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L ocating Roots and Sign Changes

1

10

11

fx)=x3+x— 3.
Show that the eguation f(x) = 0 has aroot between 1 and 2.

Show that the equation Inx + x — 3=0hasaroot a in theinterval 2 < o < 3.
f(x) = x3 — 3x — 5. Show that f(x) = 0 has aroot between 2 and 3.
Show that the equation 2* = 5 has a root between 2 and 3.

By considering f(x) = x? — 7, show that /7 lies between 2.6 and 2.7.

The table gives values of a continuous function f. Write down the interval of length 1 in
which f(x) = 0 must have a root, and give a reason.

x=1 x=2 x=3 x=4

5 2 -1 -3

f(x) = x> — 4x + 1.

(@ Show that f(x) = 0 has aroot o between 1 and 2.

(b) Useinterva bisection twice, starting with the interval [1, 2], to find an interval of width
0.25 that contains a.

The diagram shows the curvesy = € and y = 4 — X. They intersect at one point, with x-coordinate .

Y

=4 -x

»
>

0 1 2 X

|
\
|
—
-1

(@ Show that o isaroot of the equation € + x — 4 =0.
(b) Showthat 1< o <1.5.

Show that the equation cos x = 2x, where x is in radians, has a root between 0.4 and 0.5.
Show that the root of x> — x — 1 = 0is 1.32 correct to 2 decimal places.

f(x) = x3+ 2x — 9. Show that f(x) = 0 hasaroot in (1, 2). Use interval bisection three times
to find an interval of width 0.125 containing the root.
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A student states: ‘If f(@) and f(b) have opposite signs then f(x) = 0 has a root between aand b.’

(@  Show that for f(x) = Xle f(1) and f(3) have opposite signs, but f(x) = 0 has no root
between 1 and 3.

(b)  Show that f(x) = (x — 2)? has aroot at x = 2 even though f(1) and f(3) have the same
sign.

(c) Complete the student's statement so that it is aways true.

The diagram shows the graphs of y = cos x and y = x, where x isin radians. They meet at the point with

X-coordinate o.

y A
y=X
= C0S X
Lo ‘_y\
0.5 -
(04
0 0.5 1.0 X

(@ Showthat 0.7 < o <0.8.

(b) Uselinear interpolation on f(x) = cos x — x between x = 0.7 and x = 0.8 to estimate a,
giving your answer to 3 decimal places.

(c) By evauating f(0.735) and f(0.745), show that oo = 0.74 to 2 decimal places.

A student argues: ‘f(x) = tan x hasf(1) > 0 and f(2) < 0, so tan x = 0 has aroot between 1 and 2.’
(@ Calculate f(1) and f(2) (radians) and explain why the student's conclusion is wrong.
(b)  Show that tan x = 0 has aroot between 3 and 4.

The diagram shows the curvesy = 3 sin x and y = X, for x in radians, which meet at the origin
and at the point with x-coordinate a.
Show that 2 < o < 3.

Y a _
y—X
3_
2_
y=3sinx
1_
(X | -
o 1 2 3\4 X
_1_

f(x) = x* — 3x? + x — 1. Show that f(x) = 0 has aroot in each of the intervals (—2, —1) and
1 2).

A solid cylinder has radius r cm and height (r + 4) cm. Its volume is 100 cm?®.
(@ Show that r satisfies rir® + 4mr? — 100 = 0.

(b)  Show that r lies between 2 and 3.

(c) Show that r = 2.3 to 1 decimal place.

Show that the equation x* — 3x + 1 = 0 has three real roots, and write down an interval of
length 1 containing each.
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The equation € = 6 — x? has roots a and B, where ac < B.

(@ By sketching the graphs of y = € and y = 6 — x? on the same axes, show that the
equation has exactly two real roots.

(b) Show that a liesin theinterval (—2.5, —2.4) and that B liesin the interval (1.3, 1.4).

f(x) =x3 — 6x + 2.

(@  Show that the equation f(x) = 0 has aroot in each of the intervals (—3, —2), (0, 1) and
2, 3).

(b) Explain why these are al of the real roots of the equation.

(c) Findtherootin (0, 1) correct to 2 decimal places, justifying your answer.

f(x) = x3 — kx — 5, where k is a constant.

(@ Given that f(x) = 0 has aroot between x = 1 and x = 2 because of a change of sign, find
the range of possible values of k.

(b) For k =1, show that the root of f(x) =0 liesin (1.9, 1.95) and hence give it to 1 decimal
place.

f(x) = € — 3x. The equation f(x) = 0 has two roots, a and 3, with o < .
(@ Showthat0.6<a<07and15<p<16.

(b) Show that ac = 0.62 correct to 2 decimal places.

(c) Explainwhy f(0) and f(2) alone would not show that f has two roots.
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The diagram shows part of the graphs of y = sin x (x in radians) and y = 0.3x. They meet at the origin and

at the point where x = «, with a > 0.

Vo a
y = 0.3x

y =sinx

T l\ T T |/=
01 2 QWX
_1_

(@ Show that aisaroot of sinx — 0.3x =0and that 2.3 < a < 2.4.
(b) Explain, using the diagram, why there is no other root with x > 0.

f(x) = x° + x — 1. The equation f(x) = 0 has aroot a.

(@ Showthat 0.7 < <0.8.

