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Discrete Random Variables

1 (2 marks)
(a) The probabilitiessumtol,sop=1—-01-03—-02=04 M1
Answer: p =04 1 mark
(b)PX>2)=P(X=3)+P(X=4)=04+02=06 Al
Answer: 0.6 1 mark

2 (3 marks)
Sum of probabilities=1: k(1 +2+3+4) =10k =1 M1

_1
Sok= 0 Al

PX<2)=P(X=0)+P(X =1) = = + = = —

(X<2)=PX=0)+PX=1)=15+% = 15 A1
Answer: k = 1—10, PX<2) = 1% 3 marks

3 (3 marks)
(a) The probabilitiessum to 0.3 + 0.4 + 0.2 + 0.3 = 1.2, which isnot 1 M1 A1
Answer: The probabilities sum to 1.2, not 1 2 marks
(b)PX=4)=1-03-04—-02=01 Al
Answer: 0.1 1 mark

4 (4 marks)
(@PAL=X<3=PX=1)+PX=2=o+7=2 M1 AL
Answer : % 2 marks
(b) F(15) =P(X < 15)=P(X =0) +P(X =)= 5 + 5 = 5 ML AL
Answer : % 2 marks

5 (2 marks)
There are 8 equally likely outcomes; the numberswith 0, 1, 2, 3headsare 1, 3, 3, 1 M1

B 1331

PX=0,1,23=5 55 3 M
Answer: P(X=0,1,2,39 = %, o, 5, 5 2 marks

6 (5 marks)
Each value s equally likely, so P(X = 7) = =5 B1
Multiples of 3 are 3, 6,990P:1—% M1 Al
X? > 40 requires X = 7, 50X =7,8,9, 10 and P= -t = 2 M1 AL

1 3 2

Answer: (a) 10 (b) 10 (© 5 5 marks

7 (4 marks)
(a) There are 16 equally likely outcomes (a, b). X canbe 0, 1, 2 or 3 B1
X =0:(1,1), (2,2), (3,3), (4,4) s0 4 outcomes. X = 1: 6 outcomes. X = 2: 4 outcomes. X = 3: 2 M1

outcomes

=0,1,2 3with PX =x) = =, =, = & ivel

x =0, 1, 2, 3with P( —x)—Z,g,Z,greﬁpectlvy Al
Answer: P(X=0,1,2,3) = %, %, %, % 3 marks
() PX22)=F+5=0 AL
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3

Answer: B 1 mark
8 (4 marks)
@PX=3)=P(X=3)—PX=2)=055-03=025 Al
Answer: 0.25 1 mark
b)PX>2)=1-PX=2=1-03=07 Al
Answer: 0.7 1 mark
(c) Subtract consecutive cumulative values: P(X = 1) = 0.1, P(X =2) = 0.2, P(X = 3) = 0.25 M1
P(X=4)=08—055=025P(X=5=1-08=0.2 Al
Answer: 0.1, 0.2, 0.25,0.25,0.2 for x=1t0 5 2 marks
9 (5 marks)
(a) Thevauesare 4, 5, 6, 7, 8, five values, each with probability 1—12 M1
_ 5
P=1 Al
Answer: —
nswer: 12 2 marks
(b) X iseven: 2, 4, 6, 8, 10, 12, six values B1
X2 > 50 needs X = 8, 50 8, 10, 12 are the values that qualify M1
po3_1
=5°5 Al
1
Answer: 5 3 marks
10 (4 marks)
@c=PX=3)=PX=2)+P(X=3)=04+0.35=0.75 M1 A1
Answer: ¢ =0.75 2 marks
(b) P(X =1)=0.15,P(X =2) =04 — 0.15=0.25 M1
P(X=3)=035PX=4)=1-0.75=025 Al
Answer: 0.15, 0.25, 0.35, 0.25 2 marks
11 (3 marks)
Thereare 4 x 3 =12 equally likely ordered pairs M1
X =2:(1,2), (2,2) so 2 outcomes; X = 3: 4 outcomes; X = 4: 6 outcomes M1
PX=2) =5 PX=3=3PX=4=73 A
Answer: P(X =2,3,4) = =, = 1
nswer: P(X =2, 3, )_6’§’§ 3 marks
12 (4 marks)
Sk + 4k + 3k + 2k + k = 15k = 150k = 7¢ M1 AL
The largest probability isat x = 1, so the mode is 1 B1
4 2 2
P(Xeven):P(X:2)+P(X:4):1—5+l—523 Al
Answer: k = 1—15 mode 1, P(even) = é 4 marks
13 (3 marks)
Sum 4 from (1, 3), (3, 1) and (2, 2) M1
P=2(0.5)(0.2) + 0.3 = 0.2 + 0.09 M1
_ 29 _
= 100 = 0-29 Al
Answer: 0.29 3 marks
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14 (7 marks)
(a) x(6 — x) takesthe values 5, 8,9, 8forx =1, 2, 3,4 M1
- -1
30k=1s0k= 20 Al
Answer: k = 3—10 2 marks
_PR=sX=<3 _17 22
(b)P(X22|Xs3)—W_%.% -
17
= Z Al
Answer . % 2 marks
(c) Sumis5 for the pairs (1, 4), (2, 3), (3, 2), (4, 1) M1
.1 4 4 3
P—2X6x1—5+2xl—5><1—0 M1
_ 56
= 25 Al
Answer: 55
nswer: 2285 3 marks
15 (6 marks)
PX=0)=P(BB)=>x 2 =1
(@) P(X =0)=P(BB) = < x & = 3 M1 A1
P(X =1)=P(RB) +PBR) = 5 X g + 5 x 3 = M1 AL
Answer: P(X=0,1, 2) = %, ;, % 4 marks
PX =2 2 .6
(b)P(X:2|X21):ﬁ:7—7 M1
1
= 3 Al
1
Answer : 3 2 marks
16 (6 marks)
P(X = 2) = P(not six, then si =2kl
(a) P(X = 2) = P(not six, enS|x)—6 6= 3% M1 A1
X = 3 whenever the first two rolls are not sixes. P(X = 3) = (g)2 = % M1 A1
Answer: P(X =3) = % 4 marks
PX22=1-PX=1)=1-¢=2 M1 AL
Answer: % 2 marks
17 (6 marks)
(a) Every probability must be at least 0: 0.35 —a=0,2a=0and 065 —a= 0 M1
S00=a=035 Al
Answer: 0 = a=<0.35 2 marks
(b) A total of 4 comes from (1, 3), (3, 1) and (2, 2) M1
P =2(0.35 — a)(0.65 — a) + (2a)* M1 A1
=2(0.2275 — a+ &) + 4a’ = 6a® — 2a+ 0.455 Al
Answer: shown 4 marks
18 (5 marks)
Probabilitiessumto 1: a+ b =05 M1
E(X)=03+2a+3b+08=24s02a+3b=13 M1 Al
Solving: b=1.3 — 2(0.5) =0.3anda=0.2 M1 A1
Answer: a=0.2,b=0.3 5 marks
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19 (5 marks)
(@) F(4) = 16+4 -1
_ n 6 3
PX=3)=F(3) ~ F(2) = 55 ~ 25 = 10
3
Answer: 15
(b) PR<X <4)=F@) — F(2)=1-— 1%
7
- 10
7
Answer: 0
20 (5 marks)
(a) The probabilities sum to LGSH‘ = % =1
Answer: Sum is 2 not 1
(b) Sum = 1—0 = 1 and each value lies between 0 and 1, so valid
LY — _ o 3 1
P(X prlme)—P(X_2)+P(x_3)_l_0+1_O_§
1
Answer: 5
21 (9 marks)
(a) The probabilities sum to 1, a geometric series with first term %

k 1
Soo:§+(1—§):—

S0k =1landk=2
Answer: k=2

(b) P(X even) = P(X = 2) + P(X = 4) + ... = 2(3)> + 2(3)* +

Geometric series with first term 2 and common ratio 1

9 9
2. 1, 1
Sum—g—(l—g)—z
1
Answer: 7
1 n+l 1 n+2 (3)“+1 n
(€) POX > ) = 2(5)™ + 2(5)™2 + ... = = (3)
3)
In 1000

(3 )“<000150n>

Answer: n=7

3 =6.29...; theleast integer isn=7

22 (9 marks)
(@02+k+k>+024=1
k?+k —056=0
(k —04)(k+14) =0sok=040rk=—14
k = —1.4 isrejected because a probability cannot be negative, so k = 0.4
Answer: k =0.4
(b) P(X =2) = 0.4, P(X =3) = 0.16, P(X = 4) = 0.24

_PX>2 _04
P(X>2|X22)—m—ﬁ
=05
Answer: 0.5
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(c) P(equal) = = P(X = x)? = 0.04 + 0.16 + 0.0256 + 0.0576 M1
=0.2832 Al
Answer: 0.2832 2 marks
23 (8 marks)
1 1 1
(@ Xx+1) ~ x x+1 MLAL
A 1 1
nSNer.;—X_'_l 2 marks
A 1 1 1 1 1 1
(b) Sum of probabilities = k[(T - E) + (E - §) + ..+ (ﬁ e 1)] M1
L . 1 ,_, n
Terms cancel in pairs leaving k(1 — m) = km M1 Al
Thisequals 1, sok = n;1 Al
Answer: k = ; ! 4 marks
5 5 5 1
(@ k=780PX=3) =25 PX=4)=5=15 M1
5 1 _8 1
P(X23)_E+E_E_g Al
Answer: % 2 marks
24 (9 marks)
(a) Y cantakethevaluesO, 2, 3,4,5,6 B1
4 8 4
P(Y=0)=04°= 5, P(Y =2) =2%x04x04= 5, P(Y =3)=2x04x02= 5 M1 AL
4 4 1
P(Y =4)=04% = 5, P(Y =5) =2x 04 x 02= o, P(Y =6) =0.2° = ¢ Al
. _ 4 8 4 4 4 1
Answer: P(Y =0,23 4,5, 6) =25 257 25 25 257 25 4 marks
(b) X, > X, for (2, 0), (3, 0) and (3, 2) M1
P:0.4><0.4+0.2><O.4+O.2><0.4:2—% Al
Answer: 2% 2 marks
_ 4 4 4 1 13
(C)P(Y23)_%+%+%+E_% M1
X, > X, and Y = 3for (3, 0) and (3, 2), probability 0.2 x 04+ 0.2 x 0.4= o M1
b= 4 13 _ 4
~® B/ 13 Al
Answer : % 3 marks
25 (8 marks)
(a) P(equal) = @ + 0.5° + (0.5 — a)? M1 Al
=2a° —a+05=038,s02a" —a+0.12=0 M1 A1
Answer: shown 4 marks
(b) (10a — 2)(10a — 3) =0 givesa=0.20r a=0.3 M1 Al
Fora=03:P(X=2)=0.2and E(X) =05+ 04=09 M1 Al
Answer: a=0.20r 0.3; E(X) =0.9 4 marks
26 (9 marks)
(a) Both scores equal: 6 of the 36 outcomes, so P(X = 0) = 3—% = % M1 A1
X =4 needs a4 first and a different score second: % X % = 3—% M1 Al
Answer: shown 4 marks
(b) P(X even) = P(X =0) + P(X = 2) + P(X = 4) + P(X = 6) M1
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_6 g5 _a_7
T B3}/ 12 M1 A1
Answer: % 3 marks
15
(© P(X#O)—36,P(X>3) 3>< =35 M1
Conditional probability = 15 % Al
Answer: % 2 marks
27 (10 marks)
n
@ZIPX=x)=k>r’=1 M1
r=1
n
Erzz n+1)(2n+l) B1
<
Sok=__ 68
“nin+1)2n+1) Al
o 6
Answer: k = W 3 marks
2 _ 6n
(b) P(X - n) =kn®= (n + 1)(2n + 1) M1 Al
6n 8 _
m SO 90n = 8(2n +3n+1) M1
8n? —33n+4—030(8n—1)(n—4):0 M1
:%orn:4;nisapositiveinteger,son:4 Al
Answer: n=4 5 marks
K = 6 _ 1
©k=73x5xg= 30 M1
a2 a2y 10 1
P(X odd) = k(1 +3)—30—3 Al
Answer . % 2 marks
28 (12 marks)
(a) X = x means both dice show at most x M1
P(X<x):5><5:x—2 Al
- n n np?
PX=x)=PX=x)—PX=x-1 M1
XX -(x-1% _ 2x-1
= v == Al
Answer: P(X =x) = 2 : ! 4 marks
(b) For n=4: P(X =3) = %, P(X = 4) = 1< B1
A sum of 7 needs the values 3 and 4 in either order M1
P=2x i X l = ﬂ Al
- 16 ~ 128
A 35
nswer: 18 3 marks
() PX=n)= <01 M1
2n—1<01n’son?>—20n+10>0 M1 A1
Rootsn-10+\/_ son>10+\/_—1949.. M1
n=20 (Check =0.0975< 0.1, but 5=+ 361 =0.1025 for n = 19) Al
Answer: n = 20 5 marks
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29 (14 marks)
(a) The three values must be 1, 2 and 4 in some order, and there are 3! = 6 orders M1
_ _ 9
P—6><0.5><0.3><0.2—% M1 Al
Answer : 5% 3 marks
(b) A total of 6 comesfrom 2, 2, 2 or from 1, 1, 4 in any order M1
P=0.3%+3x05"x0.2 M1 A1
_ a7
~ 1000 Al
A 177
nswer: 1000 4 marks
(c) With at most one 4 the largest total is4 + 2 + 2 = 8, so atotal of at least 9 needs at least two M1
4s. 4, 4,1 (total 9), 4, 4, 2 (total 10) or 4, 4, 4 (total 12)
P(4, 4,1) =3 x 0.2 x 0.5 = 0.06, P(4, 4, 2) = 3 x 0.2° x 0.3 = 0.036, P(4, 4, 4) = 0.2° = 0.008 M1 Al
13
P(total = 9) =0.104 = 15 Al
Exactly two 4s means 4, 4, 1 or 4, 4, 2, probability 0.096 = 11225 B1
pol2 138 _12
=125 T 125 13 MLAL
Answer: P(total = 9) = 1—235 conditional probability % 7 marks
30 (13 marks)
(8) PX >X) = (3)1 + (5)2 + ... M1
1 x+1
o 1o 1 QT g
Geometric series with first term (5) and ratio 5isum = 1= (E) M1 Al
2
Answer: shown 3 marks
(b) M = m means both X, = m and X, = m, each with probability P(X >m — 1) = (%)m'1 M1 Al
By independence, P((M = m) = (5 )2(m V=(7 )"11 Al
Answer: shown 3 marks
(©PM=m)=PM = m) — PM = m+1)= ()™ — ()" M1 AL
= (%)m'l(l - %) = 4( )m ! ageometric distribution with p = 3 M1 E1
Answer: P(M =m) = 4(4)m ! 4 marks
3 1 3
(d) P(M 2) Z 7~ 16 Al
M _3., 1 34 fi 3 .1
P(M even) = E Z(Z) irst term <, ratio 5 M1
_ 3.1 _1
Sum = 616" 5 Al
A 3 1
nswer: 16’5 3 marks
Expectation and Variance
1 (2 marks)
E(X) = Z x P(X =x) =1(0.1) + 2(0.2) + 3(0.3) + 4(0.4) M1
=01+04+09+16=3 Al
Answer: E(X) =3 2 marks
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2 (3 marks)

