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L ocating Roots and Sign Changes

1 (2 marks)
f)=1+1—-3=—-1andf(2)=8+2—-3=7 M1
f is continuous and there is a change of sign, so there is aroot between 1 and 2 Al
Answer: shown 2 marks
2 (2 marks)
Letf(x)=Inx+x —3.f(2) =In2 — 1=—0.307 and f(3) =In 3 =1.099 M1
A change of sign and f is continuous on [2, 3], so aroot liesin the interval Al
Answer: shown 2 marks
3 (2 marks)
f2)=8—-6—-5=—-3andf(3)=27—-9—-5=13 M1
f is continuous and the sign changes, so there is a root between 2 and 3 Al
Answer: shown 2 marks
4 (2 marks)
Letf(x)=2*—=5.f(2)=—1andf(3) =3 M1
Sign change and f continuous, so aroot liesin (2, 3) Al
Answer: shown 2 marks
5 (2 marks)
f(2.6) = —0.240 < 0 and f(2.7) = 0.290 > 0 M1
Sign change, so the root (7 of f(x) = 0 liesin (2.6, 2.7) AL
Answer: shown 2 marks
6 (2 marks)
f(2)=2>0andf(3)=—1<0 B1
A sign change for a continuous function: aroot lies between x =2 and x = 3 B1
Answer: between 2 and 3 2 marks
7 (5 marks)
@f())=—2andf(2) =1 M1
Change of sign and f continuous, so 1 < o < 2 Al
Answer: shown 2 marks
(b) f(1.5) = —1.625<0,s01.5<a <2 M1
f(1.75) = —0.641<0,s01.75<ax < 2 M1
Interval [1.75, 2] Al
Answer: 1.75<a < 2 3 marks
8 (4 marks)
(a) At theintersection e® = 4 — « M1
Soe*+a—4=0 Al
Answer: shown 2 marks
(b) Letg(x) =€*+x —4.9(1) =e — 3=-0.282 and g(1.5) = 1.98 M1
Change of sign and g continuous, so 1 < o < 1.5 Al
Answer: shown 2 marks
9 (2 marks)
Let f(x) = cosx — 2x. f(0.4) = 0.121 M1
f(0.5) = —0.122; sign change and f continuous, so aroot liesin (0.4, 0.5) Al
Answer: shown 2 marks
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10 (3 marks)
f(x) = x3 — x — 1. Need the root in (1.315, 1.325) M1
f(1.315) = —0.0411 M1
f(1.325) = 0.00120: sign change, so root rounds to 1.32 A1
Answer: shown 3 marks
11 (4 marks)
f(1) = —6, f(2) = 3: sign change, root in (1, 2) B1
f(1.5) = —2.625< 0, soroot in (1.5, 2) M1
f(1.75) = —0.141 < 0, soroot in (1.75, 2) M1
f(1.875) = 1.34 > 0, so root in (1.75, 1.875) Al
Answer: 1.75 < a < 1.875 4 marks
12 (7 marks)
(@ f(1) = _il =—landf(3) = % = 1. opposite signs B1
" i 5 = 0 would need 1 = 0, which isimpossible, so there is no root M1
f has an asymptote at x = 2 and is not continuous on [1, 3] El
Answer: f isnot continuous at x = 2 3 marks
(b) f(2) =0, sox = 2isaroot B1
f(1) =1>0andf(3) = 1> 0: arepeated root touches the axis without changing sign El
Answer: same sign, but a repeated root at x = 2 2 marks
(c) f(x) must be continuous on the interval [a, b] E1
Then a change of sign between a and b guarantees at least one root in the interval El
Answer: f continuous on [a, b], then a sign change implies a root 2 marks
13 (7 marks)
(@) Let f(x) = cosx — x. f(0.7) = 0.0648 > 0 and f(0.8) = —0.103 < 0 M1
Change of sign and f continuous, so 0.7 < a < 0.8 Al
Answer: shown 2 marks

