =5 and c = 8. Find the exact area of the triangle. [2]

The sides of atriangle have lengths x cm, (x + 2) cm and (x + 4) cm, where x > 0. The largest angle of the
triangle is 120°.

(@ Showthat x> — x — 6=0. [4]
(b) Solve the egquation and hence state the three side lengths. [3]
() Find the exact area of the triangle. [2]
(d) Show that the sine of the smallest angle is 5145 3

In triangle ABC, the bisector of angle A meets BC at D. AB = ¢, AC = b and angle BAC = 26.

(@) By considering the areas of triangles ABD, ACD and ABC, show that AD = w. [5]

(b) Givenb=6,c=10and 20 = 60°, find AD exactly. [2]

A triangle ABC has angle A = 2 x angle B, with BC = a, CA = b and AB = c. This question proves that a“ =
b(b + c).

(@ Usethesineruleandsin2B =2 sin B cos B to show that a = 2b cos B. [3]
(b) Usethe cosine rule for angle B to show that a = b(b + c). [4]
(c) Hencefindawhenb=4andc=5. [1

Trigonometric Graphs

1

(a) Write down the maximum and minimum valuesof y =3 sin x + 2.
(b) State the period of the function y = cos 4x, in degrees. [3]
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Sketch the graph of y = cos x for 0° = x = 360°. Mark clearly the coordinates of the
maximum and minimum points and the points where the curve meets the x-axis.

State the period, in degrees, of (a) y = sin(%), (b) y =tan 3x, (c) y = 2 cos 4x.

Sketch the graph of y = 3 + sin x for 0° = x = 360°. Give the coordinates of its maximum
point, its minimum point and its y-intercept, and explain why the curve does not meet the
X-axis.

Given that sin 30° = % write down the exact values of (a) sin 150°, (b) sin 210°, (c) cos 60°.

The graph of y = sin x istransformedtoy =sin x + 3.
Describe the transformation, and state the maximum and minimum values of y = sin x + 3.

The diagram shows part of the curve with egquation y = a sin(bx), where aand b are positive
constants. The curve has a maximum point at (45°, 3).
Find the values of aand b.

y

45°, 3
o] Q5% 3)

-1 o 1p0°  27§°  3p0°X
-2 A
_3-
_4_

Describe fully the single transformation which maps the graph of
(a) y = sin x onto the graph of y = sin(x — 30°),
(b) y = cos x onto the graph of y = 2cos 3x (two stretches are needed).

Sketch the graph of y = cos 2x for 0° = x = 360°, marking the coordinates of the turning
points.

The diagram shows the graph of y = a+ b sin x for 0° = x = 360°. The maximum is at (90°,
7) and the minimum is at (270°, —1).
Find aand b.
v oa 90°, 7)
6 -

4 4

2 ] /

U T T T
90° 180° \./ 360° X

-2 1 (270°, -1)
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11  Thediagram shows the graph of y = cosx for 0° < x = 720° and theliney = k, where 0 < k < 1. Theline

meets the curve at the points P, Q, R and S, in order of increasing x. The x-coordinate of Pis a°.
y A

LA A
O T T T —>

WSSO“WHWX
_]_-

(@ Write down, in terms of «, the x-coordinates of Q, R and S. [4]
(b) Theliney = —k meets the curve at the points T and U with x between 0° and 360°.
Write down, in terms of «, their x-coordinates. [3]

12  Sketchthegraph of y = 3 cosx for 0 < x = 211 (x in radians), giving the coordinates of the
turning points and the values of x where the curve meets the x-axis. [3]

13 Solve cos x = 0.5 for 0° < x < 720°. [3]

14  Sketch the graph of y = 2 sin(x + 60°) for 0° < x < 360°.
Give the exact coordinates of the point where the curve crosses the y-axis, the coordinates of
the maximum and minimum points, and the values of x where the curve crosses the x-axis. [5]

15  The depth of water, h metres, in a harbour t hours after midnight is modelled by h =5 + 3 cos(30t)°, for 0 <
t = 24. Part of the graph is shown.

h A
8 4
6 .
4 .
2 .
O T T T T =
6 12 18 24 t

(@  Write down the maximum and minimum depths, and the time between successive high

tides. (2
(b) Find the times, in the first 12 hours, when the depth is 6.5 m. [3]

() A boat needs a depth of at least 6.5 m to enter the harbour. For how many hoursin the
first 12 hours can it enter? [2]
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The diagram shows part of the graph of y = tan(bx), where b is a positive constant. The first
vertical asymptote for x > 0isx = 30°.

(a) Find the value of b.

(b) State the period of the function and write down the next two asymptotes after x = 30°.

yll

x=30° || |
I | 1
1 | I
2 1 I I :
| | I
1 ! I
I I 1 o
U T T T Ll
30° /60°  90° 120° 150°
2 - : I :
| | I
1 | I
1 | I
—4 1 I I :

(4]

The mean monthly temperature, T °C, in atown ismodelled by T = 14 — 7cos(30t)°, where t is the number

of months after 1 January (0 <t < 12).

(@) State the highest and lowest temperatures predicted by the model, and the month in
which the highest occurs.

(b) Find the values of t for which T = 17.5.

A mass on a spring has displacement x cm from its rest position at time t seconds given by x
=3sin 2t, wheret isin radians. Part of the graph is shown.

(a) Find the period of the motion.

(b) Find the first time at which the displacement is 2 cm, to 2 decimal places.

A

A

[«

A 4

~

The diagram shows the graph of y = acos(x + b)°, wherea> 0 and 0 < b < 90. The maximum
point is (—30°, 2) and a minimum point is (150°, —2).

Find aand b.
y A
(-30°, 29|

1 _\ /

T U T T T >

0° 180° / 270° X
_]_ .
_2 -

(150°, -2)

-3

Use the graph of y = cos x to answer these questions, for 0° < x = 360°.
(@ Solvecosx > 0.5.
(b) Solvesinx = —0.5.

stemup.co.uk | page 7

(3]
(3]

(3]

(4]

(3]
(2]



StemUp | A Level Mathematics | Pure Mathematics: Trigonometry | Question Pack

21

22

23

24

25

26

The

diagram shows part of the curve with equation y = a cos(bx) + ¢, where a, b and ¢ are constants and b >

0. The curve has a minimum point at (0°, —1) and a maximum point at (60°, 3).

y
4

3
2
1

A

| (60°, 3)

»

O
-1
-2

@

(b)

The
€Y

(b)

The

60° v 180° %0° X
0, -1) (120°, -1)

Find the values of a, b and c. [5]
Solve 1 — 2cos 3x = 2 for 0° = x =< 180°. (4]

function f is defined by f(x) = tan(x — 45°) for 0° = x = 360°, x # 135°, 315°.
Sketch the graph of y = f(x), showing the equations of the asymptotes and the
coordinates of every point where the curve meets the axes. [5]

Solve f(x) = y/3 for 0° = x < 360°. [3]

number of hours of daylight, H, in a northern city on day t of the year ismodelled by H =12 + 4

sin(U =8y for 0 = t = 365.
(@ Find the maximum and minimum number of hours of daylight, and the day on which the

maximum occurs, to the nearest day. [4]
(b) Find the number of days in the year for which there are more than 14 hours of daylight,

to the nearest day. [5]
The diagram shows the graph of y = asin(bx — ¢)°, where a, b and c are positive constants

and 0 < ¢ < 90. The curve crosses the x-axis, going upwards, at (20°, 0) and has its first
maximum at (65°, 3).
Find a, b and c.