E(X) =0(0.5) + 1(0.3) + 2(0.2) = 0.7 B1

E(X?) =0+ 1(0.3) + 4(0.2) = 1.1 M1

Var(X) = E(X? — [E(X)]? = 1.1 — 0.49 = 0.61 Al

Answer: E(X) =0.7, Var(X) = 0.61 3 marks
3 (4 marks)

_1+2+3+4+5+6 _21 _7

E(X) = 5 =5 %3 M1 Al

E(x2):1+4+9+é.6+25+36:% M1 AL

Answer: E(X) = % E(X?) = 9—61 4 marks
4 (2 marks)

Var(X) = E(X?) — [E(X)]? M1

E(X?)=7+9=16 Al

Answer: 16 2 marks
5 (3 marks)

E(X)=—-02+0+03=0.1 M1 Al

E(X?)=0.2+0+0.3=0.5,s0 Var(X) =05 — 0.1 = 0.49 Al

Answer: E(X) = 0.1, Var(X) =0.49 3 marks
6 (2 marks)

E(W) = 4(0.5) + (—1)(0.5) M1

= £1.50 Al

Answer: £1.50 2 marks
7 (5 marks)

(a) E(BX — 2) =3(4) — 2=10 AL

Answer: 10 1 mark

(b) Var(aX + b) = a® Var(X) M1

Var(3X —2)=9x9=81 Al

Answer: 81 2 marks

(c) E(X?) = Var(X) + [E(X)]? M1

=9+16=25 Al

Answer: 25 2 marks
8 (5 marks)

1 2 _1 3_1
(a)P(W:5)=€,P(W:1):§:§,P(W=—2):6:§ B1
1 1 1

E(W) =5(3) + 1(3) — 2(3) M1

_5,2_6_1

676 6 6 Al

Answer: E(W) = E% 3 marks

(b) Expected totdl = 120 x £ = £20 M1

E(W) # 0, so the game is not fair (it favours the player) E1

Answer: £20; not fair 2 marks
9 (4 marks)

a 1 5 20

(@) E =300 3555 + 50 * 15055 * 5 * 1500 M1

=0.30 + 0.25 + 0.10 = £0.65 Al

Answer: £0.65 2 marks

(b) Expected profit =2 — 0.65 = £1.35 M1 Al
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Answer: £1.35

10 (5 marks)
E(X)=03+1.0+06=19
E(X?)=03+20+18=41, Va(X)=4.1— 1.9°=0.49
Standard deviation =+/0.49 = 0.7
Answer: 1.9, 049, 0.7

11 (4 marks)
E(X? — 3) = Z(x? — 3)P(X = x) = (—3)(0.2) + (—2)(0.3) + 1(0.4) + 6(0.1)
1
-75
E(gaq) = 10.2) + 3(0.3) + 5(04) + 3(0)
_ 6l
120
1 61

Answer: —5 120

12 (8 marks)
(a) Subtract consecutive values. P(X =1, 2, 3,4,5) =0.2,0.3,0.2,0.2,0.1
E(X)=02+06+06+08+05=27
E(X)=02+12+18+32+25=89s0 Var(X)=89—272=161
Answer: E(X) =2.7, Var(X) =1.61
(b) E(Y)=3x27—-2=6.1
Var(Y) = 3% x 1.61 = 14.49
Answer: E(Y) =6.1, Var(Y) = 14.49

13 (7 marks)
4C1 x 2C2 4 1
@PX=1)="%6c3 =25
., _4C2x2C1 _12 _3 _._4C3_ 4 1
PX=2="5c3 20 5 dPX=9=555"%"5
, _ 131
Answer: P(X =1,2,3) = 1B S
1 6.3
(b)E(X):g'Fg'i'g:Z
pol,12, 9 2 _2_, 2
EX)=gt+tgs+tg=F.0VaX)=5 —4=¢

Answer: E(X) =2, Var(X) = %

14 (8 marks)
(a) By symmetry about x =3, 1 =3 (or E(X)=0.1+05+09+1+05=23)
E(X)=01+1+27+4+25=10.3, so0Var(X)=103—9=13and o = 1.14
Answer: p=3,0=114
(b)p—o0=186andp +0=4.14,s0 X =2, 3, 4 quaify
P=025+03+025=0.8
Answer: 0.8
() E(2X2+1)=2x103+1=216
Answer: 21.6

15 (7 marks)
@k(1+2+3+4)=10k=1s0k=0.1
Answer: k =0.1
(b) E(X) = X x(0.1x) =0.1(1 + 4 + 9 + 16)
=3
Answer: 3
(c) E(X? =0.1(1 + 8 + 27 + 64) = 10
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Var(X) =10 — 3?=1 Al

Answer: 1 2 marks

(d) E(x) = % ~(0.1) = 01 x 4 M1

=04 Al

Answer: 0.4 2 marks
16 (8 marks)

(@) E(C) = 500(0.08) + 2000(0.02) = 40 + 40 = 80 M1 A1

E(C?) = 250000(0.08) + 4000000(0.02) = 20000 + 80000 = 100000 M1

Var(C) = 100000 — 6400 = 93600, sd = £306 M1 A1

Answer: E(C) = £80, sd = £306 5 marks

(b) Expected profit =p — 80 =20 so p = 100 M1 Al

Var(profit) = Var(C) = 93600, since subtracting a constant does not change variance B1

Answer: p = £100, variance 93600 3 marks
17 (7 marks)

(a)E(X)zlx1+2x3+3x5;64><7+5x9+6x11 M1

_1+6+15+28+45+66 _ 161

= 36 = E M1 Al

161
Answer: 25 3 marks
o _ 1+12+45+112+225+396 _ 791
(b) E(X) = % =3 M1 A1
791 161

Var(X) = T (ﬁ)2 =197 M1 Al

Answer: 1.97 4 marks
18 (6 marks)

1 1 1, 25 _ 12
k(1+§+§+z)—ﬁk—130k—g M1 Al
_ k _ _ 48
E(X)—Zxx§—4k—E M1 A1
120 120 48 696
E(X2)=k(1+2+3+4)=10k=2—5,Var(X)=2—5—(2—5)2=@ M1 A1l
12 48 696

Answer: k = 5 E(X) = 55 Var(X) = 5 6 marks
19 (5 marks)

Var(Y)=a2><16=1soa=% M1 AL

E(Y)=10a+b=0s0b=—3 M1 AL

E(Y?) =Var(Y) +[E(Y)]?=1+0=1 B1

Answer: a:%,b:—g 5 marks
20 (5 marks)

EX)= 22> =4and E(Y) =0+ 2+2=4 M1 AL

Var(x)= 252 — 16=1,E(Y)=0+8+16= 240 Va(Y)= 24— 16=8 ML AL

Game A: it has the smaller variance, so its results are less spread out El

Answer: Both 4; Game A (variance 1 against 8) 5 marks
21 (8 marks)

(a) The formulais the wrong way round: Var(X) = E(X?) — [E(X)]? E1

A variance is a mean of squared deviations, so it cannot be negative El

Answer: Formula reversed; variance cannot be negative 2 marks
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(b) Var(X) = 19.6 — 4.2? M1
=196 —17.64=196 Al
Answer: 1.96 2 marks
() E(Y)=5-—2(42)=-34 M1 A1
Var(Y) = (—2)? Var(X) =4 x 1.96 = 7.84 M1
Standard deviation =+/7.84 = 2.8 Al
Answer: E(Y) =—=34,sd =28 4 marks
22 (9 marks)
3.2 _3
@ PX=0)-= 5 X Z =0 M1 A1
PX=2)= 2 x 3 =20 adP(X =1)=1—- 03~ 0.1=06 AL
Answer: 0.3, 0.6, 0.1 3 marks
(b) E(X) =0.6 +2(0.1) = 0.8 M1
Expected payout = 3E(X) = £2.40 M1
For afair game, ¢ = 2.40 Al
Answer: ¢ = £2.40 3 marks
(c) E(X?) = 0.6 + 4(0.1) = 1.0, so Var(X) =1 — 0.8 = 0.36 M1
Profit = 3X — 2.40, so Var = 3% Var(X) M1
=9x0.36=324 Al
Answer: 3.24 3 marks
23 (9 marks)
@ E(Y)=aE(X)+b=au+b B1
Answer: ap +b 1 mark
b)Y —EY)=aX+b—apu—b=aX —p) M1 Al
Var(Y) = X a(x — 1n)?P(X = x) M1
=a? Z(x — n)?P(X = x) = a®Var(X) M1 AL
Answer: proved 5 marks
(c) sd(Y) =+ 2Var(X) = |a sd(X), since a square root is never negative M1 E1
sd=1]-3|x2=6 Al
Answer: 6 3 marks
24 (11 marks)
(@) X =3 means TTH: (%)3 = % M1 A1l
X = 4 means TTT followed by anything (the fourth toss s the last): (3)* = g M1 AL
Answer: shown 4 marks
D EX)=5+2+o+5="2 M1 AL
4 9 16 _ 37 37 15 71
E(xz)——+z+8+8—@,Vaf<x>=@—<§)2:a VAL
Answer: E(X) = ?, Var(X) = @ 4 marks
15 11
(c) Expected return = 2E(X) — 1 = 7 —1=7 M1 Al
Expected profit = % —1=£175 Al
Answer: £1.75 3 marks
25 (12 marks)
(@ EX)=025+1+1=225 M1 Al
E(X?) =025+ 2+ 4= 6.25, Var(X) = 6.25 — 2.25” = 10 M1 AL
Answer: E(X) = Va r(X) = —9 4 marks
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81

(b) E(X1X2) = E(X))E(X7) = 75 M1 Al
E(IX; — X,]) = 2[(2)(0.25)(0.5) + (3)(0.25)(0.25) + (2)(0.5)(0.25)] M1
= % Al
A 81 9

nswer: 16' 8 4 marks
(c) Var(X, + X,) =2Var(X) = % M1 A1l
Var(X; — X,) =Var(X,) + Var(X,) = %9, the same, since variances add for independent variables M1 E1
Answer: % for both 4 marks

