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Basic Integration

1 (2 marks)
Raise each power by one and divide by the new power M1
f(6x2—4x+5)dx=2x3—2x2+5x+c Al
Answer: 2x3 — 2x*> + 5x + ¢ 2 marks
2 (3 marks)
1
Write in powers of x: 3x2 — 4x 2 M1
3
1 5 -1
f(3x5—4x‘2)dx=3xx—32—4xx_—l+c Al
2
3
=22 + 4 +cC Al
X
34
Answer: 2x2 + x *c 3 marks
3 (2 marks)
4
Raise the power by one and divide: 8 x XZ + 5x M1
=2x*+5x+¢C Al
Answer: 2x* + 5x + ¢ 2 marks
4 (2 marks)
X3 X2
6 x =3 4 x — M1
2
3
=4X2+2X7%+cC Al
3
Answer: 4x2 + 2x"2 + ¢ 2 marks
5 (2 marks)
Divide each term by x2 x? + 3x~? M1
X _3,
3~ x*tC Al
A X _3 +
nswer: 37X C 2 marks
6 (2 marks)
Expand: 3x3 — 2x? M1
N
7 3 tC Al
A ot o2¢ N
nswer: % T 3 C 2 marks
7 (4 marks)
y=f(4x3—3x2+2)dx=x4—x3+2x+c M1 AL
Substitute (1,5): 5=1—-1+2+c M1
Soc=3 Al
Answer:y =x*— x>+ 2x + 3 4 marks
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8 (5 marks)
Expand the numerator: (x + 4)(x — 2) = x>+ 2x — 8 M1
1 3 1 1
Divide each term by x2: x2 + 2x2 — 8x" 2 M1 A1
5 3 1
Integrate: éxﬁ +2x %xi —8x2XZ2+cC M1
2.5 43 1
_§X2+§X2 — 16x2 + ¢ Al
2.5 4 3
Answer: £X2 + 2x2 — 16yx + ¢ 5 marks
9 (3 marks)
Expand: 2x2 — 5x — 3 M1
2 5x2
Integrate: 3 T 3 = 3x M1
zis — Siz — 3x +
3 5 X + C Al
3 2
Answer: 2%—5%—3x+c 3 marks
10 (3 marks)
Divide by x% 6x — 2 + 5x 2 M1 Al
:3x2—2x—§+c Al
Answer: 3x? — 2x — ; +cC 3 marks
11 (3 marks)
fx)=2x3 — 2 +x+¢ M1
f(2)=16—-8+2+c=10,s0c=0 M1
f(x) = 2x3 — 2x% + x Al
Answer: f(x) = 2x3 — 2x2 + x 3 marks
12 (4 marks)
xg 3
y:3xT+c:2x2+c M1 A1l
2
20=2x8+c,s0c=4 M1
3
y=2x2 +4 Al
3
Answer:y =2x2 + 4 4 marks
13 (4 marks)
v=f(6t—4)dt=3t2—4t+c M1 A1
t=0,v=3s0c=3at=2v=12—-8+3 M1
v=7ms? Al
Answer: 7m st 4 marks
14 (7 marks)
(@) Atx=2:3(2)?+2k —4=12 M1
8+2k=12,s0k=2 Al
Answer: k =2 2 marks
(b)y:f(3x2+2x—4)dx:x3+x2—4x+c M1 Al
Substitute (2,1): 1=8+4 —-8+c,soc=—3 M1 Al
Hencey = x®+x?— 4x — 3 Al
Answer:y =x3+x%—4x — 3 5 marks
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15 (6 marks)

(a) d_dx (ZX;; 1)3] g G +31)2 X2 _ 2(2x + 1)?