(b) Uselinear interpolation on the interval [0.7, 0.8] to estimate «, to 3 decimal places.
(c) Thetrueroot is0.7549 to 4 decimal places. Find the error in your estimate.

g(x) =tan x — 2x, where x isin radians.

(@ Show that g(x) = 0 has aroot between 1.1 and 1.2.

(b) A student calculates g(1.5) = 11.1 and g(1.6) = —37.4, and concludes that there is
another root between 1.5 and 1.6. Explain the error.

The curvesy = % andy = x® — 2 are sketched for x # O.

(@  Show that the x-coordinates of the points of intersection satisfy x* — 2x — 1= 0.
(b)  Show that this equation has a positive root in (1.3, 1.4) and a negative root in (—0.5,
—-0.4).

(3]
(2]

(2]
(4]
(1]
(3]

(2]

(3]

(5]



StemUp | A Level Mathematics | Pure Mathematics: Numerical Methods | Question Pack

27

28

29

30

The curvesy = € and y = 4x are shown. The equation g(x) = 0, where g(x) = € — 4x, has two roots o and

B with o < B.
Voa
y=e

10 -
y = 4x

5-
/ .
O 1 2 X

(@) Find the exact x-coordinate of the stationary point of y = g(x), and show that the value
of gthereis4 — 41In 4.

(b) Showthat 0.3<a<04and2<p <25

(c) Explain why g(In 4) < 0 guarantees that there are exactly two roots, and no more.

f(x) = x®> — 5x + 1. The graph of y = f(x) is shown.
y A
12 4

—8 A
(@ Find the coordinates of the stationary points of the curve.
(b) Use sign changes to show that f(x) = 0 has aroot in each of the intervals (—2, —1), (0,
1) and (1, 2).
(¢) Hence explain why f(x) = 0 has exactly three rea roots.

Let f(x) = € — kx, where k > 0 is a constant.

(@ Show that f has asingle stationary point, at x = In k, and that it is a minimum.

(b)  Show that the minimum valueis k(1 — In k).

(c) Hencefind the set of values of k for which f(x) = 0 has real roots, and state the number
of roots when k = e and when k = 1.

Let f(x) = x — cos X, where x isin radians.

(@ Show that f(x) = 0 hasaroot a in the interval (0.7, 0.8).

(b) Show that f is an increasing function on R, and deduce that « is the only real root.

(c) Explainwhy any root of f(x) = 0 must liein [—1, 1], and hence why the argument in (b)
is consistent with the sign change in (a).
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10

A sequence is defined by x,,,; = 2x,, + 3, with x, = 2.
Find x,, X, and X5, giving each to 4 decimal places.

(@) Show that the equation x* — x — 5 = 0 can be rearranged as x = X +5.
(b) Use X1 = %X, + 5 with x, = 1.5 to find x, to 4 decimal places.

A sequence is defined by x,,,; =2 + Xi with x, = 2. Find x4, X, and X3, giving X5 as a decimal

to 4 decima places.

Show that x> — 3x — 1 = 0 can be rearranged into x = 3 + % and find x; when x, = 3in X4,

_ 1
—3+X—n.

Xpe1 = IN(X, + 5) with X, = 1. Find x; and X, to 4 decimal places.
Xps1 = COS X, With x in radians and x, = 1. Find x4, X, and x5 to 4 decimal places.

The sequence defined by x,,; =1 + Xi with x, = 1 converges to a limit a.

(8 Find x4, X5, X3, X4, X5 @Nd Xg, giving each to 4 decimal places.
(b) Explain why the terms suggest that oo = 1.62 to 2 decimal places.

The equation € + x — 7 = 0 has aroot o between 1 and 2.
(a) Show that it can be written as x = In(7 — x).
(b) Use Xy = IN(7 — x,,) with X, = 2 to find a to 3 decimal places.

(a) Show that x® + 4x — 3 = 0 can be rearranged as x = VWL

(b) Starting with x4 = 0.5, find X, X, and X5 iN X4 = XZL

2 to 4 decimal places.

A sequence is defined by x,,,; = %xn + 3 with x, = 1. Given that it convergesto alimit L, find

L, and show that x5 iswithin 1 of L.
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11 The diagram shows the graphs of y = x and y = /2x + 3, and the staircase formed by the iteration x,,,, =
\2x,, + 3 starting with x, = 0.5.

Y a

vy =V(2x + 3)

. /
’ e y=x

2 .

T

1 .

o 1 2 3 X
Xo X1 X2X3

(@) Explain how the diagram shows that the iteration converges. [2]
(b) Find x; and x, to 2 decimal places. [2]
(c) Given that the sequence converges to alimit L, find the exact value of L. [3]

12 f(x) =e* — 2x — 3. The equation f(x) = 0 has aroot o in the interval (1.9, 2).