26 (7 marks)
atb+c=1 B1
E(X)=a+2b+3c=21 B1
E(X?) =0.49+21%°=49,s0a+4b+9c=4.9 M1 Al
Subtracting equations. b+ 2c=1.1and 3b + 8c = 3.9, s0 2c = 0.6 M1
c=03,b=05 a=0.2 A1A1L
Answer: a=0.2,b=05,c¢c=03 7 marks
27 (10 marks)
1< 1. nn+1
(@ EX) = = 3 r= & x ML) M1
r=1

n+1

= Al
n+1

Answer . 5 2 marks

(b) E(XZ) _ % y n(n + 1)6(2n +1) _ (n+ 1)é2n +1) ML AL

(n+1(2n+1) n+1 (n+D[2(2n+ 1) — 3(n+ 1)]

— 2 _
Var(X) = 5 —( 5 ) = 7 M1
_(n+in-1) _n’-1
- 12 T 12 Al
nZ—1
Answer: Var(X) = 5 4 marks
n2 -1 2
(© 5 = 8.25s0n° =100 M1
n=10(n>0) Al
Answer: n =10 2 marks
(d)E(Y)=2(55) —7=4 B1
Var(Y)=4x8.25=33 B1
Answer: E(Y) =4, Var(Y) =33 2 marks
28 (15 marks)
1+2+3+4 5
(a)P(X=1)+...+P(X=4)=T=E M1 Al
5 7 _ O _ 5
15 t 13 = 1 sothedistribution isvalid, and P(X = 4) = 15 Al
Answer: valid; P(X = 4) = % 3 marks
() E(x) =% X PX=x) = 25 x4+ 15 x ¢ ML AL
1, 7.0
“5 T T2 Al
Answer: shown 3 marks
1 1 1 1. 1 1 7 1
(C)E(W):ZFP(X:X):z(1+§+§+z)+ﬁ><% M1 Al
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_ 89
~ 864
B ,_ 173
Var(sr) = 8 - (72) 5184
A 173
nswer: £ro7
(d) Y=1+ %
1 55
E(Y)=1+2E(x) = 35
1, _ 173
Var(Y) = 2* Var (_) ~ 129
173
Answer: E(Y) = 36' Var(Y) = 1556
29 (15 marks)

(8) EX) = £ x o L et x = nZC(n—l,x—l)

The sum over x = 1 to n is the sum of al binomial coefficientsfor n — 1, which is 2™*

nx2" n

E(X) = on -2

.n
Answer:

n(n 1) nin — 1) x 2™

2n

(b) E[X(X — 1)] =

_nin-1)
- 4

SCh—2x—2)=

n(n — 1)
4

Answer:

(©) E(X?) = E[X(X — 1)] + E(X) = ”(”4— 1, n- nZZ n

n+n

n
T

Var(X) = %

n
Answer : Z
(d) E(X) =6, Var(X) = 3
E(3X — 5) =13
sd=3/3=5.20

Answer: 13 and 5.20

30 (16 marks)
(a) E(second roll) = 17 2*3+4+5+6

6 =35

Rejecting gives an expected 3.5, which beats 1, 2 or 3 but not 4, 5 or 6

Answer: 3.5

+5+6 _

(b) Accept 4, 5, 6 (each with probability %): contributes 4 5

Reject with probability % expected prize 3.5: contributes 1.75
Total =25+ 1.75=4.25

Answer: £4.25
(c)E(prizez):W+%x%:7—g+%:%
Var = % _( Wy 113

Answer: %4183

(d) Expected profit = 4.25 — 4 = £0.25
Thisis positive, so the game favours the player and is not fair
Answer: £0.25 for the player; not fair
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Binomial Distribution

1 (2 marks)
P(X = 3) = C(10, 3) (0.3)% (0.7)"
=120 x 0.027 x 0.0823543 = 0.267
Answer: 0.267

2 (2 marks)

X ~B(8, 0.5); P(X = 2) = 5es(1+ 8+ 28)

_ 37 _
= 256 = 0.145
37

Answer: 256 = 0.145

3 (2 marks)

Using the binomial distribution (calculator): P(X = 2) = P(0) + P(1) + P(2)

=0.544
Answer: 0.544

4 (2 marks)
PX=1)=1-PX=0)=1-09%
=0.878
Answer: 0.878

5 (2 marks)
E(X)=np=30x02=6
Var(X) =npg=30x%0.2x08=4.8
Answer: E(X) =6, Var(X) =4.8

6 (4 marks)

(8) X ~ B(12, 7)
Answer: X ~B(12, g)

(b) P(X = 3) = C(12, 3)(5)*(g)° = 0.197
Answer: 0.197

7 (5 marks)
(a) The guesses are independent of one another

The probability of a correct guessis constant (0.25) for each question

Answer: Independence; constant praobability 0.25
(b) X ~B(12, 0.25)

P(X =5)=1— P(X < 4)

=1-—0.8424=0.158

Answer: 0.158

8 (5 marks)
(@ np=6andnp(l —p)=4.2
Dividing: 1 — p= 4;62 =0.7,50p=0.3
_ 6 _
n= 03" 20
Answer: n=20,p=0.3
(b) P(X = 6) = C(20, 6)(0.3)%(0.7)** = 0.192
Answer: 0.192
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9 (3 marks)
PA4=X=8=PX=8—-PX=3
=0.9578 — 0.1727
=0.785
Answer: 0.785

10 (3 marks)
(@ X ~B(12,0.85),PX =10)=1—-P(X =9)
=0.736
Answer: 0.736
(b) P(X = 12) = 0.85" = 0.142
Answer: 0.142

11 (2 marks)
Binomial needs a fixed probability of success on each trial and independent trials
Cards are not replaced, so after each card the probability of a heart changes (the trials are not
independent)
Answer: Trials not independent; probability changes

12 (5 marks)
(8 PX<2)=P(X = 1) =0.3758
Answer: 0.3758
(b) P(X =2) =0.3020
P(exactly one equals 2) = 2 x 0.3020 x (1 — 0.3020)
=0.422
Answer: 0.422

13 (7 marks)
(@) Var(X) =18p(1 — p) =4s018p> — 18p+4=10,i.e. 9p*’ — P +2=0
(3p — 1)(3p—2):090p:%0rp:%
Answer: p:%or%

(b) Mean =18p > 9 so p > 0.5, hencep:%

P(X = 12) = C(18, 12)(5)*(3)° = 0.196
Answer: 0.196

14 (7 marks)
(a) X ~B(15, 0.08)
P(X = 0) = 0.92"° = 0.286
Answer: 0.286
(b) P(X = 2) from calculator
=0.887
Answer: 0.887
() 1—0.92">0.95s00.92" < 0.05

INn0.05 _
no0.9 - 35.93...

n=36
Answer: n =36

n>

15 (6 marks)
(a) X takesthevaluesOto 6, son=6
The distribution is symmetrical about 3, so p = 0.5
Check: P(X = 0) = 0.5° = 0.0156 = 0.016
Answer: n=6,p=0.5
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(b)P(X25):P(X:5)+P(X:6):66"'41

7
= 5z = 0.109
Answer: e

64
(c) Var(X) =np(1 — p) = 6(0.5)(0.5) = 1.5
Answer: 1.5

16 (7 marks)
(a) X ~B(20, 0.2)
Answer: X ~B(20, 0.2)
(b)y M=4X — (20 — X) =5X — 20
E(M) =B5E(X) —20=5%x4—-20=0
Answer: shown
(o) Var(X) =20%x 0.2x0.8=3.2
Var(M) =52 x 3.2 =80
Answer: 80

17 (4 marks)
P(X = 3) =0.03324 and P(X = 4) = 0.09047
Thefirst is < 0.05 and the second is > 0.05
Soc=3and P(X = 3) =0.03324
Answer: c =3, P=0.03324

18 (4 marks)
P(X = 3)

PX=3)=1-PX = 2)=0.3215
P(X = 1) =1 — 0.75° = 0.8999; ratio = 0.357
Answer: 0.357

19 (5 marks)

P(a box has no cracked eggs) = 0.92%° = 0.4344
Number of such boxesY ~ B(5, 0.4344)

P(Y = 2) = C(5, 2)(0.4344)%(1 — 0.4344)° = 0.341
Answer: 0.341

20 (5 marks)
(1 — p)°>=0.07776
1— p=0.07776""=0.6,s0p = 0.4
P(X = 3) = C(5, 3)(0.4)*(0.6)* = 0.230
Answer: p =04, P(X =3) =0.230

21 (9 marks)
@PX=1)=12p(l-p*andPX=0)=(1-p*
12p(1 — p)* =3(1 — p)**

Dividing by (1 — p)*: 12p=3(1 — p),s0o 15p =3 and p=0.2
Answer: p=0.2

b)PX =2 =1—-PX=0) —PX=1)

=1 — 0.8% — 12(0.2)(0.8)** =1 — 0.06872 — 0.2062
=0.725

Answer: 0.725

(c) P(X = 1) = 0.206, P(X = 2) = 0.283, P(X = 3) = 0.236
Thelargestisat r = 2, so the mode is 2

Answer: 2
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22 (7 marks)
(a) G~B(6, 0.2 B1
Passneeds4+G=7,s0G =3 M1
P(G=3)=1—- PG = 2) =0.09888 Al
Answer: 0.0989 3 marks
(b) Exactly 7 means G = 3: P(G = 3) = C(6, 3)(0.2)%(0.8)® = 0.08192 M1 AL
0.08192
P(G=3|G = 3) = 55ggas = 0-828 Al
Answer: 0.828 3 marks
(c) Sam may not guess at random (some answers can be eliminated), so the probability is not El
constant at 0.2
Answer: Guesses may not be random / p not constant 1 mark
23 (10 marks)
(a) Attending patients ~ B(20, 0.8): P(all attend) = 0.8%° = 0.0115 M1 A1l
Non-attenders N ~ B(20, 0.2): P(N >3) =1 — P(N = 3) = 0.5886 M1 Al
Answer: 0.0115 and 0.5886 4 marks
(b) Attenders A ~ B(21, 0.8); need A =< 20 M1
P(A <20)=1— PA =21)=1— 0.8% = 0.9908 M1 AL
Answer: 0.9908 3 marks
(c) A ~ B(25, 0.8); a patient cannot be seen when A = 21 M1
P(A = 21) = P(A =21) + ... + P(A = 25) M1
= 0.4207 Al
Answer: 0.4207 3 marks
24 (8 marks)
(@ P=P(X =1) x P(Y = 1) =0.1977 x 0.07118 M1
=0.0141 Al
Answer: 0.0141 2 marks
(b)y PX+Y =2)=P(0, 2) + P(1, 1) + P(2, 0) M1
= 0.05765(0.1678) + 0.1977(0.07118) + 0.2965(0.01384) M1
=0.0278 Al
Answer: 0.0278 3 marks
(c) X +Y counts the successes in 20 independent trials each with probability 0.3 El
P(B(20, 0.3) = 2) = C(20, 2)(0.3)%(0.7)*® = 0.0278, which agrees M1 A1
Answer: 0.0278 3 marks
25 (7 marks)
(@) P(X = 0) + P(X = 1) = 0.97" + n(0.03)(0.97)™* M1 A1
= 0.97™(0.97 + 0.03n) Al
Answer: shown 3 marks
(b) Trial: n =17 gives 0.9091; n = 18 gives 0.8997 M1 A1A1L
So the largest nis 17 Al
Answer: n =17 4 marks
26 (5 marks)
P(first two trials succeed, remaining four fail) = p*(1 — p)* M1 A1
P(X =2) = C(6, 2p*(1 — p)* = 15p%(1 — p)* M1
. Lo opfA-pt _ 1 .
Conditional probability = A —p 15 independent of p M1 A1
Answer : 1 5 marks
15
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27 (11 marks)
(@PX=r+1)=C(n,r+1) p*tqgm! B1
C(n,r+1): n! xr!(n—r)! _nh-r .
C(n,1) r+D!'(n—=r—=1)! n! r+1
So theratio is T:lr x % Al
Answer: shown 3 marks
(b) The ratio exceeds 1 when (20 — r)(0.35) > (r + 1)(0.65) M1
7 — 0.35r > 0.65r + 0.65, sor < 6.35 M1 Al
The probabilities increase up to r = 7 and decrease after, so the mode is 7 Al
Answer: 7 4 marks
(c) Mode m satisfies(n+)p—1l<=m=< (n+1)p M1
035(n+1) —1=<11=<035n+1) Al
3143=n+1=3429,son+1=32,330r 34 M1
n=31, 32 or 33 Al
Answer: n =31, 32, 33 4 marks
28 (11 marks)
(@) P(X =2) =C(n, 2) p* (1 — p)™* let g(p) = p(1 — P)"* M1
g(P =2p(1 — pP™* = (n = 2p*L — p)™° M1 A1
g(p) =p(L — P)™[2(1 — p) — (n — 2)p] =p(L — p)"*(2 — np) M1
Thisiszero (O<p<1)whenp= %; g > 0 before and g' < O after, so it isamaximum Al
Answer: p = % 5 marks
(b) p=0.2: P(X = 2) = 45(0.2)%(0.8)® M1
=0.302 Al
Answer: 0.302 2 marks
©@@+p)"=2PX=r=1and(g—p)" =2 (—1)" P(X =) = P(even) — P(odd) M1 A1
Adding: 1+ (g — p)"=2P(even);q—p=1—2p M1
n'=10, p = 0.3: Pleven) = 5(1 + 0.4%) = 050005 AL
Answer: 31+ (1 — 2p)"]; 0.50005 4 marks
29 (13 marks)
(a) P(accept) = (1 — p)® + 20p(1 — p)* M1 A1
p = 0.02: 0.9401 Al
p = 0.10: 0.3917 Al
Answer: 0.9401 and 0.3917 4 marks
(b) (1 = P)*[(L — p) + 20p] = (1 — P)**(1 + 19p) M1 AL
More defectives in the batch makes it less likely that the sample has at most one El
Answer: shown 3 marks
(c) Solve (1 — p)*°(1 + 19p) = 0.5 M1
p = 0.08: 0.5169 (above 0.5), p = 0.085: 0.4836 (below 0.5) M1 Al
The root lies between 0.08 and 0.085, and testing p = 0.0825 gives 0.5001 so p = 0.083 Al
Answer: p = 0.083 4 marks
(d) P(reject) = 1 — 0.9401 = 0.05990, so about 6.0% of good batches are rejected M1 Al
Answer: about 6.0% rejected 2 marks
30 (11 marks)
(a) State N: D ~ B(10, 0.02), P(D = 1) =0.9838 M1 Al
State F: D ~ B(10, 0.2), P(D = 1) = 0.3758 Al
Answer: 0.9838 and 0.3758 3 marks
(b) P(D = 1) =0.9x0.9838 + 0.1 x 0.3758 M1
=0.9230 Al
Answer: 0.9230 2 marks
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P(Fand D < 1)