a—07 _ 08—«

(b) Similar triangles: 00648 = 0103 M1
B 0.0648
a—0.7+0.1xm M1
a = 0.739 Al
Answer: a = 0.739 3 marks
(c) f(0.735) = 0.00683 > 0 and f(0.745) = —0.00991 < O M1
S0 0.735 < a < 0.745, hence o = 0.74 to 2 d.p. Al
Answer: shown 2 marks
14 (6 marks)
(a) f(1) =156>0,f(2) =—219<0 B1
tan x is not continuous at x = % =~ 1.57, which liesin (1, 2) (asymptote) El
The sign change comes from the asymptote, not a root; the conclusion isinvalid E1
Answer: tan x is discontinuous at x = 11/2 3 marks
(b) f(3) = —0.143<0and f(4) =1.16 >0 M1
The next asymptote is at 3711 = 4,71 > 4, so tan x is continuous on [3, 4] El
Sign change, so aroot liesin (3, 4) Al
Answer: shown 3 marks
15 (3 marks)
o isaroot of g(x) =3 sinx — x = 0 (curves meet) M1
0(2) =0.728>0 M1
g(3) = —2.58 < 0; sign change and continuity, so 2 < <3 Al
Answer: shown 3 marks
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16 (4 marks)
f(—=2) =1, f(—1) = —4: sign change M1 Al
f(1) = —2, f(2) = 5: sign change M1
f isapolynomial (continuous), so there is aroot in each interval Al
Answer: shown 4 marks
17 (6 marks)
(@) V = 1r(r + 4) M1
r + 4rr? = 100, so 1ar® + 4mr? — 100 =0 Al
Answer: shown 2 marks
(b) h(r) = rr® + 4mr? — 100: h(2) = —24.6 M1
h(3) = 97.9, sign change Al
Answer: shown 2 marks
(c) h(2.25) = —0.598< 0 M1
h(2.3) =4.70>0,s0225<r <23, givingr=23(1d.p.) Al
Answer: shown 2 marks
18 (4 marks)
f(—2)=—-1,f(—-1) =3,f(0)=1,f(1) =—-1,1f(2 =3 M1 A1
Sign changesin (=2, —1), (0, 1) and (1, 2) M1
Polynomial, so continuous: one root in each interval, and a cubic has at most three roots Al
Answer: rootsin (=2, —1), (0, 1), (1, 2) 4 marks
19 (8 marks)
(a) y = €": positive, increasing, passing through (0, 1) B1
y =6 — x% amaximum at (0, 6), crossing the x-axis at J_r\/é B1
The graphs meet once for x < 0 and once for x > 0, so there are two roots B1
Answer: Two roots (one negative, one positive) 3 marks
(b)f(x) =€ +x>—6 M1
f(—=25)=0.332>0and f(—2.4) = —0.149<0 M1 A1
f(1.3) = —0.641 < 0and f(1.4) =0.015> 0 Al
f is continuous, so there is a sign change and hence a root in each interval El
Answer: Sign changes shown in both intervals 5 marks
20 (8 marks)
(@) f(—3) = =7 and f(—2) = 6, asign change M1 A1
f(0) = 2 and f(1) = —3, asign change Al
f(2) = —2 and f(3) = 11, asign change; f continuous so aroot lies in each interval Al
Answer: shown 4 marks
(b) A cubic equation has at most 3 real roots, and three have been found E1
Answer: a cubic has at most three roots 1 mark
(c) f(0.335) =0.0276 > 0 M1
f(0.345) = —0.0289< 0 Al
So theroot isin (0.335, 0.345), soitis0.34 to 2 d.p. Al
Answer: 0.34 3 marks
21 (8 marks)
@f)=—-4-k M1
f(2) =3 — 2k M1
A sign change needs f(1) f(2) < 0: (=4 — k)(83—2k) <0, i.e. (k+4)(2k — 3) <0 M1
Critical valuesk = —4 and k = 5 AL
—4<k< % Al
Answer: —4<k < % 5 marks
(b) f(x) = x> — x — 5: f(1.9) = —0.0410 M1
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f(1.95) = 0.465, achange of sign, s0 1.9<a < 1.95 Al
a=19to1dp. Al
Answer: 1.9 3 marks
22 (8 marks)
(a) f(0.6) = 0.0221 > 0, f(0.7) = —0.0862 < 0 M1 A1
f(1.5) = —0.0183 < 0, f(1.6) =0.153>0 M1 A1
Answer: shown 4 marks
(b) f(0.615) = 0.00466 > 0 M1
f(0.625) = —0.00675 < 0, s0 0.615 < a < 0.625 Al
Answer: shown 2 marks
(c) f(0) =1>0andf(2) =1.39 > 0: no sign change B1
An even number of roots (here 2) gives no sign change over the interval El
Answer: same sign, two roots (an even number) 2 marks
23 (5 marks)
(a) At acommon point sin o = 0.3« B1
d(x) = sin x — 0.3x: d(2.3) = 0.0557 M1
d(2.4) = —0.0445: sign change, 2.3 < a <24 Al
Answer: shown 3 marks
(b) Let d(x) =sinx — 0.3x. d"(x) = —sinx <0 for 0 < x <11, so d is concave there. Asd(0) =0 El
and d(a) = 0, aconcave function is negative for « < x <11
Form=x=<2m,snx =0<0.3x; forx>2m,03x>18>1=sinx. Sod(x) <0foral x>a, E1
and there is no other root
Answer: d is concave on (0, 1), so negative after a; and negative beyond 1 as 0.3x > sin X 2 marks
24 (7 marks)
(@ f(0.7) = —0.132< 0, f(0.8) =0.128 > 0 M1
Sign change and continuity Al
Answer: shown 2 marks
(b) Assume f is a straight line between the two points: 8(.8_—0'; = |;§8:g| M1
0.1319 _
a=07+01x 01319+ 01277 — 0.7508 M1 A1l
a = 0.751 Al
Answer: 0.751 4 marks
(c) Error = |0.7549 — 0.7508| = 0.004 B1
Answer: about 0.004 1 mark
25 (5 marks)
(@ g(1.1) =—-0.235<0 M1
g(1.2) =0.172 > 0, and tan x is continuous on [1.1, 1.2] as % ~ 1.571 > 1.2: sign change gives a M1 Al
root
Answer: shown 3 marks
(b) g(1.5) > 0 and g(1.6) < 0 but 5 = 1.571 lies between them E1
g is not continuous there (asymptote), so no root can be concluded El
Answer: asymptote at x = /2 between 1.5 and 1.6 2 marks
26 (8 marks)
1_ .3
(@ X=X =2 M1
Multiply by x: 1 =x* — 2x M1
x*—2x—1=0 Al
Answer: shown 3 marks
(b) gx)=x*—2x—1 M1
0(1.3) = —0.744 < 0and g(1.4) =0.042> 0 M1 A1
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g(—0.5) =0.0625 > 0 and g(—0.4) = —0.174< 0 Al
g is continuous, so each sign change gives a root El
Answer: Sign changes shown in both intervals 5 marks
27 (10 marks)
@gx)=e*—4=0,s0x=In4 M1 A1
gin4)=4—-4In4 Al
Answer: x=In4;g=4—-41In4 3 marks
(b) 9(0.3) =0.150 > 0 and g(0.4) = —0.108 < 0 M1 Al
g(2) = —-0.611<0andg(2.5)=218>0 M1
Continuous with sign changes, so the roots lie in the stated intervals Al
Answer: shown 4 marks
(©)4—4Ind4=4(1—-1Ind)<0asin4>1,and g(x) = » asx — o (¢ dominates) and as x — El
—o0 (—4X — )
So the graph is above the axis at both ends and below it at the minimum: at least two roots El
g'(x) =0only at x = In 4, so g decreases then increases. no more than two roots El
Answer: g has a single minimum, which is negative 3 marks
28 (9 marks)
(@) f(x)=5x*—5 M1
f(x)=0givesx*=1,s0x = #1 Al
f(-1)=-1+5+1=5 Al
f()=1—-5+1= -3 Stationary points (—1, 5) and (1, —3) Al
Answer: (=1, 5) and (1, —=3) 4 marks
(b) f(—=2) = —21 and f(—1) = 5, asign change M1
f(0) = 1 and f(1) = —3, asign change Al
f(1) = —3 and f(2) = 23, asign change Al
Answer: shown 3 marks
(c) The curve has only two turning points, a maximum at (—1, 5) and a minimum at (1, —3), so it El
changes direction twice
A curve with two turning points can cross the x-axis at most three times, and three crossings have El
been found
Answer: threeroots exactly 2 marks
29 (10 marks)
@f(x)=e*—k=0,s0x=Ink M1 A1
f’(x) = € >0, so aminimum M1 A1
Answer: minimum at x = In k 4 marks
(b) fInk) =" — k Ink M1
=k —kInk=k(1 - Ink) Al
Answer: shown 2 marks
(c) Roots exist iff the minimumvalue<0: 1 —Ink=0,s0k=e M1 Al
k = e minimum = 0, exactly one (repeated) root B1
k = 1: minimum = 1 > 0, no roots B1
Answer: k = €, oneroot at k =€ noneatk =1 4 marks
30 (8 marks)
(a) f(0.7) = —0.0648, f(0.8) = 0.103 M1
Sign change and f continuous Al
Answer: shown 2 marks
(b) f'(x)=1+sinx = Oforall x M1 Al
f'(x) = 0 only at isolated points, so f is strictly increasing El
A strictly increasing function crosses zero at most once: « is the only root El
Answer: shown 4 marks
(c)x=cosxand|cosx| =1, s0x =1 M1
« € (0.7,08) C [—1, 1] Al
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Answer: |x| =|cosx| =1 2 marks