3 65°, 3)

45° 90° \135° 180 225° X

-3
-4
(6]
The function f is defined by f(x) = 2 tan(%), for 0° = x = 720°, x # 180°, 540°.
(@ Write down the period of f and the equations of the asymptotes, and sketch the graph. [5]
(b) Solvef(x)=2for0° = x = 720°. [3]

The graph of y = sin x is transformed by a stretch of scale factor 3 parallel to the x-axis, then a stretch of
scale factor 2 pardlel to the y-axis, then atrandation of 1 unit down. The new graph isy = g(x).

@
(b)

(©

Write down an expression for g(x). [2]
Sketch the graph of y = g(x) for 0° = x = 540°, showing the coordinates of the
maximum point and of every point where the curve meets the axes. [5]

Theliney =k, where —1 < k < 1, meets the curve at P and Q. The x-coordinate of Pis
45°. Find the coordinates of Q. [2]
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Consider the equation sin x = sin 2x for 0° = x = 360°.

@)
(b)
(©
(d)

A big wheel has radius 10 m and its centre is 12 m above the ground. A rider boards at the lowest point

On the same axes, sketch the graphsof y = sin x andy = sin 2x for 0° < x < 360°.
State the number of solutions of the equation in thisinterval.

Use sin 2x = 2 sin x cos x to solve the equation algebraically.

Find the exact y-coordinate of the intersection in 0° < x < 90°.

(3]
(1]
(4]
(1]

when t = 0, wheret is the time in seconds. The wheel makes one revolution in 20 seconds. The rider's height
above the ground, h metres, is modelled by h = 12 — 10cos(18t)°.

@
(b)
(©
(d)

Find the rider's height at the start and show that the model gives a period of 20 s.
Find the first time the rider is 17 m above the ground.

Find the time in one revolution for which the rider is at least 17 m above the ground.
A student writes the model ash = 12 + 10 sin(18t — 90)°. Show that thisis the same
model.

Consider the graphs of f(x) = sin x and g(x) = cos x for 0° = x = 360°.

@
(b)
(©

The depth of water, d metres, at the end of a jetty t hours after 06:00 ismodelled by d=4 + 1.5 sin(%t),

Describe the single transformation that maps the graph of y = sin x onto the graph of y
= COS X.

Hence, or otherwise, find the exact solutions of sin x = cos x in the given interval and
explain why there are exactly two.

Find the number of solutions of sin x = cosx in 0° < x < 1000° and the sum of the two
largest.

wheretisinradiansfor the sine functionand 0 < t < 24.

@
(b)

(©

Find the greatest and least depths, and the time between two successive high tides.

A boat needs at least 4.75 m of water. Find the first time interval (in hours after 06:00,
to 2 decimal places) during which the boat can use the jetty.

Find the total time in the 24 hours during which the depth is below 3 m, to the nearest
minute.

Radians, Arc Length and Sector Area

1

(a) Convert 72° to radians, giving your answer as a multiple of 1.

(b) Convert %H radians to degrees.

The diagram shows a sector OAB of a circle with centre O and radius 6 cm. Angle AOB = 0.8 radians.

B

0.8 rad i j

@
(b)

O 6cm A

Find the arc length AB.
Find the area of the sector.

A sector of acircle has radius 8 cm and angle 75°.

@
(b)

Write 75° in radians, as a multiple of 11.
Find the exact arc length and the exact area of the sector.

Convert (a) 1.2 radians to degrees, to 1 decimal place, and (b) %H radians to degrees.

(2]
(3]
(3]

(2]

(2]
(3]

(4]

(2]

(1]
(2]

(2]
(3]

(2]
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Write down the exact values of (a) sin(). (b) cos(3). (©) tan(7), (d) § n(%“). [4]

A sector of acircle has radius 6 cm and angle 0 radians. The perimeter of the sector is
numerically equal to its area. Find the value of ©. [4

A sector of acircle has radius 9 cm and angle %H radians.

Find the exact perimeter of the sector. [3]
A sector of acircle has area 40 cm? and angle 1.25 radians.

(a) Find the radius of the circle.
(b) Find the perimeter of the sector. [4]

A sector of acircle has radius r cm and angle O radians. The length of the arc is g of the perimeter of the

sector.
(& Show that 6 = 3. [3]
(b) Given aso that the area of the sector is 54 cm?, find r. [2]

A sector of radius 9 cm has perimeter 30 cm. Find the angle of the sector, in radians, and its
area [3]

O isthe centre of acircle of radius 7 cm. A chord AB subtends an angle of 2.2 radians at O.
Find the length of the chord AB, to 3 significant figures. [3]

The minute hand of a clock is 12 cm long. Find the distance moved by itstip in 25 minutes,
giving an exact answer. [3]

The diagram shows a circle, centre O and radius 10 cm. The chord AB subtends an angle of 1.4 radians at
O. The minor segment between the chord AB and the arc AB is shaded.
(Use your calculator in radian mode.)

1.4 rad 10 cm
0]
(8 Findthe areaof triangle OAB. [2]

(b) Find the area of the shaded segment. [3]
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ABC isan equilateral triangle of side 6 cm. Three sectors, each of radius 3 cm and centred at A, B and C,
are removed from the triangle, leaving the shaded region shown.

C
A B
6 cm
(@ Show that the area of the triangle is 93 cm?. [2]
(b) Find the exact area of the shaded region. [3]
() Find the exact perimeter of the shaded region. [2]

A chord AB of acircle with centre O and radius 6 cm subtends an angle of % a o.

Show that the area of the minor segment cut off by AB is (61 — 9\/§) cm?, and find its value
to 3 significant figures. [5]

The diagram shows the cross-section of atunnel. It is the major segment of a circle with centre O and radius

6 m, cut off by the chord AB, where angle AOB = %H radians.

>

2n/3
A B
(8 Findthe exact length of the chord AB. [2]
(b)  Show that the area of the cross-section is (241 + 9\/§) m2. [4]
() Find the exact perimeter of the cross-section. [3]

A pendulum has length 80 cm and swings through an angle of 0.35 radians from one extreme

position to the other.

Find (a) the distance travelled by the bob in one swing, (b) the area swept out by the

pendulum in one swing. [4

A bicycle wheel has radius 35 cm. Find the distance travelled by the bicycle when the wheel

turns through 40 radians (without slipping), giving your answer in metres to 3 significant

figures.