(@ Show that f(1.9) < 0 and f(2) > 0. 2]
(b)  Show that f(x) = 0 can be rearranged as x = In(2x + 3). [2]
(0 Usex,,; =In(2x, + 3) with x, = 1.9to find o correct to 3 decimal places. [3]

13 Theequation x*> = 2 + sin x, where x is in radians, has a positive root a.

(@ Show that acisaroot of the iteration X,; =12 + sin X,,. [2]
(b) Using x, = 1.5, find x4, X,, X5 and X, to 4 decimal places, and state « to 3 decimal

places. [3]
(c) Verify your value by a change of sign. [2]

14  TheequationInx +x — 3 =0hasaroot a near 2.
(@ UseXqq =3 —Inx,withx,=2tofind a to 3 decimal places. [3]
(b)  Show that the iteration converges, by evaluating g'(o) for g(x) =3 — In x. [3]

15 A sequence is defined by xp, = 1+ -, with X, = 1.

(@ Find x4, X5, X3 and X,. 2]
(b) Describe the behaviour of the sequence and find its limit L exactly. [3]
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16 The diagram shows the graphsof y = x and y = F 1 with the iteration x,,; = xn;tl starting at x, = 3.
y‘k
3 -
2 -
1 -
O 1' é 3 x'
(@) Describe the pattern of the iteration shown in the diagram and what it tells you about
convergence. [2]
(b) Find x4, X, and Xs. [2]
() Find the exact value of the limit a. [2]
17 S _ Py . _ . .
A population is modelled by P,,; =P, + 0.1P,(1 — W)’ with P, = 100, where P, is the population after n
years.
(@ Find P,, P, and P, to 1 decimal place. [3]
(b) Giventhat P, — L, find the non-zero value of L and say what it represents. [3]

18 The equation 6x — 2 sin x — 3 =0, where x isin radians, has aroot «.
(8 Show that o lies between 0.7 and 0.8. [4]
(b)  Show that the equation can be written as x = % + % sin x. [2]

(€) UseXqy = % + % sin x,, with xo = 0.75 to find x4, X, and X3, giving each to 4 decimal

places. (4]

19 The equation x® — 3x — 5= 0 has aroot o between 2 and 3. A student rearranges it as X,,; = X 25_ 3

(@ Show that this rearrangement is correct. [2]

(b) Explain why the student cannot use X, = «/§ . 1

(c) Usex,=2tofind x4, X, and x5, and state what happens to the sequence. [4
20 A sequenceisdefined by u,,, = 0.8u, + 50, with u, = 100.

(& Finduy, u, and us. [2]

(b) Given that the sequence converges to alimit L, show that L = 250. [2]

(c) Prove by induction that u, = 250 — 150(0.8)" for all integers n = 0. [4]
21 A sequence is defined by X, = %(xn + Xln), with x, = 3.

(8 Giventhat x, — L asn— o, show that L = 7. [3]

(b) Find x4, X, and x5 to 5 decimal places. [2]

—_ 2
(¢c) Show that x,,,; — \/_ - %

converges very quickly. (3l

, and explain why this shows that the sequence
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The equation x3 — x — 1 =0 hasaroot a =~ 1.3247. Two rearrangements are (A) x = x> — 1 and (B) x =

X + 1.

‘vll

2

1.—/7—_

»
>

0 1 2 X
(@ Starting with x, = 1.5, find x4, X, and x5 for each iteration, to 4 decimal places where

sensible. [4
(b)  Show, using the gradient of the iteration function at o, which iteration converges. [4]
(c) The diagram shows the staircase for (B) starting at X, = 2.2. Explain its shape. 1

Theiteration x,,,; = %7 — 2x,,, with X, = 1.5, converges to the root o of x® + 2x — 7 = 0. The first terms
are shown (to 5 s.f.). Take o = 1.56895.

X0 X1 X2 X3 X4

1.5000 1.5874 1.5639 1.5703 1.5686

(@ Cdculatetheerrorse,=x, — o for n=0to 3, to 3 significant figures. [3]
(b)  Show that eg” is approximately constant, and compare it with g'(a) for g(x) =

T 2x. (4

A sequence is defined by x,,; = 3.2x,(1 — X,), Xg = 0.5.

(& Find x, to X, to 4 decimal places. [4
(b) ShowthatL = % would be afixed point, but that the sequence does not converge to it. [5]
Consider the iteration x,,,; =3 — X—ln

(@  Show that the fixed points satisfy x> — 3x + 1 = 0 and solve it exactly. [2]
(b) Findg'(x)forg(x) =3 — % and decide which fixed point attracts the iteration. [4]
(o) Starting from x, = 0.4, find x; and x, and say what happens. [3]

The curve C has equation y = e — 5x°.

(@  Show that the x-coordinate of a stationary point of C satisfies x = In(10x). [3]
(b)  Show that the stationary point with x > 3 has its x-coordinate in the interval (3.5, 3.6). [3]
(©) Usex,,; =In(10x,) with x, = 3.5 to find x4, X, and x5 to 4 decimal places. [4

(d) Determine whether this stationary point is a maximum or a minimum. [2]
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The equation x® — 4x — 2 = 0 has aroot o between 2 and 3. Three rearrangements are

(A)x:L‘TZ,(B)X:3\/4X+2,(C)XZW/4+;.

(@  Show that a lies between 2 and 3.

(b) Show that (C) is a correct rearrangement of the equation.

(c) Useiteration (C) with x, = 2 to find o to 4 decimal places, showing the terms you
calculate.

(d) A student uses (A) with x, = 2 and aobtains x; = 1.500, x, = 0.3438, x; = —0.4898, x, =
—0.5294. Explain what is happening and why (A) does not find a.

A sequence is defined by u; =2 and Uy, =2 + Uy,

(& Findu, and u; to 4 decimal places.