Iteration

1 (3 marks)
X; =42 x 2+ 3 =47 = 2.6458 B1
X, =2 x 2.6458 + 3 = 2.8795 M1

X3 = 2.9596 Al
Answer: X, = 2.6458, X, = 2.8795, x5 = 2.9596 3 marks
2 (3 marks)
x3=x+5 M1
Take the cube root: x = *%/x + 5 Al
X; = %15 +5 = 1.8663 B1
Answer: x; = 1.8663 3 marks
3 (3 marks)
X, =2+ % =25 B1
— 1 _
Xy =2+ 55 = 24 B1
— 1 _
X3 =2+ 54 = 24167 B1
Answer: 2.5, 2.4, 2.4167 3 marks
4 (3 marks)
Dividex2:3x+1byx(x¢0):x:3+% M1 Al
- 1_10_
X;=3+3 =73 =33333 B1
Answer: x; = %0 3 marks
5 (2 marks)
X; =In6=17918 B1
X, =1n(1.7918 + 5) = 1.9157 B1
Answer: 1.7918, 1.9157 2 marks
6 (3 marks)
X, = cos 1 =0.5403 B1
X, = 0.8576 B1
X3 = 0.6543 B1
Answer: 0.5403, 0.8576, 0.6543 3 marks
7 (5 marks)
(a) x, =2, X, =15, x5 = 1.6667 M1 Al
X4 = 1.6, X5 = 1.625, Xg = 1.6154 Al
Answer: 2, 1.5, 1.6667, 1.6, 1.625, 1.6154 3 marks
(b) The terms alternate either side of o, s0 1.6154 < o < 1.625 M1
Every number in thisinterval roundsto 1.62, so o = 1.62 to 2 d.p. E1
Answer: a lies between consecutive terms 1.6154 and 1.625 2 marks
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8 (5 marks)
e€=7—-x,s0x=In7—Xx) M1 A1
X, = 1.6094, x, = 1.6846, x5 = 1.6706 M1
X, = 1.6732, X5 = 1.6727, x5 = 1.6728 M1
Terms settle at 1.6728, so a = 1.673 (3 d.p.) Al
Answer: a = 1.673 5 marks
9 (5 marks)
x3+4x =3, s0x(x?+4)=3 M1
X = 3 Al
x2+4
X, = _3 - 0.7059 B1
025+4
X, = 0.6669, x5 = 0.6749 M1 Al
Answer: 0.7059, 0.6669, 0.6749 5 marks
10 (4 marks)
L= %L +3 M1
L=6 Al
Xy = 3.5, X, = 4.75, X5 = 5.375 M1
|6 — 5.375|=0.625< 1 Al
Answer: L =6 4 marks
11 (7 marks)
(a) The staircase moves from the curve to the line y = x and back, with each step closer to the El
point where the graphs meet
The gradient of the curve at the intersection is less than 1, so the steps get smaller: the sequence El
converges
Answer: staircase approaches the inter section 2 marks
(b) X, ={2x05+3=y4=2 B1
X, =47 = 2.65 B1
Answer: x; = 2.00, x, = 2.65 2 marks
()L=+y2L +3,s0L2=2L +3 M1
L?-2L—-3=0,0(L —3)(L+1)=0 Al
L > 0 asevery termis positive, soL =3 Al
Answer: L =3 3 marks
12 (7 marks)
(@) f(1.9) =e'® — 6.8=—-0.114<0 M1
f(2=e*—7=0.389>0 Al
Answer: shown 2 marks
(b)e*=2x+3 M1
Take natural logs: x = In(2x + 3) Al
Answer: shown 2 marks
(c) x, = 1.9169, x, = 1.9219 M1
X5 = 1.9233, x, = 1.9238, x5 = 1.9239 M1
Terms settle at 1.924, so a = 1.924 (3 d.p.) Al
Answer: a = 1.924 3 marks
13 (7 marks)
(@ x*=2+dnx,s0x=2+snx (x>0) M1 AL
Answer: shown 2 marks
(b) x; =1.7313, x, = 1.7283 M1
X5 = 1.7285, x, = 1.7285 Al
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o =1.728(3d.p.) Al
Answer: a = 1.728 3 marks
() f(x) = x2 — 2 — sinx: f(1.7280) and f(1.7290) have opposite signs M1 Al
Answer: shown 2 marks
14 (6 marks)
(@) x4 =2.3069, x, = 2.1641, x5 = 2.2280 M1
Xg = 2.2061, X, = 2.2088, xg = 2.2076 M1
o =2.208 (3d.p.) Al
Answer: 2.208 3 marks
, 1
(b) g(x) = —5 ML
§(Q) = — 555 = —0.453 AL
|g'(a)| < 1, so the iteration converges, with terms alternating about o E1
Answer: g'(a) = —0.453, [g'] < 1 3 marks
15 (5 marks)
3y o3, o1 A
(@ x, = X2 =3, X3 = 5 Xa T g M1 Al
Answer: 3, g % % 2 marks
(b) The terms alternate above and below a value close to 2 El
L=1+2,50L%—L~2=0 M1
(L — 2)(L + 1) =0 and terms are positive, soL =2 Al
Answer: oscillating conver gence to 2 3 marks
16 (6 marks)
(a) The path spirals inwards (a cobweb) around the intersection point E1
Steps get smaller, so the iteration converges to the x-coordinate o of the intersection, oscillating El
either side of it
Answer: cobweb spiral, conver gent 2 marks
4 4 4
(b)xlzzzl,xzzizz,x3:§:1.3333 B1B1
Answer: 1, 2, 1.3333 2 marks
(c)a:a+1,soa2+(x—4:0 M1
a= _1%@ (positive root) AL
Answer: a = _1—2@ 2 marks
17 (6 marks)
(@) P, =100 + 10(0.9) = 109.0 B1
P, =118.7 M1
P;=129.2 Al
Answer: 109.0, 118.7, 129.2 3 marks
L L
(b)L=L+0.1L(1 - m), s00.1L(1 — m) =0 M1
L =1000 (L = 0) Al
The maximum sustainable population (carrying capacity) El
Answer: L = 1000 3 marks
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18 (10 marks)
@f(x)=6x —2sinx — 3 M1
f(0.7) = —0.0884 < 0 and f(0.8) = 0.3653 > 0 M1 A1
Sign change and f continuous, so 0.7 < o < 0.8 El
Answer: shown 4 marks
(b) 6x =3+ 2sinx M1
_ 1.
X=%5+3snx Al
Answer: shown 2 marks
() X, = 05 + 5 §in 0.75 = 0.7272 M1 AL
X, = 0.7216 Al
X3 = 0.7202 Al
Answer: X, = 0.7272, X, = 0.7216, x5 = 0.7202 4 marks
19 (7 marks)
(@ x>*—3x=590x(x>—-3)=5 M1
_ 5
X=<7_3 Al
Answer: shown 2 marks
(b) x,> — 3=0, 0 x; would need a division by zero B1
Answer: Division by zero 1 mark
-5 _
(C)X1-4T3-5 M1 A1
X, = g = 0.2273, X; = —1.696 (3 d.p) A1
The values jump about and do not settle, so the sequence does not converge to o El
Answer: 5, 0.2273, —1.696: not conver gent 4 marks
20 (8 marks)
(@ u; = 0.8 x 100 + 50 = 130 M1
u, = 154, u; = 173.2 Al
Answer: 130, 154, 173.2 2 marks
(b) L=0.8L +50 M1
0.2L =50, s0L =250 Al
Answer: L =250 2 marks
(c) n=0: 250 — 150 = 100 = uy, so trueforn=0 B1
Assume u, = 250 — 150(0.8)% M1
Uy, = 0.8[250 — 150(0.8)%] + 50 = 200 — 150(0.8)** + 50 M1
=250 — 150(0.8)*!, so trueforn=k + 1. Trueforn=0and k = k + 1, so truefor al n = 0 Al
Answer: proved 4 marks
21 (8 marks)
1 7
@L-= i(l‘ + f) M1
_ 7 _ 7
2L—L+E,SOL—r Al
L? = 7; the terms are positive so L =7 Al
Answer: L =47 3 marks
1 7 8
(b) x4 = 5(3 + §) =3= 2.66667 M1
X, = 5(2.66667 + o) = 2.64583, X, = 2.64575 AL
Answer: 2.66667, 2 64583, 2. 64575 2 marks
— 27X, +7
(C)Xn+1—\/7‘——\/_‘ ‘/_ M1

stemup.co.uk | page9



StemUp | A Level Mathematics | Pure Mathematics: Numerical Methods | Model Answers

—[7)2

_ & va‘ ) AL

The new error is roughly the square of the old error divided by 2x,,, so the number of correct E1l

decimal places roughly doubles each step

Answer: shown 3 marks
22 (9 marks)

(@) (A): x, =2.3750, x, = 12.396, x5 = 1904.0 M1 A1

(B): x4 = 1.3572, x, = 1.3309, x5 = 1.3259 M1 A1

Answer: A: 2.375, 12.40, 1904; B: 1.3572, 1.3309, 1.3259 4 marks

(b) (A): g(x) = 3x%, g(x) = 5.26 > 1: diverges M1 Al

N 1 , _ , .

(B): g(x) = X * ) g'(a) =0.190, |g'| < 1: converges M1 Al

Answer: B converges (|g’| = 0.190); A diverges (g’ = 5.26) 4 marks

() g'(a) > 0, so successive terms approach o from one side: a staircase El

Answer: 0 < g'(a) < 1 gives a staircase 1 mark
23 (7 marks)

(a) e, = —0.0689, e, = 0.0185 M1 A1

e, = —0.00501, e, = 0.00136 Al

Answer: —0.0689, 0.0185, —0.00501, 0.00136 3 marks

(b) Ratios: —0.268, —0.272, —0.271 M1 A1

N 2 N

gx) = —3(7 — 0% g(x) =-0.271 M1

Theratioiscloseto g'(a): e, = g'(x)e,; negative, so terms alternate either side of o El

Answer: ratio = g'(ax) = —0.271 4 marks
24 (9 marks)

(@) x4 = 0.8, x, = 0.5120, x5 = 0.7995 M1 A1

X4 = 0.5129, x5 = 0.7995, x5 = 0.5130 M1 Al

Answer: 0.8000, 0.5120, 0.7995, 0.5129, 0.7995, 0.5130 4 marks

()L =32L(1~L),901=321~ L) (L#0),L=1— »5=1c M1 AL

g =32(1 - 20, (L) =32 % (—3) = ~12 M1

[g'(L)] > 1, so the fixed point repels; the terms settle into a cycle alternating about 0.5130 and E1E1

0.7995

Answer: |g'(L)|=12>1 5 marks
25 (9 marks)

(a)x:3—%,sox2:3x—1 M1

_3%y5 .
X=—>-—,le 2.618 and 0.3820 Al
Answer: X = 3%@ 2 marks
, 1

(b) g =5 vL

Larger root 2.618: g = 0.146 < 1: attracts M1 Al

Smaller root 0.382: g = 6.85 > 1: repels Al

Answer: larger root attracts, smaller root repels 4 marks

(c)x;,=3—-25=05x%x,=3—-2=1 M1 A1

The terms move away from 0.382 and then converge towards 2.618 El

Answer: moves away from 0.382 3 marks
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26 (12 marks)