Find also how many complete revolutions this is, to the nearest whole number. [4
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The diagram shows the region between two concentric arcs of radii 8 cm and 12 cm, with the angle at the
common centre O equal to 0.9 radians.

12 cm
(@ Find the area of the shaded region. [3]
(b) Find the perimeter of the shaded region. [3]

The diagram shows atriangle ABC in which CA =9 cm, CB = 7 cm and angle ACB = 0.9 radians. An arc
of acircle with centre C and radius 5 cm meets CA at D and CB at E. The shaded region R is bounded by
DA, AB, BE and the arc ED.

B
/\ds’ 5
0.9 rad
C D A

9 cm
(@ Find the length of AB, to 3 significant figures. [2]
(b) Find the area of the triangle ABC, to 3 significant figures. [2]
(c) Findthe areaof R, to 3 significant figures. [3]
(d) Find the perimeter of R, to 3 significant figures. [4

Circle C; has centre A and radius 6 cm. Circle C, has centre B and radius 8 cm. AB = 10 cm and the circles
intersect at P and Q, as shown.

P

AN

(@ Show that angle PAB = 0.927 radians, correct to 3 decimal places. [3]
(b) Find the area of the region common to both circles, to 3 significant figures. (6]
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A belt passes tightly round two circular pulleys with centres O and P and radii 5 cm and 2 cm. OP = 10 cm.

The belt does not cross itself.

(@ Show that each straight section of the belt has length \/ﬁ cm.

(b)  Show that the belt is in contact with the large pulley for an arc subtending an angle of 1
+ 2a a O, wheresin a = 0.3.

() Find the total length of the belt, to 3 significant figures.

A chord AB of length 8 cm is drawn in a circle with centre O and radius 5 cm.
(@ Find the angle AOB in radians, to 4 significant figures.

(b) Find the area of the minor segment.

() Find the perimeter of the minor segment.

A sector of acircle of radius 15 cm has angle %H. Its straight edges are joined together to form a cone.

(@  Show that the base radius of the coneis 10 cm.
(b) Find the exact volume of the cone.

A sector of acircle has radius r cm and angle 6 radians. Its areais 32 cm? and its perimeter is 24 cm.
(@ Showthat r> — 12r + 32 = 0.

(b) Hence find the two possible sectors, giving r and 6 for each.

(c) Explain why both are possible sectors.

A student calculates the area of a sector of radius 6 cm and angle 40° as % x 62 x 40 = 720

cm?

Explain the error and find the correct area, to 3 significant figures.

A sector of acircle hasradius r cm and angle 6 radians. The perimeter of the sector is 20 cm.

(@ Show that the area A cm? of the sector is given by A = 10r — r2,

(b) By completing the square, find the maximum value of A and the value of O for which it
occurs.

(c) The sector with the maximum areais cut out and its straight edges are joined to form a
hollow cone. Find the perpendicular height of the cone, to 3 significant figures.

(2]
(3]
(3]

(3]
(3]
(2]

(3]
(4]

(3]
(3]
(1]

(4]

(3]
(4]

(3]
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The diagram shows a circle with centre O and radius r. The chord AB divides the circle into two parts.
Angle AOB = 0 radians, where 0 < 8 < 11. The area of the shaded minor segment is exactly one quarter of
the area of the circle.

II

(@ Explainwhy 0 is not equal to > [2]
(b) Showthat® —sin6 = 7. 3]
() Usetheiterativeformula®,,, = % +sin 0, with6, =25tofind 6,, 6;and 6, and

hence the value of O correct to 3 decimal places. [3]
(d) Find the length of the chord AB in terms of r, to 3 significant figures. [2]

The diagram shows a sector OAB of acircle of radius R, with angle AOB = % A smadller circle of radiusr
lies inside the sector and touches both straight edges OA and OB and the arc AB.

(@ Show that R = 3r. [5]
(b) Find, interms of R, the exact area of the part of the sector outside the small circle. [3]
() Find the fraction of the sector's area that is shaded. [1]

A chord of acircle of radius r subtends a small angle O radians at the centre. The area of the minor segment
isS.

(8 Showthat S= 5r%(0 — sin 6). 3
93 r293
(b) Usingsin® =06 — & for small 0, show that S = R [2]
(c) Forr=10cmand 6 = 0.1, find the exact-formula value of S and the approximation to 4
significant figures, and the percentage error of the approximation. [4

Trigonometric I dentities

1

Simplify (a) 3 sin® + 3 cos?x, (b) tan x cos x. [2]
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10

11

12

13

14

The angle O is acute and cos 6 = %

Find the exact values of sin © and tan ©.

s
12
0
5
simplify (@) 4 — 4 cos%8, (b) SnX.

The angle 6 isacuteand tan 6 = %.

Find the exact values of sin © and cos 0.

Write cos’x + 3 sin® in the form 1 + asin?x, stating the value of a

Simplify (sin x + cos x)? — 2 sin X COS X.

1—cos’x _
Show that SNXCoSX = tan x.
. . 12
The angle O is obtuse and sin 6 = -

Find the exact values of cos 6 and tan 6.

Prove that cos’x — sin’x = 2 cos’x — 1.

1 1
Prove that tan x + X = Snxcosx

—sSinNX _  COoSX

1
Show that —-55— = 75 gnx-

The angle 6 isin the third quadrant (180° < 6 < 270°) and cos 6 = —%.

Find the exact values of sin © and tan ©.

snB +2cosO

Given that tan 0 = 2, find the value of 3sSn0 - cosO"

sin X 1+ cosx 2
+ - = —
Prove that 1+ cosx sinx snx’
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15

16

17

18

19

20

21

22

23

24

25

The angle 6 is not a multiple of 90°.

(@ Giventhat 3sin?0 + 5 cos’0 = 4, show that tan®0 = 1 and hence find the possible
values of tan 6.

(b) Write3sin?0 + 5 cos?0 in the form a+ b cos’0, where aand b are integers, and state
its least possible value.

1 1 2

Prove that 1+ cosx + 1 — cosx = sin?x’

Prove that tan’x — sin®x = tan’x sin’x.

Eliminate 0 to find a Cartesian equation for each curve.
(@ x=3cosO,y=2snb
(b) x=2+4sn0B,y=1+4cosO

The function f is defined by f(x) = cosec x — sin x for 0° < x < 180°.

2,
(@ Showthat f(x) = G-

(b) Hence show that f(x) = 0 for every x in the domain, and state the value of x for which
f(x) =0.

f(x) =2 cos’x — 3sinx + 1.
(@ Show that f(x) =3 — 3sinx — 2 sin’x.
(b) Find the greatest and least values of f(x).

Itisgiventhat Sin O + cos O = %
(@ Provethat (Sn 0 + cos0)? + (sin® — cos B)? = 2.
(b) Find the value of sin © cos 0, and of (sin ® — cos 0)2.

() Find the value of sin®0 + cos®0.

A student writes: "sin®x + cos?x = 1, o, taking square roots, sin X + cos x = 1."
(@ Explain the error and give a value of x which shows the statement is false.