(b) Proveby inductionthat u, <2 foral n= 1.

(c) Show that u,,, > u, for al n, and deduce that the sequence converges to 2.

A sequence is defined by u; = 1 and u,,; = /3u, + 4.

(@ Findu, and us, to 4 decimal places.

(b) Proveby induction that u, <4 foral n = 1.

(¢) Show that u,,; > u, for al n, and hence find the limit of the sequence.

The root a of the equation x = €* can be found by iteration x,,,; = €™, with x, = 0.5.

(8 Cadculatex; to x,, to 5 decimal places.

(b)  Show that the iteration converges to a by finding g'(a), where g(x) = e . Take a =
0.56714.

(X2 — X1)2

(C) Aitken's formula estimates the limit as Xy — X0 = 2x. + X
2 1 0

. Use it with xg, X4, X, and

compare the result with o.

Newton-Raphson M ethod

1

f(x) =x® — 3x — 5and f'(x) = 3x*> — 3.
Use the Newton-Raphson formula with x, = 2.5 to find x;.

Differentiate f(x) = x® + 4x — 9 and write down the Newton-Raphson iteration formula for
solving f(x) = 0.

Use one step of the Newton-Raphson method on f(x) = x> — 11 with x, = 3.3 to find a better
approximation to 11, to 4 decimal places.

f(x) =€ — 5.
Use the Newton-Raphson method with x, = 1.5 to find X4, to 4 decimal places.

A function f has f(2) = 3 and f'(2) = 12. Starting with x, = 2, find x; using the
Newton-Raphson method.
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The diagram shows the graph of y = f(x) and the tangent at the point A, where x = X,,. The
tangent meets the x-axis at x = x;.

Explain how x; is obtained from X, in the Newton-Raphson method and why x; is usualy a
better approximation to the root.

Yy A

f(x) =x3 — 2x — 5.
Use the Newton-Raphson method with X, = 2 to find x, and X,, giving each answer to 4
decimal places.

fx)=2Inx+x — 5.
Use the Newton-Raphson method with x, = 3 to find x; and x,, giving each answer to 4
decimal places.

f(x) = cosx — 2x.

Use the Newton-Raphson method with x, = 0.5 to find x,; and x,, giving each answer to 4
decimal places.

(@) Show that applying the Newton-Raphson method to f(x) = x? — 10 gives X,; = %(xn +
10

)

(b) Use xo = 3 to find x,, to 5 decimal places, as an approximation to /10.

f(x) = € — 3x hasaroot o near 0.6. Use the Newton-Raphson method with x, = 0.5 to find o

correct to 4 decimal places.

Use the Newton-Raphson method with x, = 1.2 to find aroot of x* + 4x = 7, giving your
answer correct to 6 decimal places. Show your iterates.

The reciprocal of a number a can be found without division by solving f(x) = % —a=0.

(& Show that the Newton-Raphson iteration is X,,.; = X,(2 — aXx,).

(b) Usethiswitha=7and x, = 0.1 to find x4, X, and x5, and compare x5 with %
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14 f(x) =x® — 2x + 2. The graph of y = f(x) is shown, and meets the x-axis once.

y A
4 .
0,2
> (0, 2)
T T T (1’ 1) :
- -1 0o 1 X
_2 u
_4 .
_6 m
(8 Show that the Newton-Raphson method with x, = 0 givesx; =1 and x, = 0. [4
(b) Describe what happens if the method is continued and explain why x, = 0 is a poor
choice, given that the root is near —1.77. [2]
(©) Usex,=—2tofind x; and x,, to 4 decimal places. [2]
15 fx)=x®—3x+1
(@) Explain why the Newton-Raphson method cannot be used with x, = 1. [2]
(b) Usex,=2tofind x; and x,, to 4 decimal places. [3]

16 A rectangular sheet of card measures 10 cm by 8 cm. A sguare of side x cm is cut from each corner and the
sides are folded up to make an open box of volume 50 cm?.

g
o
[eo}
X
10 cm
(@ Show that x satisfies 4x® — 36x? + 80x — 50 = 0. [3]
(b)  Usethe Newton-Raphson method with x, = 1 to find the smaller solution for X, correct
to 3 decimal places. [5]

17  f(x)=xInx—2,forx>0.

(@ Show that f(x) = 0 hasaroot a in the interval (2, 3). [2]
(b)  Usethe Newton-Raphson method with x, = 2 to find o to 4 decimal places, and verify
your answer by a change of sign. [6]

18  Solve 2* = 10 numerically: let f(x) = 2* — 10.
Use the Newton-Raphson method with x, = 3 to find x, and X,, giving each answer to 4
decimal places. [5]

19  Thegraphsof y = e * and y = x* meet at a single point with x-coordinate o > 0.
(@ Show that a lies between 0.7 and 0.71. [4]
(b) Usethe Newton-Raphson method with x, = 0.7 to find x; and x, to 6 decimal places. 4

20 Thetangent to the curvey = f(X) at the point where X = a meets the x-axis at x = b.
(@ Showthatb=a— % where f/(a) # 0. 3

(b) Hence show that for f(x) = x> — k, k>0, witha>0, b = 1(a+ 5) and b = k. [4
2 a
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The equation x sin x = 1 (x in radians) has aroot o near 1.1.
(@  Show that the Newton-Raphson iteration for this equation is X, = X, —
X,snx,—1
SN X, + X, COS X,
(b) Usex,=1tofind a correct to 4 decimal places.