(@) % =¢e* — 10x

e = 10x, so x = In(10x)

Answer: shown

(b) k(x) = € — 10x

k(3.5) = —1.885 < 0 and k(3.6) = 0.598 > 0
Sign change, so aroot liesin (3.5, 3.6)
Answer: shown

(c) X, =In 35 =3.5553

X, = 3.5710

X5 = 3.5754

Answer: 3.5553, 3.5710, 3.5754

dy _
(d) g5 =&~ 10

At x = 3.58, € = 35.8, so0 the second derivative is positive: a minimum
Answer: Minimum

27 (10 marks)
(@) f(x) =x3 — 4x — 2: f(2) = —2 and f(3) = 13
Sign change and f continuous
Answer: shown

(b) Divide x* = 4x + 2 by x (x = 0): x2:4+§

X =14+ % (taking the positive root as x > 0)

Answer: shown

(c) x, =2.2361, x, = 2.2123, x5 = 2.2145

X, = 2.21430, X5 = 2.21432

o =22143 (4d.p.)

Answer: o = 2.2143

(d) The terms move away from 2 and converge towards a different root, about —0.54

3 _ 2
For convergence to o we need |g'(a)| < 1, where g(x) = %, gx) = 3%

Ata = 2.21, g'(a) = 3.7 > 1, so (A) cannot converge to o
Answer: g'(a) > 1, so (A) moves away from a

28 (10 marks)
(a) u, =1.8478, u; = 1.9616
Answer: 1.8478, 1.9616
(b)yn=1u =y2<2
Assume u, < 2
Then Uy, =2+ U <y2+2=2
So true for n =k + 1; true for n = 1, hence for al n = 1 by induction
Answer: proved
(©) un+12 - un2 =2+u, — un2
=2-u)(1+u,)>0sinceu,<2andu,>0
So the sequence is increasing and bounded above by 2, hence converges to a limit L
L=y2+L,0L?—L—-2=0,(L-2(L+1)=0,andL =2
Answer: increasing, bounded by 2, limit 2
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29 (11 marks)
(a) u, =7 = 2.6458 B1
u; = 3.4550 B1
Answer: 2.6458, 3.4550 2 marks
(byn=21Lu;=1<4 B1
Assume u, < 4. Then U, = 3u, + 4 <16 = 4 M1 AL
Truefor n=1and if truefor k thenk + 1, sotrueforal n = 1 E1
Answer: proved 4 marks
©Uu’—u?=3u,+4—-u?=(@4—-u)l+u,)>0 M1 Al
Increasing and bounded above by 4, so it convergesto L El
L?=3L+4,(L—-4)(L+1)=0L=4 M1 AL
Answer: increasing; limit 4 5 marks
30 (10 marks)
(8) x; = 0.60653, x, = 0.54524 M1 AL
X3 = 0.57970, x, = 0.56006 Al
Answer: 0.60653, 0.54524, 0.57970, 0.56006 3 marks
(b)gx)=—e, ande ™ “=a, s0g(x) = —a = —0.567 M1 AL
|g'(0)| < 1, so it converges (slowly, since 0.567 is not small), oscillating either side E1l
Answer: g'(a) = —a = —0.567 3 marks
(c) Numerator (x, — X;)? = 0.003757 M1
Denominator x, — 2x; + X, = —0.1678 M1
Estimate = 0.56762, compared with o = 0.56714: far more accurate than x, = 0.56006 AlE1L
Answer: Aitken estimate 0.56762, close to a. = 0.56714 4 marks

Newton-Raphson M ethod

1 (3 marks)

f(2.5) = 3.125 and f'(2.5) = 15.75 B1

B 3125 _

Xy =25— 175 = 2.3016 M1 Al

Answer: 2.3016 3 marks
2 (3 marks)

f(x)=3x*+4 B1

f(xn)

Xne1 = X — m M1

B X2+ 4%, — 9

=X~ Y Al

Xp2 +4x, — 9

Answer: Xp,1 =X, — T Zed 3 marks
3 (3 marks)

f'(x) = 2x B1

2 _

X; =33 — % = 3.31667 M1 Al

Answer: 3.3167 3 marks
4 (3 marks)

f'(x) = ¢ B1

elA5 -5
X; =15 — R 1.61565 M1 A1
Answer: 1.6157 3 marks
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5 (2 marks)
B 3
X, =2— kP M1
X, =1.75 Al
Answer: 1.75 2 marks
6 (3 marks)
X, iswhere the tangent at (X,, f(Xy)) meets the x-axis B1
f(x
The tangent has gradient f'(x,), S0 0 — f(Xg) = f'(Xg)(X; — Xp), giving X; = X — % M1
0.
Near the root the tangent approximates the curve, so its x-intercept is closer to the root El
o f(Xo)
Answer: X; = Xg — o) 3 marks
7 (5 marks)
f(x)=3x>— 2 M1 AL
_ f(x)
Xnt1 = Xy — %)
— -1 _
Xy =2— 0" 2.10000 M1 Al
X, = 2.09457 Al
Answer: x; = 2.1000, X, = 2.0946 5 marks
8 (5 marks)
f(x)=1+ % M1 Al
f(Xn)
X1 =Xn = Flx )
B 01972 _
X, =3— 16667 2.88167 M1 A1l
X, = 2.88261 Al
Answer: x, = 2.8817, x, = 2.8826 5 marks
9 (5 marks)
f(xX)=—sinx — 2 M1 Al
f(xn)
X1 =Xn = Flx )
X, =05 — —0722% = 0.45063 M1 AL
X, = 0.45018 Al
Answer: x; = 0.4506, x, = 0.4502 5 marks
10 (5 marks)
f'(x) = 2x B1
Xp2 =10  2x.2 —x,2+10
Xney SXn =~ — = . M1
X2+10 1 10
=, 2%t ) Al
1 10
X; = 5(3+ 7) = 3.16667, x, = 3.16228 M1 Al
Answer: 3.16228 5 marks
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11 (5 marks)
fx) =€ -3 M1 A1
X; = 0.610060, x, = 0.618997 M1
X5 = 0.619061, x, = 0.619061 M1
o =0.6191 (4 d.p.) Al
Answer: 0.6191 5 marks
12 (5 marks)
f)=x3+4x — 7,f(x) =3x*>+ 4 B1
_ —0472 _
X, =12 — B - 1.256731 M1 A1
X, = 1.255384, x5 = 1.255383 Al
Iterates agree to 6 d.p., so the root is 1.255383 Al
Answer: 1.255383 5 marks
13 (8 marks)
@F()= -2 81
L_a
Xoop = X — 2 T =Xt xnz(xi —a) M1 AL
_X_n2 n
=X, + X, — ax,’ =X,(2 — ax,) Al
Answer: shown 4 marks
(b) x; =0.1(2 — 0.7) = 0.1300 M1 A1l
X, = 0.141700, x5 = 0.14284777 Al
% = 0.14285714: agrees to 6 d.p. after three steps El
Answer: 0.13, 0.141700, 0.142848 4 marks
14 (8 marks)
(@) f(x) =3x*>—2 B1
2
X;=0-— — = 1 M1 A1l
1
X=1=7=0 Al
Answer: x;,=1,x,=0 4 marks
(b) The iterates alternate 0, 1, O, 1, ...: acycle that never converges E1
The tangents at x = 0 and x = 1 lead back to each other, away from the root El
Answer: cycles between 0 and 1 2 marks
(©) x1:—2—_—02:—1.8 M1
_ _ f(=18 _
X, =—1.8 =18 - 1.7699 Al
Answer: —1.8, —1.7699 2 marks
15 (5 marks)
(@) f(x)=3x>—3,f(1) =0 M1
The formula would divide by zero: the tangent at x = 1 is horizontal and never meets the x-axis El
Answer: f(1) =0 2 marks
(b)yx,=2— g = 1.66667 M1 Al
X, = 1.54861 Al
Answer: 1.6667, 1.5486 3 marks
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16 (8 marks)
(a) Box dimensions (10 — 2x), (8 — 2x), X
X(10 — 2x)(8 — 2x) = 50 and expanding: 4x3 — 36x? + 80x = 50
Answer: shown
(b) f'(x) = 12x%> — 72x + 80
X,=1— 5> =11000
X, = 1.115405, x5 = 1.115774

x=1116 (3d.p.)
Answer: 1.116

17 (8 marks)
@f(2=2In2—-—2=-0.614<0
f(8) =3In 3 — 2=1.296 > 0; sign change, f continuous
Answer: shown
b)fx)=Inx+1
X; = 2.362464, x, = 2.345783, x5 = 2.345751
(2.34570) = —0.000093 < 0, f(2.34580) = 0.000093 > 0, so o = 2.3458 (4 d.p.)
Answer: 2.3458