1 — tan®

(b) Provethat >— = Ccos’X — sin’x.
1+ tan“x

1 .
(© Provethatm—cosx=smxtanx.

The angle x is such that 0° = x = 360°.
(@ Provethat sinx — cos’x = sin? — cos’x.

(b) Hence solve sin*x — cos’x = %
The point P has coordinatesx = 3sin 0, y = 4 + 2 cos?0.
2X2

(@ Show that al points P lie on a curve with equationy = 6 — 5

(b) State the range of values of x and the range of values of y.

Sums of cubes appear in trigonometric identities.
(@ Provethat (sin x + cosx)(1 — sin x cos x) = sin®x + cos’x.

. . 6 .. . .
(b) Giventhat sinx + cosx = g, find sin x cos x and hence sin’ + cos’.

(4]

(2]

(4]

(3]
(3]

(2]

(3]

(2]
(5]

(2]
(4]

(3]

(3]
(5]
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26

27

28

29

30

Consider the equation 3 tan®x + 5sec x + 1 = 0 for 0° < x < 360°.

(@ Usetheidentity 1 + tan®x = sec®x to show that 3 sec’x + 5secx — 2=0.

(b) Hence solve the equation, explaining why one of the roots of the quadratic in sec x
gives no solutions.

The function f is defined by f(x) = 1 —1sinx ~ T¥snx for x not an odd multiple of 90°.
1 1 _ 2snx
(a) Prove that 1—snx 1+snx cos?x

1

(b) Hence solve T—snx ~ T+snx - 4sinxfor0° = x = 360°.

Eliminate © from each pair of eguations to find a Cartesian equation.
(@ x=2+3sn06,y=1-— 3cos0H. Show that the points lie on a circle and state its centre

and radius.

(b) x=sinB+cosB,y=sin0 cosO. Show that 2y = x> — 1.

(c) For the curvein part (b), show thaty = % and hence find the greatest possible value of
X.

Consider the equation sin®x + cos®x = 116 for 0° < x < 360°.

(@ Show that sin®x + cos®x = 1 — 3 sin?x cos?x.
(b)  Hence show that the equation can be written as 16 sin*x — 16 sin’x + 3= 0.
(c) Solve the eguation.

The angle 6 satisfies cosec 8 — sin 8 = aand sec © — cos 0 = b, where a and b are non-zero.
_ cos?0 _ sin’
(@  Show that a—mandb—m.
1 — 3sin?0 cos?0
sin0 cos’0

(b) Hence show that a’b? = sin0 cos’0 and & + b? =

(©) Provethat a’b%(@®+b?+3) = 1.

Trigonometric Equations

1

Solve sin x = 3 for 0° = x = 360°.

The diagram shows the graph of y = cos x for 0° = x = 360° and theliney = —0.4.
Solve cosx = —0.4 for 0° = x =< 360°, giving your answers to 1 decimal place.

yA

N/

Solvetan x = 1 for 0° < x < 360°.

Solve sin x = —0.3 for 0° = x = 360°, giving your answers to 1 decimal place.
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6
7

10
11
12

13
14

15

16

17

18

19

Solve sin 2x = 3@ for 0° = x = 360°.

Solve 3tanx — 5=0for 0° = x = 360°, giving your answers to 1 decimal place.

The diagram shows the graph of y = sin 2x for 0° < x = 360° and theliney = 0.6.
Solve sin 2x = 0.6 for 0° = x = 360°, giving your answers to 1 decimal place.

yll

1 4

Solve tan(x — 30°) = 2 for 0° = x = 360°, giving your answers to 1 decimal place.
Solve cos(x + 20°) = —0.5 for 0° = x < 360°.

Solve (2 cosx — 1)(tan x + 1) = 0 for 0° = x = 360°.

Solve2sinx = 1for 0 < x < 21, giving your answers in terms of 1I.

Solve cos’x = % for 0° < x < 360°.

Solvetan 2x = —1 for 0° < x < 180°.

Solve 2 sin’ + sinx — 1 =0for 0° = x < 360°.

Solve 2 cos’x + 3sinx = 3 for 0° < x < 360°.

Solve tan® + tan x — 6 = 0 for 0° < x < 360°, giving your answers to 1 decimal place.
Solve 2 cos(2x — %) =1for 0 = x = 11, giving exact answers.

The height of a swing seat above the ground ish = 2 + 1.5 sin(0.8t) metres, wheret istimein
seconds and the sine is of an angle in radians.
Find the first two times at which the seat is 3.2 m above the ground, to 2 decimal places.

Solve 3 cos x = 2 sin’x for 0° < x < 360°, explaining why one root of the quadratic is
rejected.
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21

22

23
24
25

26

27

28

The diagram shows the curve y = cos(2x + %) for0 = x = 2n and theliney = —g.

Yo

NN
JAVAR VA

y = -V2/2

(@ Solve 2cos(2x + %) + \/E =0for 0 = x < 2m, giving your answers as multiples of 1.

(b)  Write down the number of solutions of the same equation for 0 < x < 4.

Consider the equation tan x = 2 sin x.
(@ Solvetanx =2snxfor0° = x < 360°.

(b) A student divides both sides of sin x =2 sin x cos x by sin x to get cos x = % Explain

what is wrong with this and state which solutions are lost.

Consider the equation 3 tan x = 8 cos x for 0° = x < 360°.

(@  Show that the equation can be written as8 sin’x + 3sinx — 8 = 0.
(b) Hence solve the equation, giving your answers to 1 decimal place.

Solve sin(3x — 30°) = 0.5 for 0° = x < 180°.
Solve cos(2x — 30°) = cos(x + 45°) for 0° = x = 360°.

Find the number of solutionsin the interval 0° = x < 360° of each equation.
(@ snx=08

(b) sin3x=0.8

(© tan(3)=5

(d cosx=-1

Consider the equation sin x + 2 cos x = 1.5 for 0° = x = 360°.

(@ By writing sinx = 1.5 — 2 cos x and squaring, show that 20 cos?x — 24 cosx + 5= 0.
(b) Hencesolvesinx + 2 cos x = 1.5, giving your answers to 1 decimal place. Check each
value in the origina equation.

Consider the equation 6 sin’x + cos x = 4 for 0° < x < 360°.
(@  Show that the equation can be written as 6 cos’x — cosx — 2 = 0.
(b) Hence solve the equation, giving your answers to 1 decimal place where necessary.

() Find the greatest possible value of 6 sin®x + cos X, and the values of cos x at which it
occurs.

Consider the equation 2 sin®x — 3 sin x cos x + cos?x = 0.

(@  Show that, for cos x # 0, the equation can be written as 2 tan’x — 3tanx + 1= 0.
(b) Solve the equation for 0° = x = 360°, giving your answers to 1 decimal place. Explain
why cos x = 0 cannot be a solution.

(¢ Hencesolve?2sin®2y — 3sin2y cos 2y + cos’2y = 0for 0° <y < 180°.
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29

30

The equation 2 sin’x + psin x — 1 = 0 has x = 30° as one solution, where p is a constant.