(C)P(FIDS].):W M1

_ 01x0.3758 _

= —ooxm0 00407 ML AL

Answer: 0.0407 3 marks

_ 0.1(1—03758) _

(dyP(FID=2)= —1-o0930 - 0811 M1 Al

The prior probability of afault wasonly 0.1, so aresult of D = 2 raisesit above 0.8: such a El

sample is strong evidence of afault

Answer: 0.811 3 marks
Poisson Distribution
1 (2 marks)

—3 Q2

PX =2)= % M1

=0.224 Al

Answer: 0.224 2 marks
2 (2 marks)

PX =1)=P(X =0)+P(X =1) =251+ 25) M1

=0.287 Al

Answer: 0.287 2 marks
3 (4 marks)

3

(@) P(X =3) = e‘Z% = %e‘z = %e‘z M1 A1

Answer: shown 2 marks

b)PX<1)=e?+2%2=3e? M1 A1l

Answer: 3e72 2 marks
4 (2 marks)

PX=1)=1-PX=0)=1—¢e*? M1

=0.699 Al

Answer: 0.699 2 marks
5 (2 marks)

For a Poisson distribution the mean and the variance both equal A M1

E(X)=7,Var(X) =7,sd =47 = 2.65 AL

Answer: 7,7, 2.65 2 marks
6 (2 marks)

Meanin20minutes:6><%:2,30X~P0(2) M1

PX=0)=e2=0.135 Al

Answer: 0.135 2 marks
7 (4 marks)

(a) Calls occur independently of each other B1

Calls occur singly at a constant average rate B1

Answer: Independent; singly; constant rate 2 marks

(b) X ~ Po(4.5) B1

—45 6
P(X =6)= =2 =0.128 AL
Answer: 0.128 2 marks
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8 (4 marks)

(a)Meanzlzxtls—gzz,soPo(Z) B1

Answer: Po(2) 1 mark

(b)PX=23)=1—-PX =2 M1

=1l-e?(1+2+2) M1

=0.323 Al

Answer: 0.323 3 marks
9 (3 marks)

PB=X=7=PX =7 —-PX =2 M1

= 0.8095 — 0.08838 M1

=0.721 Al

Answer: 0.721 3 marks
10 (6 marks)

(a) Ordersin half aday ~ Po(1.75) B1

2

P(X=2)= e_”E’% = 0.266 M1 Al

Answer: 0.266 3 marks

(b) Ordersin aday X ~ Po(3.5); the stock is not enough when X = 6 M1

PX=6)=1—-P(X =5)=0.142 M1 Al

Answer: 0.142 3 marks
11 (2 marks)

Poisson requires events to occur at random, independently of each other M1

Timetabled arrivals are regular (almost exactly 6 per hour), so the variance would be much E1

smaller than the mean

Answer: Not random: buses are regular 2 marks
12 (4 marks)

e?=01s0A=In10=2.303 M1 A1

2 2

Px =2 =e A =01 x (11O M1

= 0.265 Al

Answer: A =1In 10, P(X = 2) = 0.265 4 marks
13 (5 marks)

A® A°
Y — oA
e 120 e 720 M1
ividing by 6225 L = 2 oy =

Dividing by e™*A>: 150 = 720 sOA=6 M1 A1

PB<X =8=PX=8—-PX =23 M1

=0.8472 — 0.1512 = 0.696 Al

Answer: A =6, P=0.696 5 marks
14 (7 marks)

(a) Flawsin A: Po(2 x 0.8) = Po(1.6); in B: Po(1.1) M1

Sum of independent Poissons: Po(2.7) Al

Answer: Po(2.7) 2 marks

(b) P(T=4)=1—P(T = 3) with T ~ Po(2.7) M1

=0.286 Al

Answer: 0.286 2 marks

(c) P(2in A and 1in B) = 0.2584 x 0.3662 = 0.09463 M1 A1

P(T = 3) = 0.2205, so the conditional probability = 0.429 Al

Answer: 0.429 3 marks
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15 (7 marks)
(@) P(X =0)=e™*=0.05
A=In20=299 = 3
Answer: A = 3
(b) P(X = 6) =1 — P(X < 5)
=1—e3(1+3+45+45+3.375+2.025)

=0.0839
Answer: 0.0839

39 _q 27 39
(c)P(X=2)=e 3§,P(X=3)=e 3§=e 35

Thebarsat X =2 and X = 3 have the same height (joint modes)
Answer: Equal; joint tallest bars

16 (5 marks)
Mean in d daysis 0.8d, so P(at least one) = 1 — %%
1— e %5095 givese ¥ < 0.05

In20 _
d> 08 = 3.745

Smallest whole number isd =4
Answer: d =4

17 (5 marks)
Failuresin 5 days X ~ Po(7.5)
Running out with s sparesmeans X > s,i.e. X = s+ 1; need P(X > s) <0.01
P(X > 14) = 0.01026 (too big) and P(X > 15) = 0.004608
The smallest stock is 15 tubes
Answer: 15 tubes

18 (5 marks)
(@ nislargeand p is small
Mean = np = 3, so approximate by Po(3)
Answer: Po(3)
(b) Poisson: P(X = 2) = 0.4232
Exact: P(X = 2) = 0.4215; the two agree to 2 decimal places
Answer: approx 0.4232, exact 0.4215

19 (7 marks)
e—)\}xrﬂ e—}\}xr
@ Gvor ™
_ A
T+l
Answer: shown
(b) P(r + 1) > P(r) whenr + 1 < A; for A = 4.3, probabilitiesrisswhiler + 1< 4.3,i.e.uptor=3

- P(4)
PE)IP(4) = % < 150 the mode is 4
For & = 4: P4)/P(3) = 5 = 1, 0 P(3) = P(4) and both are modes

Answer: mode 4; modes 3 and 4 when A =4

20 (7 marks)
_0+22+54+63+52+30+ 12

100 =233

(a) Mean

2

Variance = ?Tro — mean® = 7.490 — 5.429 = 2.06

Answer: mean 2.33, variance 2.06
(b) The mean and the variance are close in value, as they would be for a Poisson distribution
With A = 2.33, 100 x P(X = 2) = 100 x 0.2641 = 26.4
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Answer: 26.4 days

21 (8 marks)

—A "3
(8) S5 =156 2

2
Divide by e™ A (non-zero): % =15
A’2=9s0A=3(A>0)
Answer: A =3
b)PX =4)=1-PX <3)=1—e3(1+3+45+45)
=0.353
Answer: 0.353
(©) Y = number of observations = 4: Y ~ B(5, 0.3528)
P(Y =2) =0.337
Answer: 0.337

22 (8 marks)
(@PX=1)=1—e"°°
=0.451
Answer: 0.451
(b) Mean for 5 pages= 3, Y ~ Po(3)
PY =2) =e31+3+45)

=0.423

Answer: 0.423

(c) n pages: mean 0.6n, P(no errors) = e~ %"
e <001 s0n> 0 =767,

n=238

Answer: n=8

23 (5 marks)
P(no vehicle in aminute) = e ** = 0.2231
Number of empty intervals Y ~ B(10, 0.2231)
P(Y = 3) = C(10, 3)(0.2231)*(0.7769)" = 0.228
Answer: 0.228

24 (7 marks)
(@) Var(Y) =a?Var(X) =4a’ =16, s0a=2 (a> 0)
E(Y)=2x4+b=16s0b=8
Answer: a=2,b=8
(b) Y = 2X + 8 can only take the values 8, 10, 12, ...
So P(Y = 0) = 0, but a Poisson distribution with mean 16 has P(Y = 0) =e % >0
Answer: P(Y =0) =0, not e™16

25 (9 marks)
(a) Busy: mean 16, quiet: mean 9. Independent Poisson variables add
T ~ Po(25)
Answer: T ~ Po(25)
(b) (T = 20) = 0.1855
P(T>30)=1 - P(T = 30) =0.1367
Answer: 0.1855, 0.1367
(c) Busy calls B ~ Po(16), quiet Q ~ Po(9)

PB = 14| T = 22) = C(22, 14)(30) “(55)° = 0.174
Answer: 0.174
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26 (10 marks)
(@) E(F) = Var(F) =0.7, s0 E(C) =50 x 0.7 = £35 M1 Al
Var(C) = 50% x 0.7 = 1750, sd = £41.83 M1 AL
Answer: £35, £41.83 4 marks
(b) C>100 meansF>2,i.e. F= 3 M1
P(F=3)=1—P(F=2)=1-— 0.9659 = 0.0341 M1 A1
Answer: 0.0341 3 marks
(c) F over 6 months ~ Po(4.2); cost < 200 means F < 3 M1 A1
P(F = 3) = 0.3954 Al
Answer: 0.3954 3 marks
27 (11 marks)
(@) X +Y ~Po(A +11) B1
X=nPY=n-r
PX=r|X+Y=n)=X P(X)E(Y:n) ) M1
e—)\ A e H un-r . e_(“”)(h + p‘)n
=T *th=n " nl MLAL
| r y,nr
= r!(nn-_ - (;x +llu)n, which is the stated form, B(n, ﬁ) Al
Answer: X | X +Y =n~B(n, ﬁ) 5 marks
() X | X +Y =5~B(5, ¢) M1
P =C(5, 2)(0.4)%(0.6)° M1
= 0.3456 Al
Answer: 0.3456 3 marks
(c) nislarge and p is small, so use Po(np) = Po(3) B1E1
PW = 2) = e ¥(1+3+4.5) =0.4232 Al
Answer: 0.4232 (exact 0.4209) 3 marks
28 (10 marks)
(a) Mean in 20 minutes = 1 B1
P(none) = e = 0.368 Al
Answer: 0.368 2 marks
(b) T >t means no calsin the next t hours, whose number is Po(3t) M1
PT>t)=e™™ Al
Answer: e~ 2 marks
QOP(x<T<2)=PT>z%)—PT>=%
(0) P(5 5) = P(T>%) = P(T>5) M1
=e % — e 1°=0.383 Al
Answer: 0.383 2 marks
. _ P(2infirst 20 min) x P(0in last 40 min)
(d) Required = P(2 in the hour) M1
2
el(F) xe”
= M1 Al
3,3
e 3(?
=1
=3 Al
1
Answer: 9 4 marks
29 (10 marks)
d _ )\r 3 00 }Xr
@>err=et> o M1
r=0 r=0
—etxet=1 Al
Answer: shown 2 marks
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*® }\rl