18 (5 marks)
f(x)=2"In2
_ f(x,)
Xnt1 = Xy — <)
X1 =3~ coney = 336067
X, = 3.32244

Answer: x; = 3.3607, X, = 3.3224

19 (8 marks)
(@) f(x) =x* — e™*
f(0.7) = —0.0066 < 0 and f(0.71) = 0.0125 > 0
Sign change, s0 0.7 < a < 0.71
Answer: shown
(b) f'(x) =2x + e™*

X, = 0.7 — % = 0.703472
X, = 0.703467

Answer: x, = 0.703472, X, = 0.703467

20 (7 marks)
(a) Tangent: y — f(a) =f'(@)(x — a)
At the x-axisy = 0: —f(a) =f'(a)(b — @)
—a— 1@
R (C
Answer: shown
(b) (@) = 2a sob=a— &K :ﬂ:%(zﬁk)

2a 2a a
_ 2

Answer: shown
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21 (8 marks)
(@ f(x)=xsinx—1 B1
f'(X) = sin x + x cos x (product rule) M1 A1
Substitute into X, = X,, — % Al
Answer: shown 4 marks
(b) x, = 1.114729 M1
X, = 1.114157, x5 = 1.114157 M1 Al
o =1.1142 (4d.p.) Al
Answer: 1.1142 4 marks
22 (7 marks)
(@) f'(x) = %x‘m’ B1
13
O e e 3%, M1 Al
3%
= —2X, Al
Answer: shown 4 marks
(b) x; = —=0.2,x, =04, x3=—0.8 M1 Al
The iterates double in size and alternate in sign: they diverge from the root. The tangent is nearly El
vertical at the root, so the method is unsuitable here
Answer: diverges 3 marks
23 (9 marks)
@f(x)=2x—5 B1
X2 — BX, + 6
Xnt1 = Xy — ﬁ M1
2X,2 — 5%, — X2+ 5%, — 6  Xx,2—6
= 2, — 5 =X, -5 Al
Answer: shown 3 marks
(b) X, = 4: X, = 5 = 3.3333, X, = 3.0667 M1 AL
Xo=1lixy = :—g =1.6667, x, = 1.9333 M1 Al
Answer: from 4 towards 3; from 1 towards 2 4 marks
x,2 — 6 — 3(2x, — 5)
(C©) Xpy — 3= > —5 M1
Xp2 — 6X,+9  (x,— 3)?
=T 2. -5  2x,-5 Al
Answer: shown 2 marks
24 (7 marks)
(a) f(0.8) = —0.2196 < 0 M1
f(0.9) = 0.2136 > 0; sign change and continuity Al
Answer: shown 2 marks
(b) f'(x) = € + xe&* = (x + 1)&* M1A1
X, = 0.867879 M1
X, = 0.852783, x5 = 0.8526055 M1
root = 0.85261 (5 d.p.) Al
Answer: 0.85261 5 marks
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25 (11 marks)
@f(x)=1+e7* B1
Xop— €70 X, + X, — X, +ex
X1 = Xp — 1+ % = 1+e % M1
_eT(x,+ 1) ) Xy +1
= e multiply top and bottom by e*: ) M1 Al
Answer: shown 4 marks
(b) Newton: 0.566311, 0.567143, 0.567143 M1 A1
Simple: 0.606531, 0.545239, 0.579703 M1 A1
Answer: Newton: 0.566311, 0.567143, 0.567143 4 marks
(c) Newton's errors. 8e-04, 1e-07, 3e-15 M1
Simple iteration errors: 4e-02, 2e-02, 1e-02 M1
Newton-Raphson converges far faster (quadratic against linear convergence) El
Answer: Newton converges much faster 3 marks
26 (10 marks)
(a)g—z(/:ex+xex—3 M1 A1
Setequal to 0: (x + 1) — 3=0 Al
Answer: shown 3 marks
(b) f(x) = (x + 1) — 3, f'(X) = (X + 2)&* M1 A1
(X, + et — 3
Xne1 = Xp — W Al
(X, + e =3
Answer: Xp. = X, — W 3 marks
() x;,=0.7 — % =0.62213 M1 Al
X, = 0.61766, x5 = 0.61764 Al
a = 0.6176 Al
Answer: x; = 0.62213, x, = 0.61766, X5 = 0.61764, a = 0.6176 4 marks
27 (9 marks)
(@) f(x) =x" — a, f'(x) = nx"? B1
X —a Xk a
X1 = X — " Xk =4 ¥ " M1A1
= 50 = D+ ) AL
Answer: shown 4 marks
(b) Xps1 = %(3Xk + %g) M1
X, = 3.175926, x, = 3.162365 M1 Al
X5 = 31622777, s0 /100 = 3.16228 (5 d.p.) M1 AL
Answer: 3.16228 5 marks
28 (9 marks)

X2 + 2

(a) Xpe1 — ‘/_ = 2, - \/E M1

X2 = 22,42 (X, — 42)?
- 2%, - 2x

M1 A1
Answer: shown 3 marks
(b) e, = 0.0858, e; = 0.00245 M1 Al
e, = 0.00000212, e; = 0.00000000000159 Al
Answer: 0.0858, 0.00245, 0.00000212, 0.00000000000159 3 marks
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2

en en z

(© en = o = 583 O each error is about the square of the previous error M1
Order of magnitude: 9x1072, 2x1073, 2x107°, 2x10~*2: the exponent roughly doubles each step E1A1
Answer: error isroughly squared each step 3 marks
29 (9 marks)
@F(X)=2x —D(x+2)+(x — 1)?=(x — )(Bx +3) = 3(x — 1)(x + 1) M1 Al
(Xn - 1)(Xn + 2)
Xn+1_1:(xn_1)_w M1
_ 3(Xn + 1) - (Xn + 2) _ (Xn - 1)(2xn + 1)
B A R R Ay AL
Answer: shown 4 marks
(b) x, to x5: 1.555556, 1.297907, 1.155390, 1.079562, 1.040288 M1 A1l
Ratios of errors: 0.556, 0.536, 0.522, 0.512 M1
Answer: 1.555556, 1.297907, 1.155390, 1.079562, 1.040288; ratios 0.556, 0.536, 0.522, 0.512 3 marks
2, + 1
(c) Asx,— 1, m - %: the error roughly halves each step (linear convergence) El
At arepeated root f'(a) = 0, so the tangents are nearly horizontal and the quadratic convergence is E1l
lost
Answer: error only halves each step since f'(a)) =0 2 marks
30 (9 marks)
(@ V =1000, sof(h)=0 B1
f(6) = —95.22<0 M1
f(7) = 180.19 > 0; sign change Al
f'(h) = %(GOh —3h?) =1 h(20 — h) > 0for 0< h< 10, so f isincreasing: one root El
Answer: shown 4 marks
(b) f'(h) = mh(20 — h) B1
h, = 6.36971 M1 A1
h, = 6.35502, h; = 6.35501 M1
h=6.36 cm (2d.p.) Al
Answer: 6.36 cm 5 marks
Trapezium Rule
1 (3 marks)
h=1 B1
T=2[3+2+2(5+8+6)] M1
= 2 x43= 215 AL
Answer: 21.5 3 marks
2 (3 marks)
h=2 B1
T=2[12+06+234 +28) M1
=142 Al
Answer: 14.2 3 marks
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3 (3 marks)
y=1,14142,1.7321, 2, 2.2361

h=1T=5[1+22361 + 214142 + 1.7321 + 2
= 6.7643 = 6.76
Answer: 6.76
4 (2 marks)
_2—-1_
h=221=02

x=1,12,14,16,18,2
Answer: h=0.2; x=1,12,14,16, 1.8, 2

5 (3 marks)
h=1; ordinates 1, 2, 4, 8
T=2[1+8+2(2+4)]
=105
Answer: 10.5

6 (5 marks)
(@ h=1, ordinates 0, 1, 4
T=2[0+4+21)] =3
Answer: 3

0) 5162 = 3

8 .
3> 3 overestimate

8 .
Answer: 3 overestimate

7 (6 marks)
(a) h=0.5; ordinates 1, 0.6667, 0.5, 0.4, 0.3333

T=22[1+0.3333 + 2(0.6667 + 0.5 + 0.4)]