(@ Find the value of p.

(b) Solvethe equation for 0° = x < 360°.

() Find the least value of 2 sin?x + sin x — 1 and a value of x at which it occurs, to 1
decimal place.

Consider the equation tan(2x — %) =3 for0 < x < 2m.
(@ Find al the solutions, as multiples of 1.

(b)  Show that the sum of the solutionsis ZSTH.
(c) Write down the genera solution of the equation in X, where n is an integer.

Reciprocal and Inverse Trigonometric Functions

10

11
12

Write down the exact values of (&) sec 60°, (b) cosec 45°, (c) cot 30°.

Giving your answers in radians as multiples of 1, find (a) sin‘l(%), (b) cos™}(—=1), (c)

tan~%(1).
Find the exact values of (a) sec 120°, (b) cot 45°, (c) cosec 210°.

Use a calculator to find, to 3 significant figures, (a) cot 70°, (b) sec 25°, (c) cosec 100°.
Write down, in radians and as multiples of 11, (a) sin ('E)’ (b) cos™( > ), (¢) tan™*(—1).

State the range of values of y = sec x, and the value of x between 0° and 360° at which sec x
= -1

The diagram shows the graph of y = cosec x for 0° < x < 360°, x # 180°.
y

4 4‘ i

3 4 1

1

2 1 l

1

|

[

I

1 4

U IQ o o o =
by 90 18:0 2 36:0 X
-2 - : :

-3 i i
] : :

(@ Write down the equations of the vertical asymptotes shown.
(b)  Write down the coordinates of the turning points and state the range of y = cosec x.

Solve sec x = 2 for 0° = x = 360°.
Solve cot x = 2 for 0° = x = 360°, giving your answers to 1 decimal place.

Simplify (a) cosec x tan x, (b) W

Prove that cosec x — sin X = cos X cot X.

Sketch the graph of y = sec x for 0° = x = 360°, showing the asymptotes and the coordinates
of the turning points.
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15

16

17

18
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The curve C has equation y = 2 arcsin(x + 1) + 11, where arcsin takes values in the interval from —% to
(@ Describe fully the three transformations which map the graph of y = arcsin x onto C, in
the order they are applied.
(b) Sketch C, stating the coordinates of its end points and of the point where x = —1.
(O Solve2arcsin(x+1)+m=2.
Sketch the graph of y = cot x for 0° < x < 360°. Show the equations of the asymptotes and the
coordinates of the points where the curve crosses the x-axis.
The angle x is such that sin x # 0 and cosx # 0.
(@) Provethat tan X + cot X = COSEC X SEC X.
(b) Hence, or otherwise, solvetan x + cot X = g for 0° = x < 180°, giving your answers to
1 decimal place.
Solve 2 sec® — 5tanx — 5= 0for 0° < x < 360°, giving your answers to 1 decimal place.
. _ tanA+tanB _ tanA —tanB
Giving al answers as exact values, usetan(A + B) = Tt AtnB and tan(A — B) = T+ianA@B
answer the following.
(@ Findtan(arctan 4 — arctan 3) as afraction.
(b) Find tan(arctan % + arctan %) as afraction.
(c) Solvetan(arctan 3x — arctan x) = %
Solve, giving exact answers.
(@ cos™i(3x) = %H
) snix-1)=7
The diagram shows the graph of y = tan™x.
Vo oa
1 -
(1, o/4)
I T T T T U T T T T #
5 4 -3 -2 2 3 4%
_1 -
(-1, -m/4)
_2 .
(@ Write down the equations of the horizontal asymptotes.
(b) Find the exact value of tan~*(y/3) + tan~*(-/3) and explain the result from the graph.
_ CosX
Prove that sec x + tan x = T—snx:
Solve 2 cot?x = cosec x + 1 for 0° < x < 360°, giving non-exact answers to 1 decimal place.
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22 The principal value of sin"*x liesin the interval from —% to %
(@  Sketch the graph of y = sin~x, stating its domain and range and the coordinates of its
end points. [3]
(b) Solvesn™H(2x — 1) = . 2]
(©) Find the exact values of cos(si n‘11—53) and tan(si n‘11—53). [3]
23 Thefunction f is defined by f(x) = 1 + 3sin 2 for -3 < x < .
(@ Find an expression for f}(x). [3]
(b) State the domain and range of f~%, and sketch its graph, showing the coordinates of its
end points and of the point where it crosses the x-axis. [4
(© Solvef(x) = 1. 2]

24 Principal values of the inverse functions are used. Find the exact value of

(@ sn~(sin ), and explain why it is not . 3
(b) tan~i(tan o). [2]
(© sin(cos‘lg). (2]

25  Consider the eguation sec x = k for 0° =< x < 360°.
1

(8 Explain why there are no solutions when k = 5- [1
(b) State the set of values of k for which the equation has solutions. [2]
(c) Find x when k =2 and when k = —2, giving all solutionsin the interval. [4

26  Thefunction f is defined by f(x) = 3 cosec 2x for 0° < x < 180°, x # 90°.
(@  Sketch the graph of y = f(x), showing the asymptotes and the coordinates of the turning

points. [4]
(b) Solvef(x) = 6. [3]
27  Theangle x is not an odd multiple of 90°.
(@ Show that (sec x — tan x)(sec x + tan x) = 1. [3]
(b) Hencesolvesec x +tanx = 2 for 0° = x = 360°, giving your answer to 1 decimal
place. [5]
(c) Explain why the equation sec x + tan x = 0 has no solutions. [2]

28 Use the principal values of the inverse trigonometric functions.

2  Provethat tan~ix + tan~ () = 2 for x > 0. [4]
X 2
(b) Show that tan™2 + tan~3= . [4]
(¢ Solvetan™'x +tan~}(2x) = % for x > 0, giving your answer in exact form. [4
29  Thisquestion is about inverse sine and inverse cosine, using principal values.
(@ Provethat sin"'x + cos™x = % for—1<sx=<1 [5]
(b) Hence solve sin~*x = 2 cos™x, giving an exact answer. (4]
(©) Solve3sin~ix + cos™ix = s [3]

6
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30

Use the principal value of arctan x.

(@ By drawing aright-angled triangle, or otherwise, show that sin(2 arctan x) =

1+x?%

(b) Hence solve sin(2 arctan x) = g—g.
(c) Show that sin(2 arctan x) < 1 for al x, and state the value of x for which it equals 1.

Compound and Double Angle Formulae

10
11

12

By writing 75° = 45° + 30°, show that sin 75° = @ZE

The angle O isacute and sin 6 = %

Find the exact values of sin 20 and cos 26.

Giventhat sinx = % find the exact value of cos 2x.

Write as a single trigonometric ratio, and hence find the exact value where asked: (a) 2 sin 20°
cos 20°, (b) cos?15° — sin?15°,

Expand sin(x + 30°) in terms of sin x and cos x, giving exact coefficients.