(b)E(X)—Ere —A‘Az(r_l), M1 A1
The sumise®, so E(X) = Al
Answer: A 3 marks
(©) E[X(X — 1)] = i r(r — 1)e‘A£ =A% i A M1 AL
- = - i (r—2)!
= A% et = A? Al
E(XX?) =E[X(X — D] +EX) =A%+ A, soVa(X)=A>+ A — A2= A M1 AL
Answer: Var(X) = A 5 marks
30 (12 marks)
(@ GivenN =n, V ~B(n, 0.3) M1
Sumoverdln=vof PIN=n)xP(V =v|N=n) M1 A1
Answer: shown 3 marks
20" 20" o (o3x 20)" — (0.7 x 20)™
(b) C(n, v)© = = PV=v)=e?® nz =V M1 A1l
Thesumise so P(V =v) = e“i% M1 AL
This is the Poisson distribution with mean 6 Al
Answer: V ~ Po(6) 5 marks
©OPV=4)=1-PV =3)=1-0.1512=0.849 M1 Al
Answer: 0.849 2 marks
(d) Each of the 5 carsis not a van with probability 0.7, so P = 0.7° M1
=0.168 Al
Answer: 0.168 2 marks
Normal Distribution
1 (2 marks)
_54—-50 _
Z=—F— = 1 M1
P(Z <1)=0.8413 AL
Answer: 0.8413 2 marks
2 (2 marks)
_130-100 _,
=— = M1
P(X > 130) = P(Z > 2) = 0.0228 AL
Answer: 0.0228 2 marks
3 (4 marks)
(@) P(X >33)=P(Z>1)=0.159 M1 A1
Answer: 0.159 2 marks
(b) P27 <X <36) = P(—1<Z<?2) M1
=0.819 Al
Answer: 0.819 2 marks
4 (2 marks)
P=®(2) — ®(—1) = 0.9772 — 0.1587 M1
=0.819 Al
Answer: 0.819 2 marks
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5 (3 marks)
Recorded mass 160 g means the true mass lies between 159.5 g and 160.5 g
P(159.5 < X < 160.5) = P(1.1875 < Z < 1.3125)
=0.0228
Answer: 0.0228

6 (2 marks)
z-value for 0.8 is 0.8416 (calculator)
a=40+0.8416 x 5=44.2
Answer: 44.2

7 (5 marks)
165 — 172 172

(a) z-values: =g~ = —0.875 and % =1

P(—0875<Z<1)=PZ<1) — PZ< —-0.875)
=0.8413 — 0.1908 = 0.6506

Answer: 0.651

(b) P(H > 185) = P(Z > 1.625) = 0.05208

Expected number = 500 x 0.05208 = 26.0, about 26
Answer: about 26

8 (5 marks)
(@ PX <a) =09, s0 a—_oeo = 1.2816 (from calculator)

1
a=728
Answer: a=72.8
(b) Upper z-value for 0.975is 1.96
60 + 1.96 x 10
(40.4, 79.6)
Answer: (40.4, 79.6)

9 (3 marks)
Upper tail 0.1 so z = 1.2816 (calculator)
k=8+12816 x 2=10.6
Answer: 10.6

10 (4 marks)
146 — 15

@z=7%F;m =~
P(Z < —2) = 0.02275
Answer: 0.02275
(b) 2000 x 0.02275 = 45.5
About 46 bags
Answer: about 46

11 (3 marks)
zfor P(Z < z) =0.25is —0.6745 (calculator)
Lower quartile=70 — 0.6745 x 12 = 61.9
By symmetry upper quartile =70 + 0.6745 x 12 =78.1
Answer: 61.9 and 78.1

12 (5 marks)
(@ P(12<X<18=1—-02-02
=06
Answer: 0.6
(b) z = —0.8416 for P(Z < 2) = 0.2, 30 22 = 08416
__ 3 _
0= gougs = 356
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Answer: 3.56 3 marks
13 (3 marks)
z = 0.5244 for an upper tail of 0.3 B1
40(; B - 05244 M1
p=40 - 3.146 = 36.9 Al
Answer: 36.9 3 marks
14 (6 marks)
- 2-1 _
P(X <22)=0.1%0 o - —1.2816 M1 Al
P(X > 35) = 0,05 50 > ¥ = 16449 M1 AL
Subtract: %3 =2.9265,s0 0 = 4.44 M1
B =22+ 128160 = 27.7 Al
Answer: 0 =4.44, w =277 6 marks
15 (6 marks)
(a)z=65g60=1 M1
P(X > 65) = 0.1587 Al
Answer: 0.1587 2 marks
(b) Y ~B(10, 0.1587) M1
PY=2=1-PY=0—-PY=1 M1
=1-0.1777 — 0.3351 M1
=0.487 Al
Answer: 0.487 4 marks
16 (6 marks)
(a) By symmetry 1 is halfway between 21 and 33, so p = 27 M1 Al
P(Y > 33) = 0.1587 gives > 2" = 1,000 (calculator) M1
0=6 Al
Answer: p =27, 0 = 6.00 4 marks
(b) P24 <Y <35) =P(—0.5<Z7<1.333) M1
= 0.6002 Al
Answer: 0.6002 2 marks
17 (6 marks)
(a) By symmetry of the normal distribution, P((X <p — @ =P(X >n +a) =0.15 B1
Answer: 0.15 1 mark
(b)P=1-015-0.15=0.7 M1 A1
Answer: 0.7 2 marks
COPX>p—a=1-015=0.85 B1
_Pp—a<X<pu+a _ 07
PX<u+a|X>n—-8=""pxsy—a =08 M1
14
= 17 Al
Answer: % 3 marks
18 (6 marks)
(a) A islarge, so the Poisson distribution is approximately symmetric and bell-shaped El
Y ~ N(36, 36), that is mean 36 and variance 36 B1
Answer: N(36, 6%) 2 marks
(b) P(X = 30) = P(Y < 30.5) M1
305 - 36 -
z=—%— = —0.9167, so probability = 0.1797 M1 Al
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Exact Poisson value = 0.1806
Answer: approx 0.1797, exact 0.1806

19 (4 marks)
_ PX>p+0)
_ P@Z>1) _ 0.1587
- 05 T 05
=0.317
Answer: 0.317
20 (4 marks)
PT<0)=Pz< 7% =Pz<-2

=0.0228 = 2.3%
A waiting time cannot be negative, so the normal model is not a good fit in the lower tail
Answer: 0.0228; model givesimpossible values

21 (8 marks)
(&) nislarge and p is close enough to 0.5 (np = 32 and nq = 48 both greater than 5)
Mean =np =32
Variance = npq = 80(0.4)(0.6) =19.2, s0 Y ~ N(32, 19.2)
Answer: N(32, 19.2)
(b) P(X = 38) = P(Y > 37.5)

_375-32 _

= —@ =1.255
P(z > 1.255) = 0.105
Answer: 0.105

(c) P(29.5<Y < 36.5): z=—0.570 and 1.027
= 0.5636, which agrees with the exact value 0.5617 to 2 decimal places

Answer: 0.5636
22 (9 marks)
a < =0.02, s0 =2
P(V < 500) = 0.02, s0 0= = 2 0537

1 =500 + 2.0537 x 0.8 = 501.64

Answer: p = 501.6

(b) 2= 22" 0O - 1 606

P(V > 503) = 0.0449

Answer: 0.0449

(¢) p — 2.05370 =500 and p + 2.32630 = 503
Subtract: 4.38000 = 3, so 0 = 0.685

1 =500 + 2.05370 = 501.41

Answer: 0 = 0.685, p = 501.41

23 (8 marks)
(a) Pass mark: P(X >m) = 0.85s0z = —1.0364, m =58 — 1.0364 x 14 = 43.49
Distinction: z = 1.1750, mark =58 + 1.1750 x 14 = 74.45
Pass mark 43 and distinction mark 74 (to the nearest whole number)
Answer: 43 and 74

e 012
(b) P(distinction | pass) = 552
=0.141

Answer: 0.141
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24 (8 marks)
(@) PX <k) = PZ < *T®) and (Y > k) = Pz > T2 = Pz < - X T
K . _k o2, giving 2(k — 80) = —(k — 50)
3k=210s0k =70
Answer: k =70

(b) P(Z < —2) =0.02275

Answer: 0.02275

(c) P(X < 70) = 0.02275, P(Y < 70) = P(Z < 2) = 0.9772
P =0.02223

Answer: 0.02223

25 (10 marks)
(@) P(195< X <208)=P(—1.25<Z<?2)
=0.8716 — 0.1056 = 0.8716
Answer: 0.8716
(b) The median m satisfies P(1.95 < X <m) = 0.5 x 0.8716 = 0.4358
P(X < m) =0.1056 + 0.4358 = 0.5414

—”5542 =0.1041 so m = 2.004 m, i.e. 2.004 m

Answer: 2.004 m

(c) P(X <Q,) =0.1056 + 0.25 x 0.8716 = 0.3235
Q,=1982m,i.e. 1.982m

Answer: 1.982 m

26 (7 marks)
(8 Q3 =p +0.67450 and Q, = 1 — 0.67450
Q; — Q,=13490
Answer: 1.3490
(b) 1.5 x 1.3490 = 2.02350
Upper: 1 + 0.67450 + 2.02350 = + 2.6980; lower: 1 — 2.6980
Answer: i = 2.6980
(c) P(|Z] > 2.698) = 2P(Z > 2.698)
= 0.00698
Answer: 0.00698

27 (11 marks)
(@) P(T > 40) = P(Z > 1) = 0.1587
P(T > 35) = P(Z > £) = 0.4338

Ratio = 0.366
Answer: 0.366

(b) Y ~ B(5, 0.1587)

P(Y = 1) = 5(0.1587)(0.8413)* = 0.3975

~ 03975
P(Y =1]Y = 1) = =2 = 0,687
Answer: 0.687
(0) P(T > 30) = PZ > —2) = 0.7475

P(30< T <1t)=0.5x0.7475 = 0.3738
P(T <t) =0.2525 + 0.3738 = 0.6262
t=34+6x0.3219=35.9

Answer: t =35.9
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28 (11 marks)
(@ P(k <X <k +4) = [ over (k, k+4) of @(x) dx = ®(k + 4) — O(k), where @ is the cumulative M1
distribution function
d—i[q)(k +4) — O(K)] = @k + 4) — (k) M1 A1
Thisis zero when @(k + 4) = @(K); as ¢ is symmetrical and decreasing away from 11, this needs k M1
+4—p=p-—Kk
So k =1 — 2; for k below this the derivative is positive and above it negative, so it is a maximum E1
Answer: k=p — 2 5 marks
(b) Greatest when k = 48: P(48 < X < 52) M1
= P(—0.667 < Z < 0.667) = 0.4950 Al
Answer: 0.495 2 marks
(c) By part (@) the shortest interval is symmetrical about the mean El
P(Z < z) = 0.95 gives z = 1.6449 M1
Width =2 x 1.6449 x 3 M1
=9.87 Al
Answer: 9.87 4 marks

29 (14 marks)
(a) Girls: P(X > 175) = P(Z > 1.667) = 0.04779 M1 A1
Boys: P(X > 175) = P(Z > —0.2857) = 0.6125 Al
P = 0.55(0.04779) + 0.45(0.6125) = 0.3019 M1 Al
Answer: 0.3019 5 marks
(b) P(boy | > 175) = % M1 Al
=0.913 Al
Answer: 0.913 3 marks
(c) Let G(x) = 0.55P(girl < x) + 0.45P(boy < Xx); the median m satisfies G(m) = 0.5 M1
G(169.7) = 0.4976 and G(169.8) = 0.5018, so m lies between 169.7 and 169.8 M1 A1
G(169.75) = 0.4997 < 0.5, so m lies between 169.75 and 169.8 and m = 169.8 cm to 1 d.p. Al
The 90th percentile h satisfies 0.55P(girl > h) + 0.45P(boy > h) = 0.1, testing h = 182.4 gives M1
0.1001
Soh=1824cm Al
Answer: median 169.8 cm, h = 182.4 cm 6 marks

30 (14 marks)
(&) np =20 and npg = 10 B1
X is approximately N(20, 10) B1
Answer: N(20, 10) 2 marks
(b) Exact: 0.2148 B1
(i) P(Y <17) = P(Z < —0.9487) = 0.1714 M1 A1
(i) P(Y <17.5) = P(Z < —0.7906) = 0.2146 M1 Al
Answer: exact 0.2148, 0.1714, 0.2146 5 marks
(c) X takesinteger values, so the value 17 occupies the interval 16.5 to 17.5 on the continuous El
scale
P(X = 17) therefore corresponds to P(Y < 17.5), which includes the whole bar at 17 El
Answer: integer 17 covers 16.5to 17.5 2 marks
(d) P(X =20) = P(19.5< Y < 20.5) = 0.1256 M1 A1
Exact value = 0.1254 B1
Percentage error = —|0.125§ 1_253'1254' x 100 = 0.21% M1 AL
Answer: 0.1256, error 0.21% 5 marks
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Continuous Random Variables

1 (2 marks)

£2 kxdx=1 M1

kx?2 1

[7]02=2k=1,30k=§ Al

Answer: k = % 2 marks
2 (3 marks)