=1.1167

Answer: 1.1167
(b) I =[Inx],3 =1n3=1.0986
1.1167 — 1.0986

Error = 10986 x 100 = 1.6%
Answer: In 3; 1.6%
8 (5 marks)
h=27"=025
Ordinates. y, = 1.0000, y, = 1.0645, y, = 1.2840, y, = 1.7551, y, = 2.7183

T = 222[1.0000 + 2.7183 + 2(1.0645 + 1.2840 + 1.7551)]

=1.4907 = 1.49 (3 sf.)
Answer: 1.49

9 (6 marks)
(a) h= 3 ordinates 0, 0.3827, 0.7071, 0.9239, 1

T= 156[0 + 1+ 2(0.3827 + 0.7071 + 0.9239)] = 0.9871
Answer: 0.9871

(b) Error = 1—0.9871

1 x 100 = 1.29%
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Answer: 1.29% 2 marks
10 (5 marks)
h= ¥ =1 B1
Ordinates. y, = 0.6931, y, = 1.0986, y, = 1.3863, y; = 1.6094, y, = 1.7918 M1 A1
T= %[0.6931 +1.7918 + 2(1.0986 + 1.3863 + 1.6094)] M1
=5.3368=5.34 (3 sf.) Al
Answer: 5.34 5 marks
11 (5 marks)
(@ h=1,; ordinates 0, 1, 1.4142, 1.7321, 2 B1
T=2[0+2+ 2(1 + 1.4142 + 1.7321)] = 5.146 M1 AL
Answer: 5.146 3 marks
(b) The curve is concave (bends downwards), so each chord lies below the curve El
So each trapezium has less area than the region under the curve: underestimate El
Answer: curveisconcave: underestimate 2 marks
12 (3 marks)
h=1;T=2[2+9+2Kk+7)] M1
2(25+2K) =17, 9025+ 2k = 34 M1
k=45 Al
Answer: k =4.5 3 marks
13 (5 marks)
h=2 B1
A=2[0+0+2(12+21+16)] M1
=9.8m? Al
Volume per second = area x speed = 9.8 x 0.6 = 5.88 m® M1
In30s 176.4 m® Al
Answer: area 9.8 m?, volume 176.4 m?® 5 marks
14 (5 marks)
h=10,T=20[0+12+2(42+7.5+98+ 11+ 116) M1 AL
=5x100.2=501m Al
501
Mean speed = w0 - 8.35 m/s M1 Al
Answer: 501 m; 8.35 m/s 5 marks
15 (9 marks)
(8 h=0.5; ordinates 4, 3.2, 2 B1
T=2214+2+2(32)] =310 M1 AL
Answer: 3.10 3 marks
(b) h =0.25; ordinates 4, 3.7647, 3.2, 2.56, 2 B1
T=2204+2+ 237647 + 3.2 + 256)] = 31312 M1 AL
Answer: 3.1312 3 marks
(¢) [T, — | =0.0104 < [T, — 11| = 0.0416 M1
Error = 222 & 100 = 0.33% M1 AL
Answer: 0.33% 3 marks
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16 (5 marks)
(@ h=05 B1
T=2[1+2+23+25+4)] =550 M1 AL
Answer: 5.50 3 marks
(b) Estimate=3T +2x (3 — 1) M1
=3 x 550+ 4 =20.50 Al
Answer: 20.50 2 marks
17 (4 marks)
Strips of widths 1, 2, 3 B1
2()@2+35) + 2(QB5+4) + 534+ 1) ML AL
=275+75+75=17.75 Al
Answer: 17.75 4 marks
18 (8 marks)
(a) h=0.5; ordinates 0, 0.3033, 0.3679, 0.3347, 0.2707 M1 A1
| = 0;25[0 + 0.2707 + 2(0.3033 + 0.3679 + 0.3347)] M1
=0.571 Al
Answer: 0.571 4 marks
(b) J 1 dx = 2 over the interval B1
2 + 4(0.5706) = 4.28 (3 s.f.) Al
Answer: 4.28 2 marks
(c) The substitution u = x — 3 gives [,2 ue™" du M1
Estimate is 0.571 Al
Answer: 0.571 2 marks
19 (7 marks)
(@)1 =[]t =e— 1=1.7183 M1 AL
Answer:e—1 2 marks
(b)h=05,T = %[1 + e+ 2e%°] = 1.7539 M1 A1
T>1(1.7539 > 1.7183) B1
Answer: 1.7539 3 marks
(c) The second derivative € > 0, so the curve is convex El
Chords lie above a convex curve, so the trapezia have more area than the region under it E1
Answer: convex curve: chords above 2 marks
20 (7 marks)
(@) h=2; ordinates 5, 3.352, 2.247, 1.506, 1.010, 0.6767 B1 M1
V= %[5 + 0.6767 + 2(3.352 + 2.247 + 1.506 + 1.010)] M1
=219 litres Al
Answer: 21.9 litres 4 marks
(b)V = [ 56702 dt = [—25e 0% = 25(1 — &%) = 21.62 M1 AL
The curvey = 5e%% s convex (second derivative > 0), so the trapezium rule overestimates El
Answer: 21.62 litres; convex curve 3 marks
21 (7 marks)
(a) h=0.5; ordinates 0.3679, 0.7788, 1, 0.7788, 0.3679 B1 M1
T= 0;25[0.3679 +0.3679 + 2(0.7788 + 1 + 0.7788)] = 1.4627 M1 A1
Answer: 1.4627 4 marks
(b) e is an even function, so | = 2£1 e dx El
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2% 0;25[1 + 0.3679 + 2(0.7788)] = 1.4627, the same M1 Al
Answer: even function: | =2 x integral on [0, 1] 3 marks
22 (8 marks)
@y= %: second derivative % > 0, convex, chord above the curve: overestimate M1 A1
y =In x: second derivative —X—12 < 0, concave, chord below the curve: underestimate M1 Al
Answer: 1/x: over%timate; In X: underestimate 4 marks
1 2
(b) % 2(1+3)———1.3333 M1
Inx: 5(0 +In 3) = 1.0986 Al
Error: W x 100 = 21.4% M1 AL
Answer: 1.3333; 1.0986; 21.4% 4 marks
23 (8 marks)
(a)u:x,%: ":I:[xe"]ol—‘g1 e dx M1 A1
—e—(e—1)=1 Al
Answer: | =1 3 marks
(b) h =0.25; ordinates 0, 0.3210, 0.8244, 1.5888, 2.7183 B1 M1
T = 22200+ 27183 + 2(0.3210 + 0.8244 + 1.5888)] = 1.0231 M1 AL
Error = 2.3% Al
Answer: 1.0231; 2.3% 5 marks
24 (7 marks)
(@h=2 B1
= 2[0+0+2(18+31+34+22)] M1
=21.0m? Al
Answer: 21.0 m* 3 marks
(b) Mass = 21.0 x 400 = 8400 kg M1 Al
Mean areaz%zz.lo m? Al
Answer: 8400 kg; 2.10 m? 3 marks
(c) Narrower strips fit the curve more closely, so the chords deviate less from the true El
cross-section profile and the error in the area falls
Answer: narrower strips: smaller error 1 mark
25 (9 marks)
a 2a a
(@ h=0.5; ordlnatasa, 3 553 B1
X a
Flar 523+ 5+ =33 M1
57 - 335 AL
a=3 Al
Answer: a=3 4 marks
3 _
(b)f1+xdx-3ln3 M1 A1
3IN3=3.296<3.35 B1
The curve is convex (concave up), so the chords lie above it El
Answer: 31n 3 = 3.296; the curveis convex 4 marks
(¢) Use more strips of smaller width B1
Answer: More strips 1 mark
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26 (11 mar ks)

(a) h— = ordinatesy, = (5 )2 Yo =

:5[0+1+22 ()71

=T[5+ 2( 07

AnaNer shown

(b) 2 (2 = 1)n(2n -1

— _[_ ( l)(zn_ 1)]
nt2
1 3n+2n2—3n+1 2n?+1
= — X =
n 6n 6n°
1,1
T3 6n?