Consider applying the Newton-Raphson method to f(x) = 3\& , which hasaroot at x = 0.
(8 Show that f'(x) = 5x~%°, and that the iteration Smplifiesto X,,; = —2x,
(b) Starting at x, = 0.1, find X, X, and x5 and explain what happens.

f(X)=x> —5x+6=(x — 2)(x — 3).

X2 — 6
(@ Show that the Newton-Raphson iteration is X,,,; = o
(b) Find x; and x, when X, = 4, and when x, = 1.
(X, — 3)2
(c) Show that x,,; — 3= > — 5

f(x)=x¢e" =2

(@  Show that f(x) = 0 has aroot between 0.8 and 0.9.

(b)  Show that f'(x) = (x + 1)€*, and use the Newton-Raphson method with x, = 1 to find the
root to 5 decimal places.

The equation x = e * hasaroot a. Let f(x) =x — e™.
X, +1
(b) Take x, = 0.5. Find x4, X, and X5 by this method, and by the simpler iteration x,,; =

(@  Show that the Newton-Raphson iteration for f(x) = 0iS X, =

e ", to 6 decimal places.
(c) Given a =0.567143, comment on the relative speed of the two methods.

The curve C has equation y = xe* — 3x and has a stationary point at x = a.

(@ Show that a isaroot of the equation (x + 1)e* — 3=0.

(b)  Write down the Newton-Raphson formula for this equation, with f'(x) smplified.

(o) Starting with x, = 0.7, find X, X, and x5 to 5 decimal places, and state o to 4 decimal
places.

The Newton-Raphson method is used to find the positive n-th root of a, by solving x" — a=0.

(8  Show that X,y = =((n — 1)x, + 20,

n—1
k

(b) Usethiswith n =4, a=100 and X, = 3 to find /100 to 5 decimal places.

(4]
(4]

(3]

(3]
(4]

(2]

(5]

(4]

(4]
(3]

(3]
(3]

(4]

(4]
(5]

The Newton-Raphson method is applied to f(x) = x*> — 2 with X, = 1.5, giving X, = %(xn + Xi). Lete, =

Xy — V2.

(& Showthate,,, =

e’

Tn .

(b) Cdculatee,, e, ,, €5 to 3 significant figures.

(c) Explain how the pattern of these errors shows that the number of correct decimal places
roughly doubles each iteration (quadratic convergence).

(3]
(3]

(3]
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f(x) = (x — 1)%(x + 2) has arepeated root at x = 1. The Newton-Raphson method is used with x, = 2.
_ (X = D(2x, + 1)

(@ Show that f'(x) = 3(x — 1)(x + 1), and hence that x,,,; — 1= A [4
(b) Cadculate x; to x5 to 6 decimal places and the ratios e;:l wheree, = x, — 1. [3]
(c) Explain why the convergence is much slower than for a simple root. [2]

A hemispherical bowl of radius 10 cm is held with its rim horizontal and is filled with water to a depth of h

cm. The volume of water isV = %(30h2 — h® cm?®. The bowl is filled with 1000 cm? of water.

(@ Show that h satisfies f(h) = 0, where f(h) = %(30h2 — h® — 1000, and show that it has

exactly one solution for 0 < h < 10, lying in the interval (6, 7). [4]
(b)  Usethe Newton-Raphson method with hy = 7 to find h to 2 decimal places, showing
your iterations. (5]

Trapezium Rule

1

The table shows values of y = f(x). Use the trapezium rule with al the values to estimate the
area under the curve between x = 0 and x = 4.

x=0 x=1 x=2 x=3 | x=14

3 5 8 6 2
(3]
Use the trapezium rule with the values in the table to estimate 1;6 y dx.
x=0 x=2 | x=4 x=6
1.2 3.4 2.8 0.6
(3
(a) Complete atable of values of y =/x for x = 1, 2, 3, 4 and 5, giving each value to 4
decimal places.
(b) Use the trapezium rule with 4 strips to estimate f’ \/§ d x to 3 significant figures. [3]
The trapezium rule is used to estimate j ? f(x) d x with 5 strips of equal width. Write down
the width of each strip and the x-values of the ordinates. 2]
Use the trapezium rule with 3 strips to estimate £3 2 d x. [3]

. . . . 2
Use the trapezium rule with 2 strips to estimate £ x2dx.

(@ Find the estimate. [3]
(b) Find the exact value of the integral and state whether the estimate is an over- or
under-estimate. [2]
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Theintegral | :_[3 %dx.

(@) Usethetrapezium rule with 4 strips to estimate |, to 4 decimal places.
(b) Find the exact value of | and the percentage error in the estimate, to 2 significant
figures.

Use the trapezium rule with 4 strips of equal width to estimate

£l e’ dx, giving your answer to 3 significant figures.

Theintegral | = [™ sinx d x, with x in radians.

(@ Usethetrapezium rule with 4 strips to estimate |, to 4 decimal places.
(b) Find the percentage error, given that the exact valueis 1.

Use the trapezium rule with 4 strips of equa width to estimate

‘gﬁ In x d x, giving your answer to 3 significant figures.