By writing 15° = 45° — 30°, show that cos 15° = M.
A and B are acute angleswithtan A =2 andtan B = 1

§.
(a) Find the value of tan(A + B).
(b) Find tan(A — B) and hence show that A — B = 45°.

A and B are acute angles with cos A = % andsinB = %

Find the exact values of (a) cos(A + B), (b) sin(A — B).
Provethat sin(x +y) + sin(x — y) = 2sin x cosy.
Solve sin 2x = cos x for 0° = x < 180°.

cos 20

mECOSG'FSine.

Show that

Solve 4 sin 2x cosx + 4 cos 2x sin x = 3 for 0° =< x < 180°, giving your answers to 1
decimal place.
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The angle 6 is obtuse with sin 6 = %. The angle @ isin the third quadrant (180° < ¢ < 270°) with cos @ =

3

-z
(@ Find the exact value of cos(0 + ).
(b) Find the exact value of sin(@ — ).

Solvecos2x =3 cosx + 1 for 0° = x < 360°.

Theidentity sin 3x = 3sin x — 4 sin®x is to be proved.
(@ By writing 3x = 2x + x, prove that sin 3x = 3sinx — 4 sin’x.
(b) Verify the result of part (a) when x = 30°.

sin 2x

Prove that T+ cos ox

= tan X.

Solve tan(x + 45°) = 3 for 0° < x < 360°, by first expanding the |eft-hand side. Give answers

to 1 decimal place.

In the isosceles triangle ABC, AB = AC = 10 cm and BC = 12 cm. Let angle BAC = 20.

Find sin 6, and use a double angle formula to find the exact value of cos 26.
A

10 cm 10 cm

12 cm

This question is about the equation sin(B + o) = 2 sin 6, where « is a constant.

_ sha
(a) Show that tan 6 = e

(b) Hencesolvesin(® + 60°) =2 sin O for 0° < 6 < 360°.

It is given that tan 10° = t.
(@) Expresstan 55°interms of t.
(b) Expresstan 35° in terms of t, and hence show that tan 55° tan 35° = 1.

(c) Giventhat 3 cos(0 + 10°) = 2sin(® — 10°), show that tan 6 = 31?

This question is about compound angle formulae.
(@ Solvesin(x +30°) =2 cosx for 0° = x = 360°.
(b) Provethat cos(A + B) + cos(A — B) = 2 cos A cos B.

(c) Hence show that cos 75° + cos 15° = 3@.

2
Consider the equation tan 2x = 3 tan X, where tan x and tan 2x are defined.
(@  Show that the equation can be written as tan x (3 tan’x — 1) = 0.
(b) Hence solve the equation for 0° < x < 180°.
(c) Explainwhy x = 45° is not a solution of tan 2x = 3 tan x.
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23 This question is about tan x in terms of double angles.
1—cos2x _
(a) Prove that “Sn2>x - tan x.
(b)  Hence show that tan 22.5° =42 — 1.
24  Consider the expression 4 sin X COS X COS 2X.
(@ Show that 4 sin X cos X €cos 2xX = sin 4x.
(b) Hence solve 4 sin x cos x cos 2x = % for 0° = x = 180°.
25 For each statement, decide whether it is true for al values of the angles. If not, give a counterexample.
(@ sn(A+B)=sinA+sinB
(b) cos2x =2 cosx
(c) sin2x=2sinXx cosXx
26  Consider the equation cos2x + 5sinx +2=0for 0 = x < 21m.
(@  Show that the equation can be written as 2 sin>x — 5sinx — 3=0.
(b) Hence solve the equation, giving your answers as multiples of 11.
27 This question is about the identity cos 4x = 8 cos’x — 8 cos’x + 1.
(@ Provetheidentity.
(b) Hence solve 8 cos*x — 8 cos’x + 1 =0for 0° < x < 360°.
(©) Usecos45° =2 cos?22.5° — 1 to find the exact value of cos 22.5°.
(d) Solvethe quadratic 8u? — 8u + 1 = 0 and hence show that cos 67.5° = @
28 A, B and C are the angles of atriangle, none of which isaright angle.
(@ Provethattan A +tanB +tan C = tan A tan B tan C.
(b) Inaparticular triangletan A =2 and tan B = 3. Find tan C.
() Forthetrianglein part (b), find sin A, sin B and sin C exactly, and hence find the ratio a
:b:cofthesidesintheformp: q: \/5
29  Thisquestion links triple angles to a cubic equation.
(@ Provethat cos 3x = 4 cos®x — 3 cos X.
(b)  Hence show that cos 20° is aroot of 8c® — 6¢c — 1 =0.
(c) The other two roots are cos 100° and cos 140°. Find the exact value of cos 20° cos 100°
Ccos 140°.
30 Let ¢ = cos 36°. This question finds its exact value.
(@ Explain why cos 108° = —cos 72°, and hence show that 4¢® — 3¢ = —(2¢® — 1).
(b)  Show that 4c® + 2¢®> — 3c — 1 = (¢ + 1)(4c? — 2c — 1), and hence find the exact value
of cos 36°.
() Hence show that cos 72° = 3@.
R Formula
1 Write 5 sin x + 12 cos x in the form R sin(x + o), where R>0and 0° < o < 90°. Give ac to 1
decimal place.
2 Express cos x — sin x in the form R cos(x + o), where R > 0 and 0° < o < 90°.
3 Express 3sin x + 4 cos x in the form R sin(x + o), where R > 0 and 0° < o < 90°. Give « to

2 decimal places.
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10

11

12

Express\/§ cos x + sin x in the form R cos(x — «), where R >0 and 0° < o < 90°.

Find the greatest value of 12 sin X + 5 cos x.

Given that 6 sin x — 8 cos x = 10 sin(x — «), find the smallest value of 7 + 6 Sin x — 8 cos x.

(a) Express3sinx — 2 cosx intheform R sin(x — ), where R > 0 and 0° < a < 90°. Give
R asasurd and a to 1 decimal place.
(b) Write down the greatest value of 3 sin x — 2 cos x.

The diagram shows the graph of y = 3 sin x + 4 cos x for 0° = x < 360° and theliney = 2.
Giventhat 3sinx + 4 cosx = 5sin(x + 53.13°), solve3sinx + 4cosx =2for0° = x =
360°, giving your answersto 1 decimal place.

y

64

Ny

90° 180° 2705 360° X

-2 4
-4

—6 -

Solve5sinx + 12 cos x = 6 for 0° = x =< 360°, giving your answers to 1 decimal place.

Use x in radians.
(@) Expresssinx — cosxintheformRsin(x — «), whereR>0and 0 < a < %

(b) Hencesolvesinx —cosx=1for0 =< x < 2m.

Express 2 sin 2x + 3 cos 2x in the form R sin(2x + &), R > 0, 0° < a < 90°. Hence state the
greatest value and the smallest positive x at which it occurs, to 1 decimal place.

This question is about the function 8 sin x + 6 cos x.

(@) Express8sinx+ 6 cosxintheformR sin(x + ), whereR> 0 and 0° < o < 90°. Give
o to 2 decimal places.