Answer: shown
1
(c) Error = o <0.001

, _ 1000
n® > ——

—5  -—166.7,s0n>12.9

n=13
Answer: n =13

27 (12 marks)

0,yn=

(a) OrdinatesIn1,In2, ..., Innwithh=1
T=anl+inn+20n2+...+In(n - 1)

:In2+...+ln(n—1)+%lnn:

Answer: shown

1 1
In(n!) — Inn+§ Inn=In(n!) — > Inn

(b)f Inxdx:xlnx—f ldx=xInx—Xx
Limits (nInn—n) — 0O -1 =ninn—n+1

Answer: shown

(c) Concave: chords below the curve, so T < integral

In(n!) — % Inn<nlnn—n+1,giving the result
N=6:1n720=6.5793<6.5In 6 — 5 = 6.6464

Answer: shown

28 (14 marks)

(a2) Theend ordinatesaresin0=sinT =0
h n—1 ) n—1 )
Ty=75x2 2{ sin(rh) = h Z sin(rh)

T,= %(0.7071 +1+0.7071) = 1.8961
Answer: 1.8961
(b) 2 sin(3) sin(th) = cos{(r — 2)h) — cos((r + 3)h)

The sum telescopes: cos(g) — cos((n — E)h)

2cos(g)

(N— 2)h=1— 2, 50 cos((n — 3)h) = —cos(h); sum = ——=— = cot(3)

Answer: shown

n(z)
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©T,= % cot(%) = 1.8961, matching M1 Al
For small h, cot(g)z%,soTnth%:Z:exactvalueofl M1 Al
Answer: T, - 2 4 marks
29 (9 marks)
(8) T,= 2[4 +2 +2(32)] = 3.1000 ML AL
T,=3.13118 Al
Answer: 3.1000, 3.13118 3 marks
c ¢ 3c 16(T, — T,)
(b) Subtract: T, = T, =15 — 4 = — 15, 0C= —5—— M1 A1
c T,—T, 4T,-T
IzT4_1_6=T4_ 23 4= 43 2 M1 Al
Answer: shown 4 marks
© 4(3.131182%— 3.1000 - 314157 M1
1 = 3.14159: the error is now about 0.00002, much smaller than for T, (about 0.01) Al
Answer: 3.14157 2 marks
30 (13 marks)
(@ h:%; ordinates 1, ¢, ¢% ..., q" =3 81
T,= 2—ln[1 +3+2q+q*+...+q" Y] M1
1_9@" -1 _3-g
Q+..+0 =741 Tq-1 M1 A1
_ 1 4g—-1)+2B83—-0q _1 q+1
Tn_%x =1 _ﬁxﬁ M1 A1
Answer: shown 6 marks
_ _1 1[3 +1
(b)q—\/§,T2—2><\/§_l M1
2
Rationalise the denominator: = % x 43 ; D M1
T2 =1+ g Al
T.o14 3
Answer: T,=1+ > 3 marks
2 _
(© n3 - 1.8205 B1
T, = 1.8660 B1
Error = 2890 248205 « 100 = 25% M1 AL
Answer: 2.5% 4 marks
Convergenceand Error
1 (3 marks)
Absolute error = |2—72 — 11| = 0.00126 = 0.0013 (2 sf.) M1A1
Percentage error = 000126 100 = 0.040% Al
Answer: 0.0013; 0.040% 3 marks
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2 (3 marks)
265 =a<275 B1B1
Maximum error 0.05 B1
Answer: 2.65 = a < 2.75; 0.05 3 marks
3 (3 marks)
(a) Terms alternate either side of about 0.667 and get closer: converges B1
(b) Increases without bound: diverges B1
(c) Alternates between two values. oscillates without a limit B1
Answer: (a) converges, (b) diverges, (c) oscillates 3 marks
4 (4 marks)
[0.3] < 1: converges B1
|—0.8] < 1: converges (oscillating) B1
|1.5] > 1: diverges B1
|—2| > 1: diverges (oscillating) B1
Answer: (a) converges, (b) converges, (c) diverges, (d) diverges 4 marks
5 (2 marks)
f(1.75) and f(1.85) have opposite signs, so (f continuous) 1.75 < o < 1.85 M1
Every number in thisinterval roundsto 1.8 to 1 d.p. El
Answer: root in (1.75, 1.85) 2 marks
6 (2 marks)
Error = 0.4 M1
Percentage error = % x 100 = 1.6% Al
Answer: 1.6% 2 marks
7 (3 marks)
Need the root in (2.195, 2.205) M1
f(2.195) = —0.0344 M1
f(2.205) = 0.1308: sign change, so root = 2.20 (2 d.p.) Al
Answer: shown 3 marks
8 (6 marks)
(@) x3 =x2+ 2, divide by x*: x = 1+% M1
X, = 1.8889, x, = 1.5606, x5 = 1.8212 M1 A1l
Answer: 1.8889, 1.5606, 1.8212 3 marks
(b) g(¥) = —4x 3, g'(a) = —0.820 M1 AL
—1 < g(a) <0: converges, alternating; but |g'| is close to 1, so the error shrinks slowly E1
Answer: g'(a) = —0.820 3 marks
9 (6 marks)
(a) (A): staircase; terms increase steadily towards the root and converge B1B1
(B): cobweb (spiral); terms alternate either side of the root and converge B1B1
Answer: (A) staircase, (B) cobweb; both converge 4 marks
(b) (A): g'(a) > 0 (staircase) and 0 < g'(ax) < 1 B1
(B): g'(a) <0 (cobweb) and —1 < g'(a) <0 B1
Answer: (A)0<g <1, (B)—1<g <0 2 marks
10 (4 marks)
Differences: 0.08740, —0.02347, 0.00637 M1 A1
Ratios: —0.269, —0.271 M1
Constant ratio = —0.27 (Jratio| < 1, negative): linear convergence with alternating terms El
Answer: ratio = —0.27: linear convergence 4 marks
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11 (3 marks)
After n bisections the width is 27" M1
27" <0.001, so 2" > 1000 M1
219=1024, son=10 Al
Answer: 10 3 marks
12 (5 marks)
T,= 0;25[0 + 1+ 2(0.125)] = 0.3125, error 25.0% M1 A1
T, = 0.265625, error 6.25% M1 A1l
The error falls to about a quarter El
Answer: 25%, 6.25%: error falls by a factor of 4 5 marks
13 (5 marks)
a € [4.365, 4.375), b € [1.515, 1.525) B1
a— b: least 4.365 — 1.525 = 2.84, greatest 4.375 — 1.515 = 2.86 M1 A1
a. 4.365 _ 4375 _
b least 1505 — 2.862, greatest 1515 — 2.888 M1 Al
Answer: (a) 2.84 to 2.86; (b) 2.862 to 2.888 5 marks
14 (4 marks)
X, = 1.60944, x, = 1.68465, x5 = 1.67060 M1
X, = 1.67324, x5 = 1.67274 M1
Differences [xs — X4| = 0.00050 < 0.0005 M1
5 iterations; x5 = 1.6727 Al
Answer: 5Siterations; 1.6727 4 marks
15 (8 marks)
(a) A: 1.500000, 1.400000, 1.416667 M1 A1
B: 1.500000, 1.416667, 1.414216 M1 A1
Answer: A: 1.500000, 1.400000, 1.416667; B: 1.500000, 1.416667, 1.414216 4 marks
(b) A: ratios —0.166, —0.173, —0.171 M1 A1
B: e, = 0.086, 0.0025, 0.0000021, s0 €,,,; = 0.35¢,° M1 A1
Answer: A linear (ratio = —0.17), B quadratic 4 marks
16 (4 marks)
X, =05,X,=2,Xx3=05,%x,=2 M1 Al
, 1 ,
g0 = ~3 0g(1) = -1 ML
|g'(a))| = 1 isthe borderline case: the terms neither approach nor leave 1; they cycle between 2 and E1
0.5
Answer: cycles 2,05, 2,0.5; g(1) = -1 4 marks
17 (7 marks)
(a) x, = 1.680, x, = 1.848 M1 Al
X3 = 1.613, x, = 1.942 Al
Answer: 1.680, 1.848, 1.613, 1.942 3 marks
(b) x =42 - 140, s0a = ;%21 =175 M1 Al
g =—14,|dg]|> 1: errors multiply by —1.4 each step M1
The terms aternate either side and move outwards: a diverging cobweb E1
Answer: o = 1.75; diverging cobweb 4 marks
18 (6 marks)
(@) A = rir%: least 11(4.45)° = 62.2 M1 AL
greatest 11(4.55)? = 65.0 Al
Answer: 62.2 to 65.0 cm? 3 marks
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(b) A = 11(4.5)? = 63.62 B1