The diagram shows the curve y = y/x with the four trapeziums used to estimate £ ) yx dx.

Ya
y = VX
2 -
///
///
1 1 4

[
T T T T »
X

0 1 2 3 4

(@) Calculate the trapezium rule estimate, to 3 decimal places.

(b) Explain, using the diagram, why the estimate is smaller than the exact value %6.

The trapezium rule with 3 strips, using the values in the table, gives an estimate of 17 for .[ )
y d x. Find the value of k.
x=1 x=2 x=3 x=4

2 k 7 9

A river is 8 m wide. The depth d metresis measured at 2 m intervals across the river (first
row: distance from the bank in metres; second row: depth in metres).

Estimate the area of the cross-section of the river using the trapezium rule, and the volume of
water passing a point in 30 seconds if the river flows at a constant speed of 0.6 m/s.

0 2 4 6 8
0 1.2 2.1 1.6 0

(3]
(3]

(5]

(4]
(2]

(5]

(3]
(2]

(3]

(5]
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The speed v m/s of atrain at timest seconds after leaving a station is recorded every 10
seconds (first row t, second row v).

Use the trapezium rule to estimate the distance travelled in the first 60 seconds, and hence the
mean speed over this period.

0 10 20 30 40 50 60
00 | 42 75 98 11.0 116 12.0

4
1+x?
(@) Estimate | using the trapezium rule with 2 strips.

(b) Estimate | using 4 strips, to 4 decimal places.
(c) Show that the estimate with 4 strips is closer to 11, and find its percentage error to 2 sif.

Theintegra | = £1 d x has exact value 11.

(5]

(3]
(3]
(3]

The trapezium rule with the values in the table (equal strips) gives an estimate of a certain integral _[ : f(x) d

X.
x=1 x=15 x=2 x=25 x=3
1 3 2.5 4 2

(@ FindtheestimateT.
(b) Hence, using the same ordinates, estimate j; : (3f(x) +2) d x.

Thevaluesof y at x =0, 1, 3 and 6 are shown (first row x, second row y). Use trapezia of the

appropriate widths to estimate L ° ydx.

0 1 3 6
2.0 3.5 4.0 1.0

Use the trapezium rule with 4 strips of equal width to estimate | = [,* xe™ dx.

(@ Complete atable of values of x and xe™ (4 decimal places) and find the estimate for |,
giving your answer to 3 significant figures.

(b) Hence write down an estimate for [, (1 + 4xe™) dx.

()  Write down an estimate for [,° (x — 3)e® dx, explaining your answer.

Letl = [ edx.

(@ Find| exactly.
(b) Usethe trapezium rule with 2 strips to estimate | and show that it is an overestimate.
(c) Explain, without calculation, why the trapezium rule overestimates every integral of e*.

Water flows into atank at arate of r litres per second, wherer = 5% and t is the time in seconds.
(@) Usethetrapezium rule with 5 strips to estimate the volume of water entering the tank in

the first 10 seconds, to 3 significant figures.
(b) Find the exact volume, and explain why your estimate is greater.

(3]
(2]

(4]

(4]
(2]
(2]

(2]
(3]
(2]

(4]
(3]
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I:_f e dx.

1
(@) Usethetrapezium rule with 4 strips to estimate |, to 4 decimal places. [4
(b) Explain how symmetry alows the same answer from two strips on [0, 1], and verify it. [3]

The diagrams show the curvesy = % andy =Inxfor 1 = x = 3, each with asingle trapezium (a chord)

joining the pointsat x = 1 and x = 3.

y=1/x y=Inx
1.5

\ 1.0 A
1.0
0.5 +
0.5
T—

0.0 T T T T T T
1 2 3 1 2 3

. . . . 1
(@) State, with areason, whether the trapezium rule overestimates or underestimates jl‘ : X d

X, andthesamefor_[3 Inxdx. [4]

(b) Using one strip for each, find the two trapezium estimates, and the percentage by which
the first exceeds the exact value In 3. [4]

Let | :£l x € dx.
(@ Useintegration by parts to show that | = 1. [3]
(b) Usethe trapezium rule with 4 strips to estimate |, and find the percentage error. [5]

The cross-sectional area A m? of a hull at distances x m from the bow of asmall boat is given in the table
(first row x, second row A).

0 2 4 6 8 10
0.0 1.8 3.1 3.4 2.2 0.0

(@ Usethetrapezium rule to estimate the volume of the hull, V = L Y Adx. [3]
(b) The boat is made of material of density 400 kg per m? filling the whole hull. Find its

mass, and the mean cross-sectional area. [3]
(c) Explain why using more measurements would give a more reliable estimate. [1

a . "
- dx, where aiis a positive

The trapezium rule with 4 strips of equal width is used to estimate [, T+

constant. The estimate is 3.35.