(b) Find the greatest value of 8 sin x + 6 cos x and the smallest positive value of x at which
it occurs.

20
8sinx+6cosx + 15"

(c) Find the greatest value of

(3]
(2]
(2]

(4]

(3]
(5]

(3]

(5]

(3]

(2]
(2]
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The height of the water, h metres, above a marker in alock t hours after midnight is modelled by h=4 + 3
sin(30t)° — 4 cos(30t)°, for 0 = t < 12. Part of the graph is shown.

?04‘
g |
6
4]
5 ]
Of 2 4 6 8 w2t

(@ Express3sin® — 4cosBintheformRsin(@ — o), where R > 0and 0° < a < 90°.

Give « to 2 decimal places. [3]
(b) Find the maximum height and the first time at which it occurs, giving the time in hours

to 2 decimal places. [2]
() Find the first time at which the height is 6.5 m, to 2 decimal places. [2]

The temperature, T °C, in agreenhouse t hours after midnight is modelled by T = 15 + 4 sin(f—;) -3
cos(f—;), for 0 = t < 24, where the angles are in radians.

(@ Express4sin® — 3cosBintheformRsin(® — ), whereR>0and 0 < a < % Give

o to 4 decimal places. [3]
(b) Find the maximum temperature and the time, to the nearest minute, at which it first

ocCurs. [3]
() Find the times, to the nearest minute, at which T = 17. [4

f(x) =7+ 5sinx — 12 cosx, for 0° = x < 360°.

(@) Express5sinx — 12 cosx intheform R sin(x — a), where R >0 and 0° < o < 90°. [3]
(b)  Find the maximum and minimum values of f(x) and the values of x at which they occur. [5]
Solve 2 sin 2x + cos 2x = 1 for 0° = x = 180°, giving your answers to 1 decimal place. (6]

Giventhat 3sinx + 4 cosx = 5 sin(x + 53.13°), find the number of solutionsin 0° = x < 360° of 3sinx +
4 cos x = k when

@ k=5 (2]
(b) k=4 (1
() k=6 (1]
(d) k=-5 [1]

Sketch thegraph of y =2 sinx + 2\/§ cos x for 0° = x = 360°, after writing it in the form R
sin(x + o). Show the coordinates of the maximum and minimum points and of the y-intercept. (6]

This question is about the equation 3 cot x + 2 = 3 cosec x for 0° < x < 360°.

(@ Show that the equation can be written as3 cosx + 2sin x = 3. [2]
(b) Express3cosx +2sinxintheformR sin(x + «), where R >0 and 0° < a < 90°. Give
o to 2 decimal places. [3]

(c) Hence solve the equation 3 cot x + 2 = 3 cosec X, giving your answer to 1 decimal
place. Explain why one root of the R-form eguation must be rejected. [5]
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23

24

25

This question is about the expression 2 cos x — sin X.

(@) Express2cosx — sinxintheform R cos(x + a), where R > 0 and 0° < o < 90°. Give
o to 2 decimal places.

(b) Solve2cosx —sinx=1for 0° = x < 360°, giving your answers to 1 decimal place.

() Find the greatest value of

S CSX —Snx+ 3 giving your answer in the form p + Q\/g

where p and q are rational.

The diagram shows the curvey = /3 sinx — cos x for 0 < x < 2m.
y A

2 .

(@ Show thaty3 sinx — cosx = 2sin(x — %).

(b) Hence solve\/§ sinx — cosx = 1for 0 < x < 211, giving your answers in terms of 11.

() Find the number of solutions of \/§ sinx — cosx =k for 0 = x = 21 when (i) k = 2,
(if) k = 1.5, (iii)) k = —1.

f(x) = 1 for 0° = x = 360°.
6+3sinx+4cosx’

(@ Write3sinx +4 cosx intheform R sin(x + &) and hence find the greatest and least
values of f(x).

(b) Solvef(x) =z

Itisgiventhat asin x + b cos x = 4 sin(x + 60°), where aand b are constants.
(@ Find the exact values of aand b.
(b) Solveasinx+bcosx=2for0° = x =< 360°.

A student writes: "3 sin x — 4 cos X =5 sin(x + 53.13°)".
(@ Show that thisiswrong by substituting x = 0°.

(b) Find the correct form R sin(x — ) with 0° < o < 90°.
(c) Hencesolve3sinx —4cosx =4for0° < x < 360°.

g(x) =y3 sinx + cos x, for 0 < x < 2m.
(8 Expressg(x)intheformR sin(x + o) whereR>0and 0 < a < %
(b) Solveg(x) = \/5 , giving your answers as multiples of 11.

(3]
(3]

(3]

(3]
(3]

(3]

(5]
(4]

(3]
(3]

(2]
(3]
(3]

(3]
(3]
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A rigid rod ABC has AB =5m, BC =4 m and angle ABC = 120°. Therod is hinged at A and canturnina
vertical plane. The angle between AB and the horizontal ground is 6, where 0° < 6 < 180°, and h metresis

the height of C above the ground.

hi\ g

(@ Showthath=7sn® + 23 cos®.

(b) Expresshintheform R sin(@ + a), where R > 0 and 0° < a < 90°. Hence find the
greatest possible height of C and the value of 6 at which it occurs.

(c) Find the values of 8 for which C is 6 m above the ground.

(4]

(6]
(5]

A rectangle ABCD, with AB = 8 cm and AD = 6 cm, is placed so that AB makes an acute angle 6 with the
horizontal. It fits exactly inside the smallest possible horizontal rectangle (shown dashed) whose sides touch

the rectangle ABCD, as in the diagram.
C

\9_0

>

A

(@ Show that the width of the dashed rectangleisW =8 cos 0 + 6 sin 6.

(b) ExpressW inthe form R cos(0 — a), R >0, 0° < a < 90°, and hence find the greatest
possible width and the value of © for which it occurs.

(c) Find the two values of 0, between 0° and 90°, for which W = 9 cm. Give your answers
to 1 decimal place.

(d)  Show that the area of the dashed rectangle is 48 + 50 sin 20 cm?, and find its greatest
value.

The R formulais used to analyse expressions of the form asin x + b cos x.
(@) Provethat, for constants a and b which are not both zero, asin x + b cosx = R sin(x +

o), where R = a? + b? and a is an angle you should define.
(b) Find the set of values of p for which the equation 2 sin x + p cos x = 3 has solutions.

() (i) Show that 3 cos?X + 4 Sin X COS X = % + % coS 2X + 2 sin 2x.

(ii) Hence find the greatest value of 3 cos®x + 4 sin X cos X.

This question proves that asin x + b cos x < ya? + b? for al x.

(@ Provethat (asinx +bcosx)?+ (acosx — bsinx)? = & + b2

(b) Deducethat [asin x + b cos x| < ya® + b?, with equality when acosx = b sin x.

(c) Usethisto find the greatest value of 5 sin x + 12 cos x and the value of tan x at which it
occurs.