Max error = 1.42, percentage = —613;222 x 100 = 2.2% M1 A1l

Answer: 2.2% 3 marks
19 (4 marks)

f)=x—x2-1 B1

f(1.46555) = —0.000075 M1

f(1.46565) = 0.000277 M1

Sign change, so 1.46555 < root < 1.46565 and the root is 1.4656 (4 d.p.) Al

Answer: shown 4 marks
20 (10 marks)

(@ f(l)=—3<0andf(2)=3>0 B1

f(1.5) =—-1125<0,s0x € [1.5, 2] M1 A1

f(1.75) = 0.609 > 0, so a € [1.5, 1.75] Al

Answer: a. € [1.5, 1.75] 4 marks

(b) After n bisections the interval has width % M1

Midpoint error < half the width = % M1

1

=18 = 0.0078 (2 sf.) Al

Answer : 1_;8 =0.0078 3 marks

© % < 0.0005, s0 2" > 2000 M1

21 = 2048 > 2000 but 2'° = 1024 < 2000 M1

n+1=11,son=10 Al

Answer: 10 bisections 3 marks
21 (6 marks)

‘) = FOOFe) = feOf" (%)
aANXx)=1—- . M1 Al
_ [P0 = FE12 + Ff () _ FOOf" () AL
[ ()12 [ ()12

Answer: shown 3 marks

(b) f(a) =0 and f'(a) # 0, so N'(a) =0 M1 Al

The error e,,; = N'(a)e, would be zero to first order, so the convergence is faster than linear El

(quadratic)

Answer: N'(a) = O: faster than linear 3 marks
22 (6 marks)

(a) Width after n steps=27" M1

—10_ 1 . 9_ 1

27" = Tooa < 0.001, while27° = 5 0.001 M1 Al

Answer: 10 steps 3 marks

(b) Errors: 0.023, 0.00048, 0.00000021 M1 A1

After 3 Newton iterations the root is correct to about 6 d.p., while 10 bisections give only about 3 El

d.p.: Newton is far more efficient

Answer: Newton: far fewer iterations 3 marks
23 (9 marks)

(a) Dividex3=6x+4byx2:x=g+% M1 AL

Answer: shown 2 marks

2
(b) (A): g =%, g(@)=373>1 M1 AL
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S = 2 o) =

(B): g = (6X+42,3,g((x)—0.268<1 M1 Al

(©):9g = —% - % lg(a)] =120>1 M1 Al

Only (B) converges Al

Answer: only (B) 7 marks
24 (8 marks)

o o 2 1
@f =2x,f"=2 0a) - 20 M1 Al
— 1

a—\/§,302\/§—0.2887 Al

Answer: shown 3 marks

(b) e, =2 — /3 = 0.26795 B1

Predicted e, = 0.2887 x (0.26795)% = 0.02073 M1 Al

Actual x; = 1.75000, e; = 0.01795: close to the prediction M1 A1

Answer: predicted 0.02073; actual 0.01795 5 marks
25 (10 marks)

(@ f'(x)=€,s0M =eon |0, 1] M1 A1

2

jerror] = 222" x &= 001416 ML AL

Answer: |error| = 0.0142 4 marks

(b) T= O'—225[1 +e+2(e"% + e + e¥)] = 1.72722 M1 A1

Actual error = 1.72722 — 1.71828 = 0.00894 < 0.01416 M1 Al

Answer: actual error 0.00894 = 0.01416 4 marks

©) % < 0.0001, s0 n? > 2265.2 M1

n> 47.59, so n =48 Al

Answer: 48 strips 2 marks
26 (9 marks)

. 005 _ 0025 _ 00125 _

(a) Ratios 57 = 505 = 005 — 00 M1 A1

Error proportional to the previous error: first order (linear) convergence El

Answer: ratio 0.5: linear 3 marks

001 _ 00001 _ 107 _

() 0122 = ooz ~ 000z ML AL

Error proportional to the square of the previous error: second order (quadratic) convergence E1l

Answer: ratio 1. quadratic 3 marks

(c) P: 0.0125 x 0.5 = 0.00625 B1

Q: (10782 =10"16 B1

Method Q: its error falls far faster El

Answer: P: 0.00625; Q: 10~*¢; choose Q 3 marks
27 (10 marks)

(@ f(o + €) = f(ax) + f'(a)e + %f”(oc)e2 + ..., withf(a) =0 M1 Al

fla+e) =f(a) + " (a)e+ ... Al

Answer: shown 3 marks

f(xo) fes 5fe
B) &=~ pxy =&~ Fire M1
of +1'e) — fe— of'e?  of'e?
= = M1 A1

' +f' T +fe
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(@

2
= %) e for small e Al
Answer: shown 4 marks
;_ 2 en _ i 60 _ 1 _
(o) " =3x-,f _6X'W_E_O'7937 M1 Al
e, = 0.7937 x 10™* = 7.94e-05 Al
Answer: constant /e = 0.7937; e, = 7.9 x 107° 3 marks
28 (9 marks)
(a) cosis decreasing on [0, 1] M1
cos1=0.5403 >0, so cosx € [0.5403, 1] C [0, 1] Al
Answer: shown 2 marks
(b) g'(x) = —sinx B1
On[0,1],0=sinx=sn1=0.8415<1 M1 Al
Answer: shown 3 marks
(c) Since|g| = k < 1 theerror is multiplied by at most k each step: convergence to a fixed point E1
If there were two fixed points, the mean value theorem would give o — B| = |g'(C)]lec — B| < Joc — El
B|, a contradiction: unique
Iterating from x, = 1: terms settle at 0.7391 (4 d.p.) M1 Al
Answer: 0.7391 4 marks
29 (10 marks)
@agx)=1- 2_n>]< M1 Al
_ G122
Ato=q2:1— =5 Al
Answer: shown 3 marks
(b)Need|1—5mE|<1 M1
-1<1- émé < 1: the right-hand inequality holds for m > O; the left gives émé <2,som> \/5 M1 Al
Answer: m >42 3 marks
(c) x, = 1.33333, x, = 1.40741, x5 = 1.41381 M1 A1
(=1~ 222 =0057form=3 but1— 2% = 0529form=6 M1
The smaller |g'(a)| (closer to 0) means a faster reduction in error El
Answer: m = 3: |g'| = 0.057; m = 6: |g'| = 0.529 4 marks
30 (10 marks)
(@) X1 — a = 9(X,) — g(a) = g(c)(x, — &) for some ¢, SO [X,,.; — & < K|x, — Qf M1 A1
|Xn - (Xl = |Xn - Xn+l| + |Xn+1 - (Xl = |Xn+1 - an + klxn - (Xl M1
Hence (1 — K)|X, — O] = [Xpe1 — X4l Al
Answer: shown 4 marks
(b) Apply the second result of (a) withn — 1in place of n: (1 — K)[X,—; — o] = |X;, — X4l M1
k
So Xy — o = Kxp—g — o = 3= Xn = Xpa Al
Answer: shown 2 marks
(©) x4 — x5/ =0.001724 M1
Bound = % % 0.001724 = 0.000739 M1 Al
Actua error |x, — a] = 0.000368 < bound Al
Answer: bound 0.000739; actual 0.000368 4 marks
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