P(X<l):£1%x2dx M1

X3

= [@]01 Al

_1

=3 Al

1

Answer: 8 3 marks
3 (4 marks)

(@) f(0) = —1 <0, and a probability density cannot be negative B1

Answer: No: f(0) = —1isnegative 1 mark

2 X x2 2
(b)£ §dx:[€]02:§¢1 M1 Al
Answer: No: total areais% 2 marks
2 3x? x3

(©f(x)=0and [~ Z-dx=[F]’=1 B1

Answer: Yes 1 mark
4 (2 marks)

2 x x2

PX<2) = [ §dx=[g]0° M1

_4_1

T 16 4 Al

Answer: % 2 marks
5 (3 marks)

) 3x?
f(x)=F(x)=TforOsx52 M1 Al
PX>1)=1-F1)=1-¢=+ A1
2

Answer: f(x) = 3%; % 3 marks
6 (3 marks)

PB<X<B)=(5-3xg=2 M1 AL

E(X) = midpoint of 2 and 7 = 4.5 Al

Answer: %; 45 3 marks
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7 (5 marks)
(a) The graph is atriangle with base 4 and height 2k M1
Area=%><4><2k=4k=1 M1
_1
k= i Al
1
Answer: k = i 3 marks
1 1 1
(b)P(X<l)=§X1XZ=§ Al
Answer . % 1 mark
(c) The distribution is symmetrical about x = 2, so E(X) =2 B1
Answer: 2 1 mark
8 (4 marks)
(8) () =F() = 2 for0=x = 3 B1
Answer: f(x) = 2—; O0=x=3 1 mark
_4 1_1
b)FQ -Fl)=g—-35=3 Al
Answer : % 1 mark
1 m?_1
©FM=545=5 M1
m=y45=2121 Al
Answer: m = 2.12 2 marks
9 (4 marks)
2 X2 2 1
[ kx+1)dx=K% +x]*=4k=1,50k=7 M1 A1
2 x+1 1.x2 1 3, _5
PX>1)= [* 7= dx=7[5 +x,°= 74— 3) =3 M1 A1
Answer: k = %; PX>1)= g 4 marks
10 (5 marks)
(a) The curve is symmetrical about x =1, so E(X) =1 B1E1
Answer: 1 2 marks
2 3 3. x4 x5 3 32 6
() EX?) = [ ¢ —xYdx=3[F - Tl’=36-F)=2 M1 A1
6 1
Val’(X)—g—l—g Al
Answer: % 3 marks
11 (4 marks)
M oX _m?
F(m)—£ EdX—T M1 Al
om? _ 1 5 _
Medlan.T—gsom =2 M1
m =42 Al
Answer . \/E 4 marks
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12 (6 marks)
3 x4 27k 4
[ k@2 = x) dx=Kx* - 1= =1, s0k= M1 A1
f'(x) = k(6x — 3x?) = 0 gives x = 2 (the maximum), so the mode is 2 M1 A1l
4 x* 4 27 11
PX>2) =X - Z1° = (7 -4 =5 M1 A1
Answer: mode 2, P(X > 2) = % 6 marks
13 (6 marks)
(a)Area:2a+%><2xa:3a M1 A1
3a=1soa= % Al
Answer: % 3 marks
(b)For25xs4,f(x):4gX B1
P(X >25)= 3 x 15x 22 = = M1 AL
Answer : 116 3 marks
14 (7 marks)
@ [ kx@—x) dx=k [*(4x—x)dx=1 M1
x3 64 32k
k[2 2—?]04:k(32—?):T M1
32k 3
3 = 1, so k= P Al
Answer: k = 3—32 3 marks
(b) E(X) = 2 by symmetry about x = 2 B1
3 4 3 x°
E(X) =5 [ @ —xH)dx =[x - Z],* M1
3
= 35(256 — 204.8) = 4.8 Al
Var(X) =48 —22=0.8 Al
Answer: E(X) =2, Var(X) =0.8 4 marks
15 (7 marks)
(@ F(x) = [ 3t dt M1
=[-t7%, Al
=1—x3forx=1(and0forx<1) Al
Answer: Fx)=1-x3x=1 3 marks
(b)l—m‘S:%som3:2 M1
m = %2 = 1.260 Al
Answer: %2 =1.26 2 marks
©EX) = [7 3P dx=[-9x77," M1
3
= E Al
3
Answer: > 2 marks

stemup.co.uk | page 32



StemUp | A Level Mathematics | Statistics: Probability Distributions | Model Answers

16 (6 marks)
4 K 1 3k 4
) 2 dx=K-71' =7 =1L k=3
4 1 1. 1_3 8
F(x)=§(1—;);F(m)=§g|vesl—m=§,som=§
_(+ 4 _4
EX)= [ §dx—§ln4—1.85
Answer: k = = medlan ,E(X) = In 4=185
17 (8 marks)
@FQ =5 =1
f(x)=F'(x)—3X+lforO<x<2
. 3% +1
Answer.f(x)—T
7,3 1.1
3 1,._8"2 8"2
) F3) ~F@)= 5" ~
_ 1
40
17
Answer: 75
(c)F(m):%givesm3+m:5,som3+m—5:0

Solving numerically (calculator), m = 1.52

Answer: m =152

18 (6 marks)
€0 = [* 5 ax= 317 = 3
B = [ G dx=gx E=F
Var(X)—— ~ (3 )2 % standard deviation = 0.387
Answer: 5, ~ 0.387
19 (6 marks)

(a) The graph has its maximum at x = 0, so the mode is 0

Answer: 0
(b) F(m) = 2m — m?

EX) = [T 2x1 - x) dx = - 2

Answer: median 0.293, mean %

(c) Mode < median < mean, with along tail to the right: positive skew

Answer: positive skew
20 (7 marks)

@Px>3)= [* 2

37

Answer: o

(b) The machine is still working after 3 years only if both components are, with probability (?—GZ‘)2

_ 1369
~ 409

1 .
=5 givesm=

1_
l—ﬁ—0.293

11
3l =3

27 _ 37

‘[64]3 “l-wTw
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1369 _ 2727

P(stops within 3 years) =1 — 2096 — 4096 Al
Answer: iggg 0.666 3 marks
© F(X) = a; F(m) = 3 givesm® = 32 M1
m = 323 =3.17 years Al
Answer: 3.17 years 2 marks
21 (9 marks)
(a) Triangle of base 6 and height 2k: % x6x2k=6k=1,s0k = % M1
o= 1
a=2k= 3 Al
Answer: k-% a=% 2 marks
(b)F(Z):—XZXE:% ;,sothemedlanml|esm2<m<6 M1 A1
(6 —m)’
Areato theright of misatriangle: he|ght , base 6 — m, area o7 M1
2
oM - lo@E-m?=12m=6- 2¢§ = 2536 Al
Answer: m=6 — 2\/_ =254 4 marks
_ 2 X2 6 X(6 — Xx)
©EX)= [ Fdx+ [ 225 dx M1
I X3 4
First integral = [1g]0" = g M1
: 1 x3 1 4 20 _8
SecondlntegraI:E[SXZ—g]ZG:E(SG 3)— 5 ,t otd g +5 =3 Al
Answer : % 3 marks
22 (8 marks)
1 _ b _
@ [ (a+bdx=a+5=1 M1 A1
E(X):Ll(ax+bx2)dx:g+%:06 M1 A1
Fromthefirst,azl—g;so%—% %—0 R—Olb l2anda=04 Al
Answer: a=04,b=12 5 marks
() P(X >05) = [* (0.4+1.2x) d x = [0.4x + 0.6x7 5" M1
=1-0.35=0.65 Al
Answer: 0.65 2 marks
(o) f(x) = 0.4 + 1.2x isincreasing, so the mode is 1 B1
Answer: 1 1 mark
23 (9 marks)
(@ [* (@ +bydx=2+2=102a+30=6 M1 AL
[ @ +bddx=2+2=0703+40=84 M1 A1
Solving: a=1.2andb=1.2 M1 Al
Answer: a=b=12 6 marks
1 5 3 %2 L
(b) PX >05) = [ 122 +x) dx=12[% + 5]os M1
=1.2(0.8333 — 0.1667) = 0.800 = % M1A1
Answer: g 3 marks
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24 (11 marks)
@For0=sx=2FX) = £ § 16’ and F(2) = M1 A1
For2<x55:F(x)—% %dt— M1 Al
F(x)=0forx<Oand F(x) =1forx>5 B1
2 —
Answer: F(x):%for O=sx=2 X 7 ! for 2<x =5;0for x<0; 1for x>5 5 marks
(b) F(2) = 7,90 Q, =2 MLAL
X%l 5 gives the median x = 3, and 2= = 1 %givesQ3:4, s0IQR=2 M1 Al
X 1 21 7
E(X):£ gdx+£ de:§+§:ﬂ M1 Al
Answer: median 3, IQR 2, E(X) = E 6 marks
25 (10 marks)
(@) k[—cosx]p"=k(1+1)=2k=1 M1 A1
Answer: k = % 2 marks
o 1 1 1 1
(b) P(X < 3) = 5[—cos x]o™? = s1-3)=7 M1 Al
By symmetry about x = % the median is % B1
Answer : i l; 3 marks
(c) E(X) = 7 by symmetry B1
E(X?) = %_EH x2sinx d x; by parts twice, f x?sinx dx = —x? cos X + 2X Sin X + 2c0s X M1 AL
2y 1p 2 _
SoE(X)=5[(m" =2 =2]=5 -2 M1
_n? m? _ m?
VW(X)—?—Z—T—T—Z Al
HZ
Answer : T~ 2 5 marks
26 (8 marks)
(a) E(X?) = 1; —dx—%2 M1 AL
E(C):20+15><?:£56 M1 Al
Answer: £56 4 marks
(b) C > 50 means 15X? > 30, s0 X >+2 M1 AL
2)° 2
P(X>\/§)=1—(8) =1—g M1
= 0.646 Al
Answer: 0.646 4 marks
27 (12 marks)
o1 1
@ Fx) = [ g dt=elinty M1
_Inx
“1ns Al
F(5) =1 and Fisincreasing, so f isavalid pdf E1
Answer: F(x) = In_x 3 marks

nsS
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Inm _ 1 _1
(b) s = solnm—§In5 M1
m = \/_ Al
Answer: 5 2 marks
- (° 1
(c)E(X)—I X g dx M1
4

= msldi = s M1
=249 Al
Answer: % =249 3 marks
(d) P(Y <y)—P(InX =y)=PX = ¥) M1
=F) = ﬁ M1 AL
Thisis the cumulative distribution function of the uniform distribution on [0, In 5]; the pdf is % El
Answer: Uniform on [0, In 5] 4 marks

28 (10 marks)
@F0= [ (+dt M1
- [tn+1] 0x - Xn+l Al
Answer: x™! 2 marks
(b) m™t = % M1
m = (%)ﬂ(nﬂ) Al
Answer: m = (%)”‘“*” 2 marks
(©) E(X) = 1)’ "+ )x™dx M1
= (n+ D21, M1
_n+1
“n+2 Al
Answer : = : ; 3 marks
1.y :

(d) ()" > 0.95; teke logs: D 1) In0.5>In 0.95 M1

- . 1 In 0.95 In0.5
Dividing by In 0.5 < O reverses the inequality: (GES)] <05 ON+1> 159 = 1351 M1
n+1=14,son=13 Al
Answer: n =13 3 marks

29 (15 marks)
(a) G(y) =P(X® = y) =P(X = y¥) =Fy") MLAL
F(X) = =, s0 G(y) = % M1 Al
Gis Ilnear, so Y isuniformly distributed on [0, 8] Al
Answer: Y isuniform on [0, §] 5 marks
2

(b) E(Y) =4 and Var(Y) = & = 2 8181
E(X3®) = E(Y) = 4 B1
E(X%) =E(Y?) = 2 +16= & ML AL
Answer: 4 and % 5 marks
(c) 8U isuniformon [0, 8], so Y = 8U M1
X = Y¥ = (8U)¥® = 2Uu*, s0 g(U) = 2Uu® M1 A1
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Answer: g(U) = 2UY3 3 marks
(d) 2U™ = 1 means U < &, with probability & M1
F(1) = % which agrees Al
Answer: % 2 marks
30 (15 marks)
(@ EX) = [ xf(x) dx = [xF()lo> = [ F(x) dx M1 AL
=b— [" F(x) dx, using F(b) = 1 M1
:J;b [l—F(x)]dx,since£bldx:b Al
Answer: shown 4 marks
X3
(b) F(x) = >7 B1
3 x3 x4 3.9
EX)= [ (1- %) dx=[x—15l°=3-3=73 M1 A1
Answer: % 3 marks
3 X8 x4 8L 9
OEX)= [ Gdx=[5l’=35=7 M1 AL
Answer: % 2 marks
(d) Parts: [ x*f(x) d x = [}*F)]e" — [ 2xFx) dx =b” — [ 2xF(x) dx, and b? = [ 2x dx M1 AL
3 x3 2x° 18 27
EX) = [" 21 - 5)dx=[x* - $£l*=9-F =% ML AL
21 9, 27
Va(X) =% = (3)°= g5 M1 AL
A 27
nswer: 30 6 marks
Exponential Distribution
1 (2 marks)
PT>2) = [7 05e7% dt=[—e0%," M1
=e 1=0.368 Al
Answer: 0.368 2 marks
2 (3 marks)
Em=+=1
@EM=x=7% B1
Answer : % 1 mark
b)PT=st=1—¢e* M1
PT<05=1-¢e2=0865 Al
Answer: 0.865 2 marks
3 (3 marks)
(a) f(t) = F(t) = 0.8e *® fort = 0 M1 AL
Answer: f(t) = 0.8e™ %% 2 marks
(b) T ~ Exp(0.8), 50 E(T) = 5 = 1.25 B1
Answer: 1.25 1 mark
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4 (3 marks)