(2]

(3]

(3]

(4]
(3]

(5]

(3]
(3]

(3]
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30  The depth of water, h metres, at a harbour t hours after midnight is modelled by h = 6 + 3 sin(30t)° + 4
cos(30t)°, for0 =t = 24.
(@) Express3sin(30t)° + 4 cos(30t)° in the form R sin(30t + o)°, withR>0and 0 < o <

0. [2]
(b)  Find the maximum depth and the first time, after midnight, at which it occurs, in hours

and minutes to the nearest minute. [4
() A ship needs a depth of at least 8 m. Find the total time in the 24 hours for which the

ship can use the harbour, to 2 decimal places. [6]

Small Angle Approximations

1 For small angles 6, measured in radians, write down approximations for sin 6, cos 6 and tan

0. [3]
2 0 is small and measured in radians. Write down approximations for (a) sin 30, (b) cos 26, (c)

tan 56. (3]
3 Use a small angle approximation to estimate cos 0.1, and compare it with the calculator value

to 5 decimal places. [3]
4 For small 8 (in radians), find an approximation of the form k6 for 4 sin 26 + 3 tan 6. [2]

5 Usetan 6 = O to estimate tan 0.04. Find the percentage error compared with the calculator

value, to 2 significant figures. [4]
6 show that, for small 8 (in radians), 1_%59 ~ 3. 2]
7 . 2 . 63

For small 6, show that sSin 9 tan 6 = 6 andcosesmeze—?. [3]
8 . 962

Show that, for small 6, cos30 + 2sin20 = 1+ 40 — - [4]
9 Use a small angle approximation, after converting to radians, to estimate sin 2°. Give your

answer to 4 significant figures and compare it with the calculator value. [3]

10 Giventhat 6 issmall and 2 cos 6 + 3 sin 6 = 2.29, use small angle approximations to show
that 6 = 0.1. [5]

11  Thediagram shows achord AB of acircle of radiusr, centre O, with angle AOB = 6, where 6
issmall and in radians.
Show that the length of the chord is approximately r0.

(4]
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The Moon subtends an angle of 0.0087 radians at an observer on Earth, and is 384 000 km
away. Use a small angle approximation to estimate the Moon's diameter, to 3 significant
figures.

3+ cos 20

Show that, for small O in radians, Trsng =4~ 40, ignoring terms in 62 and higher.

Show that, for small 0, 4 cos O + 3sin 20 = 4 + 60 — 262

The small angle 0 (in radians) satisfiescos20 + 3sin 6 = 1.1.
Use small angle approximations to find an approximate value of 8, to 3 significant figures.

) 0 sin 20
Find the value that 1—cos30 approaches as 6 — 0.

The approximation sin @ = 0 isused for small O in radians.
2
(@ Find the percentage error in using cos 6 = 1 — % when 6 = 0.2, to 2 significant
figures.
(b) Find the largest value of 8, to 2 decimal places, for which sin @ = 0 has an error of less
than 1% of the true value of sin 6.

A vertical pole PQ of height 12 m stands on level ground. The angle of elevation of P from a
point O, 800 m from Q, is 0 radians.
Use asmall angle approximation to estimate 0, and convert it to degrees to 2 decimal places.

P
4) 800 m Q

Find the values that the following approach as 8 = 0: (a) 6(293(:3(?3 9 (b) zteazgfe.

In the long thin triangle ABC, AB = AC = 80 cm, BC = 2.4 cm and angle BAC = 6 radians.
Use the cosine rule and a small angle approximation to show that BC = 800, and hence
estimate 0.

80 cm B
A g | 2.4cm
80 cm C

Two points A and B on the equator of the Earth (radius 6371 km) are separated by an angle of 6 = 0.002

radians at the centre.
(@ Findthe arc length AB along the surface, and the straight line chord AB.

3 3
(b) Usingsinx = x — % for small x, show that arc — chord = % and evaluate it in

millimetres, to 2 significant figures.

The small angle 0 (in radians) satisfies 3 cos 0 + tan 26 = 3.185.

Use small angle approximations to show that 302 — 40 + 0.37 = 0, and hence find 0 to 2
significant figures.

(3]

(4]

(5]

(4]

(4]

(4]

(4]

(4]

(5]

(4]

(6]
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A pendulum bob hangs from a string of length L = 1.5 m. It is pulled aside until the string makes a small
angle O radians with the vertical.
(&  Show that the bob has risen by L(1 — cos 6) and that, for small 0, this is approximately

L6?

2 -
(b) For 6 =0.12 find the rise using the approximation and using the exact formula, in

metres to 3 significant figures, and the percentage error. [4

A student estimates sin 30° using the small angle approximation sin 6 = 6 and writes sin 30° = 30.

(@) Explain the student's error. [2]
(b) Find the approximation of sin 30° correctly, and its percentage error to 2 significant

figures. [4]
(c) Comment on whether the approximation is reliable at 30°. [1

In this question, use 0.5 = % —h.

2
(@ Find hto 3 significant figures, and show that for small h, sin(0.5) = %(1 - h?) - lgh. [3]
(b) Evaluate this approximation to 4 decimal places and compare it with the calculator
value of sin 0.5. [3]

A lighthouse of height 40 m is observed from a boat. The angle of elevation of the top is « radians. The
boat then sails 1200 m directly towards the lighthouse and the new angle of elevation is 0.02 radians.
Assume all angles are small.

(@  Show that the boat isinitially d metres from the lighthouse, where d = %. 2]
(b) After sailing, the distance is 40 + 0.02 = 2000 m. Find the initial distance and the initial
angle a. [3]

For small 9 in radians:

2
€ Showthatcose+sin9zl+9—%. [2]
2
(b) Hence show that m =1—-0+ % ignoring termsin 62 and higher. [4]
(c) Verify the result for 6 = 0.05, to 3 significant figures. [2]

The diagram shows a sector OAB of a unit circle with centre O and angle AOB = 0, where0< 6 < % The
tangent at A meets OB extended at T.

aT
7/
/
,l
B .
0

O 1 A
(@ Find, interms of O, the areas of triangle OAB, sector OAB and triangle OAT. [4
(b) Explainwhy sin 6 <0 <tan 6. [2]

(¢) Hence show that cos 6 < &99 <1, and explain how thisjustifiessin © = 0 for small 6. [4]
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Consider the equation cos 6 = 260.

@

(b)
(©

2
UsecosO = 1 — 97 to show that an approximate solution satisfies 2 + 40 — 2=0

and find it, to 3 significant figures.
Show that the equation has a root between 0.4 and 0.5.

Usetheiteration O, = % cos 0, with 8, = 0.45 to find the root correct to 4 decimal

places, and find the error in the approximation from part (a).

This question differentiates sin x from first principles.

@
(b)

(©

i h) — s . h—1 inh
Show that Sn(x+—gs‘nx =snx (%) + C0S X (%).

For small h (radians), use small angle approximations to show that this is approximately

h .
COSX — §S|nX.

Hence state the derivative of sin x, and explain what happens to the extraterm ash — 0.

(4]
(2]

(4]