(@ Findthe value of a. [4
(b) Find the exact value of the integral and explain, without further calculation, why the

trapezium rule gives an overestimate. [4
(c) State how a more accurate estimate could be obtained. [1

The trapezium rule with n strips of equal width is used to estimate _£1 x2dx.
o 1.1 S or
(8 Show that the estimateis T, = ~[5 + 21 ()7 [3]
N
. 5 N(N+1)(2N + 1) 11
(b Usmg;r —T,provethatTn—§+W. [5]

() Find the least number of strips for which the estimate is within 0.001 of the exact value. [3]
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The trapezium rule with strips of width 1 is applied to ‘fn In x d x, where n is an integer greater than 1.
(@ Show that the estimate is In(n!) — % Inn. [4
(b) Useintegration by parts to show that J;n Inxdx=nlnn—n+1 [3]

(c) Giventhat In x is concave, deduce that In(n!) < (n + %) Inn — n+ 1, and verify this for

n=6. (5]
The trapezium rule with n strips is used to estimate | = £H snxdx.Leth= %
n—1
(@ Show that the estimateis T, =h 2 sin(rh), and find T, to 4 decimal places. [5]

r=1

(b) By multiplying each term by 2 sin(g) and using 2 sin A sin B = cos(A — B) — cos(A +

n—-1
B), show that >, sin(rh) = cot(1). [5]

r=1

(c) Henceshowthat T,=h cot(g), check it for n = 4, and find the limit of T, asnh — oo, [4

For smooth functions the error in the trapezium rule with n strips is approximately % for a constant c. Let

T, and T, be the estimates of | = l:l 1 fxz d x using 2 and 4 strips.

(@ CdculateT,and T,. [3]
. C C .. 4T4 - Tz

(b) Usingl sz—Zandl zT4—E,eI|m|natectoshowthatl = [4

(c) Cdculate thisimproved estimate and compare with 11. [2]

Let T, be the trapezium rule estimate for f,* 3% dx using n strips of equal width. Let g = 3V".

1 +1
(@ Showthat T, == x h [6]
(b) Find T, intheform a+ by3. [3]

(c) Theexact value of theintegral is % Find the percentage error in T, to 2 significant
figures. [4]

Convergence and Error

1

22/7 is used as an approximation to ™ = 3.14159.... Find the absolute error and the percentage
error, to 2 significant figures. [3]

A root o of an equation is 2.7 correct to 1 decimal place. Write down the interval in which «
lies, and the maximum possible error if 2.7 is used as an approximation. [3]

State whether each sequence converges, diverges, or oscillates without a limit.
(@ 1, 0.5,0.75, 0.625, 0.6875, ... (b) 1,2, 4,8,16,...(c) 1, —1,1, —1, ... [3]

An iteration X,,,; = g(x,) has afixed point . State whether the iteration will converge to o for

each value of g'(«).
(@ 0.3 (b) —0.8(c) 1L.5(d) —2 [4]

A root a of f(x) = 0 is stated as 1.8 correct to 1 decimal place. A student shows that f(1.75) <
0 and f(1.85) > 0. Explain why this confirms the statement. [2]
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A trapezium rule estimate of an integral is 25.4. The exact value is 25. Find the percentage
error in the estimate. [2]

f(x) = x3 + 2x — 15. Show that the root of f(x) = 0 is 2.20 correct to 2 decimal places. [3]

The equation x® — x> — 2 =0 hasaroot o = 1.6956. The iteration X,,; = 1 + % is used with x, = 1.5.

(& Show that the iteration comes from the equation, and find x,, X, and x5, to 4 decimal

places. [3]
(b) Find g'() for g(x) = 1 + 2x~2 and explain why the iteration converges slowly, with
terms aternating about a. [3]

The diagrams show two iterations X,,,; = g(X,,) with different functions g(x), each starting from a different

(A) (B)
4 q 6 -

51

3 A
4 -
2 3

L] 2

1 -
1 -

0 T T T 1 0 T T T T 1

0 1 2 3 4 0 1 2 3 4 5 6
(@ Describe the type of diagramin (A) and in (B), and what each shows about

convergence. [4]

(b) State whether g'(«) is positive or negative in each case, and what its size must be. [2]

The terms of an iteration are x, = 1.5, x; = 1.58740, X, = 1.56393, x5 = 1.57030, x, =
1.56858. Show that the ratio of successive differences % is approximately constant
n+l n

and explain what this says about the convergence. (4]

Interval bisection starts with an interval of width 1 containing a root. How many bisections are
needed to be sure the root liesin an interval of width less than 0.0017? [3]

The exact value of £ "x3dxis %. Find the percentage error of the trapezium rule estimates

using 2 strips and 4 strips, and describe how the error changes when the number of stripsis
doubled. [5]

a=4.37 and b = 1.52, each correct to 2 decimal places. Find the greatest and least possible

valuesof (@) a— b, (b) p. to 3 decimal places. [5]

The iteration x,,,; = In(7 — x,,) with x, = 2 is stopped when [X,,.; — X,| < 0.0005. Find how
many iterations are needed, and state the final approximation to 4 decimal places. [4

Two methods approximate \/5 . Method A: Xp =1+ % Method B (Newton-Raphson): X, = %(xn +

Xin). Both start with xo = 1, and €, = X, — 2.
(@) Cdculate x4, X,, X5 for each method, to 6 decimal places. [4

(b) Show that for A,

€1 . . .
A Y isroughly constant, but for B, e, is roughly proportional to e, . [4
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The iteration X,,; = — starts with X, = 2. Find X, X,, X3 and X,. Explain why the iteration
n

neither converges nor diverges, using the gradient of g(x) = % at the fixed point x = 1.

The diagram shows the iteration x,,.; = 4.2 — 1.4x,, with x, = 1.8.
yh

\4

0 1 2 N x
(& Find x4, X5, X3 and X,.