EM=7=4 B1

Var(T) = % = 16, standard deviation = 4 B181

Answer: 4, 16, 4 3 marks
5 (2 marks)

_1_

A= 5= 0.2 B1

P(T>5)=e%**=¢"1=0.368 Al

Answer: A = 0.2, 0.368 2 marks
6 (2 marks)

F) = [ 3¢ du=[—e¥], M1

=1—e*fort=0 Al

Answer: F(t) =1 —e™™ 2 marks
7 (4 marks)

@A=g AT>)=e" M1

P(T > 10) = "% = 0.287 Al

Answer: 0.287 2 marks

(b)PGE<T<12)=e 58 — ¢7128 M1

=0.5353 — 0.2231 =0.312 Al

Answer: 0.312 2 marks
8 (4 marks)

(@1—e%M=05s0e%M=05 M1

m = I(r)1_22 = 3.47 years Al

Answer: 3.47 years 2 marks

(b) e %> =0.1 M1

X = Irg)éo =115 years Al

Answer: 11.5 years 2 marks
9 (4 marks)

e % =26 M1

Dividing by e™®: % = 2 M1

A=12 _0231andEM =2 =3 =433 ALAL

-3 Y XA "2~ "™

Answer: &= 02 E(T) = 12y = 4.33 4 marks
10 (4 marks)

F(t)=1— e oX B1

Median: e %™ =05som= lg—lz =6.93 M1 A1

Upper quartile: e %9 =025 q= I(r)m_f =13.9 Al

Answer: median 6.93, upper quartile 13.9 4 marks
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11 (3 marks)
e =03 M1
A ="193 - 0602 A1
Mean = % = 1.66 Al
Answer: A = 0.602, mean 1.66 3 marks

12 (3 marks)
P(T > 8) = e =0.2019 M1 A1
Expected number = 200 x 0.2019 = 40.4, about 40 bulbs Al
Answer: about 40 3 marks

13 (3 marks)
e %% = 0,01 M1

_In100 _
t= o5 - 9.210 M1 Al
Answer: 9.210 3 marks

14 (7 marks)
(@ PT>3)=e*=06 M1
—3A=In0.6 M1
A="19% - 01703 AL
Answer: A =0.170 3 marks
(b) Mean = 5 = 5.87 hours AL
Answer: 5.87 hours 1 mark

_P(T>6) _e®

(C)P(T>6|T>3)—m—ﬁ M1
e =06 Al
This equals P(T > 3): the distribution is memoryless El
Answer: 0.6; memoryless 3 marks

15 (7 marks)
(@) P(T >x) =e™ B1

P(T>s+t
P(T>S+t|T>S)=W M1
e—)x(s+t)
- e—}\S M1
=e M= P(T >1) Al
Answer: shown 4 marks
(b) By part (a), the age aready reached isirrelevant E1l
1 _

A = gagg: P(T > 2000) = g™200/%0%0 M1
=e 9% =0779 Al
Answer: 0.779 3 marks

16 (8 marks)
(@) P(T >10) = e ¥ = 0.25 M1
10 =In4s0h = 0% = 0139 AL
Answer: A = |2—04 =0.139 2 marks

2 In4 1

(b)P(T<B=1-e™*=1-e"72 =1-5=05 M1 A1
Expected number = 40 x 0.5 =20 Al
Answer: 20 3 marks
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(c) Served means T < 10, with probability 0.75

PT<5|T<10)= oo =2
2
Answer: 3
17 (6 marks)

(8) T ~ Exp(12), with mean =5 hour (5 minutes)
Answer: Exp(12)
(b) 10 minutes = % hour; P(T > %) =g 26 =-g2

=0.135

Answer: 0.135

(c) Number N ~ Po(6)
PIN=2)=1-P(N = 1) =0.9826
Answer: 0.9826

18 (5 marks)
P(T >30) =e 920 = 15=0.2231
Number lasting longer Y ~ B(8, 0.2231)
P(Y = 3) = C(8, 3)(0.2231)%(0.7769)° = 0.176
Answer: 0.176

19 (5 marks)
(a) Mean of the model = % =32

_ 1 _
A= 35" 0.3125
Answer: A = 0.3125

(b) Expected number = 100e™°* %3125 = 100e~1%" = 15.3
Thisis close to the observed 17, so the model fits well on this evidence
Answer: 15.3, good fit

20 (6 marks)
. _ e—0.4t - k
@ [~ ke dt=K-5710" = 54
oG =10k=04

Answer: k =0.4

(b) T ~ Exp(0.4)
P(T>3)=e *?=0.301
Answer: 0.301

21 (8 marks)
(@ EM = [ Atedt
=[-te™" + [T e dt
The first term is O at both limits (e™' dominates t)

1 ot w_ 1
=[-qe Mo =%
Answer: =
nswer: -
_ 2 1,_1
b)) Var(T) = -5 = (3)° =32
1
sd=+ =ET)

Answer: shown
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(c) Mean =sd = 5, so thevalueis 10, and A = 0.2 M1
P(T >10) =e2=0.135 Al
Answer: 0.135 2 marks
22 (8 marks)
(@ S>tmeans T, >tand Tg >t M1
By independence P(S>t) = e %% x 0% M1
— e—0.3t Al
Answer: g0 3 marks
(b) S~ Exp(0.3) M1
_ 1 _
Mean = 55 =333 hours Al
Answer: 3.33 hours 2 marks
(c) P(failsby 10) =P(T, = 10) (T = 10)= (1 — e H)(1 — e7?) M1 Al
Plasts>10)=1— (1—e Y1l —-e?)=et+e % —e3=0453 Al
Answer: 0.453 3 marks
23 (9 marks)
(@ P(Ta<Tg) = [~ fA(OP(Tg > 1) dt M1 AL
= £°° AeMx eR (gt Al
Answer: shown 3 marks
o — (Ot e_()\"'u)t ©
b)y=Af" e @ Widt= Al M1 A1
_ A
=1+ Al
Answer: shown 3 marks
.03 _
(c) P(A first) = 08 " 0.6 B1
Time of first failure ~ Exp(0.5), so P(> 4) = e 2 =0.135 M1 Al
Answer: 0.6 and 0.135 3 marks
24 (10 marks)
(@ P1<T<3=e?—eg M1 A1
Withu=e™™ u—-u?=03s0u®—u+03=0 AL
Answer: shown 3 marks
(b) Solving numerically (calculator), u = 0.3389 or u = 0.7865 M1 Al
A=—=Inu=0.2400r 1.08 M1 A1
Answer: A =0.240 or 1.08 4 marks
(©) Mean%>2requir$2\<0.5,so}\:0.240 M1 A1
Mean = 4.16 Al
Answer: A = 0.240, mean 4.16 3 marks
25 (7 marks)
(8 N ~ Po(10) since the rate is 0.01 per hour M1 Al
Expected cost = 10 x £250 = £2500 Al
Answer: Po(10), £2500 3 marks
(b) AIN>12) =1 — P(N = 12) M1
=1 - 0.7916 = 0.208 Al
Answer: 0.208 2 marks
(c) P(T >150| T > 50) = P(T > 100) by the memoryless property M1
=e1=0.368 Al
Answer: 0.368 2 marks

stemup.co.uk | page 41



StemUp | A Level Mathematics | Statistics: Probability Distributions | Model Answers

26 (12 marks)
(@ EM) = [ty dt+cx P(T =) M1 AL
PT=c)=e* Al
Answer: shown 3 marks
(b) [* e ™Mdi=[-te™]"+ [* e dt M1 A1

_ a—Ac
- _ce M4l }\e Al
. —AC 1- e_)\C
Adding ce™° gives E(M) = P\ Al
Answer: shown 4 marks
_l-et_

(c) E(M) = ~om - 31.6 hours M1 Al
P(replaced) = e = 0.368 Al
Answer: 31.6 hours, 0.368 3 marks
(d)M = T aways, withM < Twhen T = ¢, so E(M) < E(T) El
Asc— o, &7 — 0and EM) — + = E(T) E1
Answer: E(M) = 50 2 marks

27 (10 marks)
(@) T >t meansno calsin (0, t), probability e ® M1
SoF(t) =1 — e % T ~ Exp(6) Al
Answer: Exp(6) 2 marks
(b) U >t means at most one cal in (0, t) E1
N ~ Po(6t): P(N < 1) = e %(1 + 6t) M1
Answer: P(N = 1) for N ~ Po(6t) 2 marks
(©PU=<05=1—e31+3) M1
=0.801 Al
Answer: 0.801 2 marks
(d)Fy)=1— e — 6te™® B1
fut) = Fy'(t) = 6™ — 6™ + 36te™™ M1 AL
=36te®, t = 0; theintegral isF () — F,(0)=1—0=1 El
Answer: f(t) = 36te™® 4 marks

28 (12 marks)

_ 1
@ A= 0 B1
P(T > 60) = e *°=0.2231 Al
Answer: 0.2231 2 marks
(b) Y ~B(5, 0.2231) B1
PY=2)=1-P(Y <1) M1
=0.311 Al
Answer: 0.311 3 marks
()1 — (1 — 0.2231)" > 0.99, s0 0.7769" < 0.01 M1
In0.01 _

> m =18.2... M1
n=19 Al
Answer: n =19 3 marks
(d) Memoryless. required = P(T < 30) (further life under 30 hours) M1
=1-—e%%=0528 Al
Answer: 0.528 2 marks
(e) Median: e ™ =05 som=401In2 M1
=27.7<40=mean (sinceln2<1) Al
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Answer: 27.7 < 40 2 marks
29 (11 marks)
@PN=n=Ph<T<n+1)=e? — g AmD M1 A1
—e™Ml-eM=(1—-ePeM" Al
Answer: shown 3 marks
(b) The probabilities form a geometric progression in n M1
Common ratioq = e~ AL
Answer: ratio e™* 2 marks
(©) E(N) =(1—q)>, ng"= (1 — a)q(l +2q +39° + ...) M1
n=0

— (1 _ 1 _ _q

=d=Qax T2 T 1 M1 A1
Answer: shown 3 marks

0.6065
(d) E(N) = D3935 — 1541, E(T)=2 M1 Al
N = T always, since the fractional part of T is discarded El
Answer: E(N) =1541<2 3 marks
30 (13 marks)
(8) P(T>1) =P(-3 INU>1) =P(InU < A1) M1
=P(U<e ™ =eMfort = 0, since U isuniform on (0, 1) M1 A1
Thisisthe survival function of the exponential distribution with parameter A El
Answer: shown 4 marks
(b)) T=—-4In03=482and T =—41n 0.8 =0.893 M1 A1
Answer: 4.82 and 0.893 2 marks
(©PM>t)=P(T,>t,..,T,>1) M1
= (e™™)" = ™™ which is the survival function of Exp(n2) M1 AL
Answer: shown 3 marks
(d) Each T, ~ Exp(0.01), so the first failure time M ~ Exp(0.05) M1
_ 1 _

E(M) = 005 = 20.0 hours Al
P(M >30) = e 0%5*30 = g5 = 0223 M1 AL
Answer: 20.0 hours; 0.223 4 marks

Combinations of Random Variables

1 (2 marks)
E(X+Y)=5+8=13 B1
Var(X +Y) =2+ 3 =5 (independent) B1
Answer: 13 and 5 2 marks
2 (3 marks)
E(BX —2Y)=3(4) —2(6)=0 B1
Var(3X — 2Y) = 32 Var(X) + (—2)? Var(Y) M1
=9+8=17 Al
Answer: mean O, variance 17 3 marks
3 (5 marks)
E(X) =Var(X)=4; E(Y)=10x03=3and Var(Y) =10x 0.3 x 0.7=2.1 B1B1
EX+Y)=7 Al
Va(X+Y)=Va(X —Y)=4+21=6.1 M1 A1
Answer: EX+Y)=7,Var(X +Y)=6.1, Var(X = Y)=6.1 5 marks
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4 (4 marks)
X+Y ~N(B+3,4+1)=N(8,5)
X —=Y~N(5-34+1)=N(25)
Answer: N(8, 5) and N(2, 5)

5 (3 marks)
Var(X — Y) =Var(X) + Var(Y) =25
Standard deviation =5
Answer: 25 and 5

6 (2 marks)
E(S)=4x20=80
Var(S) =4 x 9= 36, s0 S~ N(80, 36)
Answer: N(80, 36)

7 (4 marks)
S~N(10 + 14, 4 + 9) = N(24, 13)
_30-24 _
= \/E =1.664
P(S > 30) = 0.0480
Answer: 0.0480
8 (4 marks)

Annafaster means X <Y, thatisY — X >0
Y — X ~N(36 — 32, 9+4):N(4, 13)
P(Y —X>O)=P(Z>—) 0.866

\/_

Answer: 0.866

9 (5 marks)
E(W)=3%x6-—2x10=—
Var(W)—32><5+( 2)2><2—53 SO W ~ N(—2, 53)

P(W >5)=PZ > ‘/_) P(Z > 0.961) = 0.168
Answer: W ~N(—2, 53); 0.168

10 (5 marks)
T=B,+B,+B;+C:E(T)=75+04=7.9
Var(T) = 3(0.01) + 0.0025 = 0.0325

P(T >8) =P(Z > W) = P(Z > 0.5547) = 0.290
Answer: 0.290

11 (8 marks)
(@) P(X > 12.5) = P(Z > 1.25) = 0.106
Answer: 0.106
(b) X, + X, ~ N(20 8)

P(>25) =P(Z > \/_)_

Answer: 0.0385

(c) 2X ~ N(20, 16), P(2X > 25) = P(Z > 1.25) = 0.00621

Doubling one task amplifiesits variation (variance 16), whereas two independent tasks partly
cancel (variance 8)

Answer: 0.00621

0.0385
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12 (4 marks)
.
X +Y ~Po(8), 0 P(X +Y =7) = e 5 = 0.140 M1 AL
EX—-Y)=3—-5=-2 B1
Va(X —Y)=Va((X)+Va(Y)=3+5=8 B1
Answer: 0.140, -2, 8 4 marks
13 (4 marks)
X, — X1 ~N(0, 36 + 36) = N(0, 72) M1 A1
8
—_ > = > —) = =
PX, =X, =28 =PZ= \/ﬁ) P(Z = 0.943) M1
=0.173 Al
Answer: 0.173 4 marks
14 (7 marks)
(a) Mean = 4(45) + 60 = 240 B1
Variance = 4(2%) + 3° =25 M1 A1
Answer: N(240, 25) 3 marks
(b)z=2222 => M1
P =0.0228 Al
Answer: 0.0228 2 marks
(c) That is the variance of 4X (one bar counted four times) El
Four different bars are independent, so the variances add: 4 x 2°2=16 E1
Answer: Variances of independent bars add 2 marks
15 (7 marks)
(@ E(X)=02+10+09=21 B1
E(X?)=02+20+27=49 M1
Var(X) =4.9 — 2.12=0.49 Al
Answer: E(X) = 2.1, Var(X) =0.49 3 marks
(b) Stakesthevaues 2, 3, 4,5, 6 B1
P(S=2) = 0.04, P(S=3) = 2(0.2)(0.5) = 0.2, P(S = 4) = 2(0.2)(0.3) + 0.5? = 0.37 M1
P(S=5) =2(0.5)(0.3) = 0.3, P(S=6) = 0.09 Al
Answer: 0.04, 0.2,0.37,0.3,0.09 for S=2to6 3 marks
(c) Var(X, — X,) = 2(0.49) = 0.98, whereas Var(2X) = 4(0.49) = 1.96, twice as large Al
Answer: 0.98 versus 1.96 1 mark
16 (7 marks)
(a) Var(W) = 202 + 52 x 4 = 402 + 100 M1 A1
40%2+100=164s00’=16and o =4 Al
Answer: 0 =4 3 marks
(b)) EW)=2x20—-5%x4+9=29 M1 Al
P(X <29) = Pz < 27 2) = Pz < 2.25) = 0.9878 M1 AL
Answer: E(W) =29, P =0.9878 4 marks
17 (6 marks)
E(apples) = 6 x 120 = 720, E(oranges) = 4 x 180 = 720 B1
Var(apples) = 6 x 100 = 600, Var(oranges) = 4 x 225 = 900 M1
D =A — O~ N(0, 1500) M1 Al
— 30, _ —
P(ID| < 30) = P(|Z| < m) = P(|Z] < 0.7746) = 0.561 M1 A1
Answer: 0.561 6 marks
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18 (7 marks)
(@) H — D ~ N(0.05, 0.03% + 0.02%) = N(0.05, 0.0013) M1 AL
—0.05
—_ = > =0.
PH—-D>0)=PZ ,—0.0013) 0.9172 M1 Al
Answer: 0.9172 4 marks
(b) Number fitting ~ B(10, 0.9172) M1
P(= 9) = 10(0.9172)°(0.08276) + (0.9172)° = 0.802 M1 A1l
Answer: 0.802 3 marks
19 (6 marks)
64, o 36
X ~N(50, 75), Y ~ N(48, 35) = N(48, 2.4) M1 A1
X — Y ~N(2,6.4+24)=N(2, 8.8) M1 AL
5 -2
—_ < = < —) = < —0. = 0.
P(X —Y<0)=PZ m) Pz 0.674) = 0.250 M1A1
Answer: 0.250 6 marks
20 (7 marks)
E(XY) = E(X)E(Y) = 6 (independence) M1 Al
E(X)=4+9=13,E(Y)=1+4=5 B1
E[((X +Y)] =Va(X +Y)+[E(X +Y)]?=5+25=30 M1 AL
Var(XY) = E(X?Y?) — [E(XY)]?=13 x5 — 36 =29 M1AL
Answer: 6, 30, 29 7 marks
21 (8 marks)
(@) E(X) = 1000 B1
_5x8 _ 64 _
VH(X)—?—?—].ZS M1
X ~N(1000, 12.8) Al
Answer: N(1000, 12.8) 3 marks
995 — 1000
== =—1
(b) z o 398 M1
P=0.0811 Al
Answer: 0.0811 2 marks
(c) T ~ N(5000, 5 x 64) = N(5000, 320) M1 A1
_ 30 _ -
2= =5 = 1.677, P=0.0468 Al
Answer: 0.0468 3 marks
22 (9 marks)
(a) Total L ~ N(8 x 72, 8 x 10%) = N(576, 800) M1 AL
_ 600 — 576 _
= "o 0.8485 M1
P(L > 600) = 0.198 Al
Answer: 0.198 4 marks
(b) 8% x 10? is the variance of 8X, one passenger counted eight times E1
Eight independent passengers. variances add, 8 x 100 = 800 El
Answer: Variances add; 8 x 100 = 800 2 marks
(c) n passengers: L ~ N(72n, 100n); need P(L > 600) < 0.05, i.e. 60'%%72” > 1.645 M1
n=7: 202 = 363> 1.645 (satisfied); n = 8 0.8485 < 1.645 (fails) M1
Greatest number is 7 Al
Answer: 7 3 marks
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23 (6 marks)
(@ X ~ N(p, S—nG) B1B1
Answer: N(p, %) 2 marks
(b) P(Z| < 565) > 0.95, 0 565 > 1.96 M1 AL
«/ﬁ > 5.88, son = 34.57 M1
Smallest n =35 Al
Answer: n =35 4 marks
24 (10 marks)
(@ E(F)=3+15x8=15 B1
Var(F) =1.5°x4=9, 50 F~N(15, 9) B1
Answer: N(15, 9) 2 marks
(b) Total ~ N(75, 45) M1 A1l
5
> = > —)=0.
P(> 80) = P(Z \/E) 0.228 M1 Al
Answer: 0.228 4 marks
(c) F — F2~N(0, 18) M1 A1
6
> = —_—) = > 1. =0.
P(>6) =P(Z > ‘/E) P(z > 1.414) = 0.0786 M1 Al
Answer: 0.0786 4 marks
25 (8 marks)
(a) X has mean np = 30 and variance npq = 12, and is approximately normal since nislarge and p E1E1
isnot closeto 0 or 1; Y is approximately normal since its mean is large
E(X —Y)=30—16=14and Var(X —Y)=12+16=28,s0X — Y = N(14, 28) B1B1
Answer: X =Y = N(14, 28) 4 marks
(b) X — Y takes whole-number values, so P(X — Y = 18) = P(W > 17.5) where W ~ N(14, 28) M1 Al
175-14
= S —) = > 0. = 0.
Pz 28 ) = P(Z > 0.661) = 0.254 M1 Al
Answer: 0.254 4 marks
26 (8 marks)
(@) D=Y — (X;+X,+Xz) ~N(95 — 90, 25 + 3 x 16) = N(5, 73) M1 AL
-5
> = > —)=0.
P(D >0) =P(Z m) 0.721 M1 Al
Answer: 0.721 4 marks
(b) D ~N(py — 90, 73) and P(D > 0) = 0.1 M1
00— — 90
0=y =99 _ ) »g16 M1 AL
73
Ry =90 — 1.2816 x 8.544 = 79.1 Al
Answer: 79.1 4 marks
27 (11 marks)
(@ E(D)=20—n B1
Var(D) =25+9=34,s0D ~N(20 — p, 34) B1
Answer: N(20 — p, 34) 2 marks
(b) P(D > 0) = 0.25, so P(D < 0) =0.75 M1
0-(0-p) _
—\/ﬁ 0.6745 M1A1
1 =20+ 0.6745+34 = 23.93 Al
Answer: p = 23.93 4 marks
(c) X +Y ~N(20 + 23.93, 34) = N(43.93, 34) M1
k — 4393 _
—\/ﬁ =1.2816 M1
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k=5141 Al
Answer: k =51.41 3 marks
(d) Var(3X) =9 x 25 = 225, Var(X,; + X, + X3) = 75, difference 150 M1
3X triples asingle value so any spread is magnified; three separate values partly cancel El
Answer: 150 2 marks
28 (11 marks)
(a) Var(X) = %Var(xl+ X)) M1
_no? _ o?
= 7 = Al
0.2
Answer : o 2 marks
(b) Xy = X = (1= )X, = T(X,+ .+ X,) M1
Var=(1-— %)202 +(n— 1)%02 M1 Al
2 2
= 0= (- Dnge_ (0= Yo "
Answer: shown 4 marks
(¢) X, — X has mean 0 and variance 4 x516 =128 M1
3
P(—3<D<3)—2P(Z<m)—1 M1
=2(0.7991) — 1 =0.598 Al
Answer: 0.598 3 marks
(d) Var(A — B) =Var(A) + Var(B) only for independent A and B El
X, is one of the values making up X, so they are not independent El
Answer: X, and X are not independent 2 marks
29 (15 marks)
@PX=0=03PX=1)=07PY=0=04,PY=1)=06 M1 A1
PX=0P(Y=0)=012%01=PX=0,Y =0) M1 E1
Answer: not independent 4 marks
(b) E(X) =0.7, E(Y) = 0.6 B1
Var(X) =07 — 0.49=0.21, Var(Y) = 0.6 — 0.36 = 0.24 M1 A1
EXY)=PX=1,Y=1)=04 B1
Answer: 0.7, 0.6, 0.21, 0.24, 0.4 4 marks
(c) E(XY) — E(X)E(Y) =0.4 — 042 =—0.02 M1 Al
Var(X +Y)=0.21+0.24 — 0.04=041 M1 Al
Answer: —0.02 and 0.41 4 marks
(dPX+Y=0,12=010504s0E=13 ES>)=05+16=21 Va=21—1.69=041 M1 A1
The simple addition of variances needs independence, which fails here El
Answer: 041 3 marks
30 (15 marks)
(a) X ~ N(100, 1?6), standard error = % =1.789 M1 A1
Limits: 100 + 3(1.789) = 94.63 and 105.4 M1 A1
Answer: 94.63 to 105.4 4 marks
(b) P(|Z] > 3) = 2 x 0.001350 M1
=0.00270 Al
Answer: 0.00270 2 marks
(c) X ~N(102, 3.2) B1
P(X > 105.4) = P(Z > 1.88) = 0.02992 M1 A1
P(X < 94.63) = 0.000019106, so P(alarm) = 0.02994 M1 A1
Answer: 0.02994 5 marks

stemup.co.uk | page 48



StemUp | A Level Mathematics | Statistics: Probability Distributions | Model Answers

(d) Expected number = @ = 33.4 hours M1 Al
P(within 3 hours) = 1 — (1 — 0.02994)° = 0.0872 M1 A1
Answer: 33.4 hours, 0.0872 4 marks
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