(b) Find the fixed point a, show that the iteration diverges from it, and describe the shape
of the diagram.

The radius of acircle is measured asr = 4.5 cm, with a possible error of £0.05 cm.

(@ Find the greatest and least possible areas, to 1 decimal place.

(b)  Find the maximum percentage error in the area calculated using r = 4.5, to 2 significant
figures.

Show that the root of x* — x? — 1 = 0 is 1.4656 correct to 4 decimal places.

The equation x® — x — 3 =0 hasaroot a in the interval [1, 2]. The interval bisection method is used to

locate .
(@ Show that a liesin [1, 2], then carry out two bisections to find an interval of width 0.25
containing .

(b)  After 6 bisections the midpoint of the interval is taken as an estimate of a. Find the
maximum possible error in this estimate.
() Find the least number of bisections needed so that the midpoint is within 0.0005 of a.

Newton-Raphson iteration is X,,,; = N(X,,), where N(x) = x — %
, fFO)F" ()
a) Show that N'(x) = — .
(b) Deducethat N'(a) = 0 a asimple root o, and explain what this means for the speed of

convergence.

The equation x* — x — 1 =0 hasaroot a in (1, 2), a = 1.32471796 to 8 decimal places.

(@ Show that bisection needs 10 steps starting from [1, 2] to locate « in an interval of
width less than 0.001.

(b) Newton-Raphson with x, = 1.5 gives iterates 1.34782609, 1.32520040, 1.32471817.
Find the error of each and compare the number of correct decimal places with the
bisection result.

(4]

(4]

(3]
(3]

(3]

(3]

(3]
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23 The equation x® — 6x — 4 = 0 hasaroot o = 2.732. Three rearrangements are (A) x = (B) X =

3 _6 4

\/6x+4and(C)X—;+7.

(@ Show that (C) isavalid rearrangement of the equation. [2]

(b) Caculate |g'(o)| for each rearrangement and state which one(s) will converge to a. [7
24 For Newton-Raphson, if e, = x, — acissmdl, thene,,; = ;c,(—((;)) .

_ fflog _ 1 _
(@ For f(x) = x% — 3, show that 5z~ F(0) = \/_ =0.2887. [3]
(b) Starting with x, = 2, predict the error e;, and compare with the actual error of x;. [5]

25 For afunction with a continuous second derivative, the error in the trapezium rule on [a, b] with strips of

2
width h satisfies |error| < _a)h M, where M is the maximum of [f”"(x)| on [a, b].
(@ Usethisto find abound for the error when £ €* d x is estimated with 4 strips. [4
(b) Calculate the trapezium estimate and the actual error, and verify that it is within the
bound. [4]
(c) How many strips guarantee an error below 0.0001? [2]

26  The table shows the absolute errors |e,| for n=0, 1, 2, 3 for two iterative methods P (first row) and Q

(second row).

0.1 0.05 0.025 0.0125

0.1 0.01 0.0001 0.00000001
(@ For method P, show that nglll is constant and state the order of convergence. [3]
(b) For method Q, show that lI ”Fl is constant and state the order of convergence. [3]

(c) Estimate the error in each method after one more iteration, and say which method you
would choose. [3]

27 Newton-Raphson is used to solve f(x) = 0 near asimple root «. Let e, = X, — «, and assume f” is
continuous.

(@ Using Taylor expansions about o, show that f(x,) = f'(a)e, + %f”(oc)en2 and f'(x,) =

f'(a) + ' (x)e,. (3]
#(00)
() & (4]

(©) For f(x) = x® — 2, find the constant 2f(((x))

error of 0.01. [3]

(b) Hence show that e,,; =

and the predicted error after one step from an

28  Consider theiteration x,,,; = €0s X,, (X in radians) with any starting value X, in [0, 1].
(@ Show that if x € [0, 1] then cos x € [cos 1, 1] C [0, 1], so every term staysin [0, 1]. [2]
(b) Show that |[g'(x)] = sin1<1on][O0, 1], where g(x) = cos X. [3]
(c) Deduce that the iteration converges to the unique solution of x = cos x, and find the
solution to 4 decimal places. [4



StemUp | A Level Mathematics | Pure Mathematics: Numerical Methods | Question Pack

30

@

(b)
(©

2
-2
To solve x®> — 2 =0, the iteration X,,; = X, — — is used, where m is a positive constant.
2 _
Show that the iteration function g(x) = x — X - 2 hasg(a) =1 — émé a o= \/5 [3]
Find the range of values of m for which the iteration converges. [3]
With m = 3 and x, = 1 find X, X,, X5, and explain why this converges faster than m = 6
would, even though m = 6 also converges. [4

Suppose [g'(X)| = k <1 for al x in an interval containing o and the iterates, where x,,.; = g(x,,) and g(«) =

Q.

@

(b)
(©

Show that [X,.; — o] = K|x,, — o (use the mean value theorem), and that [X,,; — X,| =
(1=K, — o (4]

Deduce that [x,, — a| = ﬁm — Xp_1l- [2]

The iteration X,,,; = %/7 — 2x,, with X, = 1.5 has k = 0.3 on the relevant interval. Use X,
and x, to find abound on |x, — «af, and compare it with the actual error. [4