Thisis twice the integrand, so the student's answer is incorrect
Answer: derivativeis 2(2x + 1)?, not (2x + 1)?
(b) (2x+1)?=4x>+4x + 1

3
f (4x2+4x+1)dx:4%+2x2+x+c

4-X3 2
Answer: T+2X +X+cC

16 (5 marks)
Expand the bracket: x® — Ix3 + 4
Divide by x%: xg — 44X + 4x‘%
Integrate: %x% — X%+ 8xZ+C

2.4 2
Answer: 5xZ = 2x* + 8x + ¢

17 (5 marks)
y=x>—6x>+9x +c
Through (0, 0): =0, s0y = x> — 6x? + 9x
Factorise: y = x(x? — 6x + 9) = x(x — 3)?
(x — 3) isarepeated factor, so the curve meets the x-axis at x = 3 without crossing it: it touches
the x-axis at (3, 0)
Answer: y = x3 — 6x? + 9x = x(x — 3)% shown

18 (5 marks)
y=x>=x?+kx+c
(0, 1) givesc=1
(2,9:8—4+2k+1=9
2k=4,s0k=2
Answer: k =2

19 (4 marks)
(a) The student has differentiated (halved the power and lowered it) instead of integrating: the
power should increase by one
Also the coefficient should be divided by the new power, not multiplied by the old one

Answer: differentiated instead of integrating
3

(b) X = x2, o the integral is % + ¢

2

2 3
—§X2+C

2 3
Answer : 3X2 +cC

20 (5 marks)
s=[ @ —st+Adt=t—4+dt+c
t=0,s=5s0c=5
t=3.s=27—-36+12+5
s=8m
Answer: 8 m
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21 (9 marks)
f'(x)=f(12x—6)dx=6x2—6x+c M1 AL
f()=6—6+c=5,s0c=5 M1 Al
f(x):f(6x2—6x+5)dx:2x3—3x2+5x+d M1 Al
f2)=16—-12+10+d=20,s0d=6 M1 A1
f(x) =2x®> — 3x*> +5x + 6, 0 f(0) = 6 B1
Answer: f(x) = 2x3 — 3x? + 5x + 6; f(0) = 6 9 marks
22 (9 marks)
3
K 2
@Vv=[(z-ndt=6x2 - +c M1 AL
2
3 2
t=0,V =200 gives ¢ = 200, S0V = 4t7 — + + 200 ML AL
2
Answer: V = 4t% - % + 200 4 marks
dv . .
(b) Greatest V when ¢ = 0: {/t(6 — y/t) = 0, s0 t = 36 (t = 0 gives the minimum) M1 AL
V =4 x 216 — 648 + 200 = 416 litres Al
Answer: 416 litres 3 marks
3 t2 3 11 1
(c)4t5—7=0,sot5(4—§t5)=0andti=8 M1
t = 64 minutes Al
Answer: t = 64 minutes 2 marks
23 (8 marks)
1 3
@h=[ (6-3tz)dt=6t— 2z +c M1 AL
h=0whent=0,s0c=0 Al
3
Answer: h =6t — 2t2 3 marks
(b)%=0:\/f=2,sot=4 M1 A1
h=24—-2x8=8m Al
Answer: 8 m 3 marks
3
(c)6t—2t2=2t(3—+t)=0 M1
Yt =3, s0t =9 (09:00) AL
Answer:t=9 2 marks
24 (8 marks)
f(x)=3x?—4x +a M1 AL
f()=0:3—4+a=0,s0a=1 M1 Al
f)=x®—2x2+x+b;f(1)=2givesl —2+1+b=2s0b=2 M1 AL
f)=x3—2x2+x+2 Al
f'(1) = 2> 0, so the point is a minimum El
Answer: f(x) = x> = 2x? + X + 2; minimum 8 marks
25 (8 marks)
- x> 8
(a) Divide each term by x* 2 M1
=X — 8x? Al
Answer: shown 2 marks
2
(b)y:%+8x‘1+c M1 AL
(2,5):2+4+c=51s0c=-1 M1
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2
y:%+§ -1 Al
2
Answer:y=x7+§ 1 4 marks
(c) Gradientatx =2:2 —8/4=0 M1
Tangent:y =5 Al
Answer:y =5 2 marks
26 (8 marks)
3
(a)V:%—6t2+40t+c M1 Al
t=0,V=12s0c=12 Al
3
Answer:V=t7—6t2+40t+12 3 marks
(b) V=32 —-96+ 160 + 12 M1
=108 m* Al
Answer: 108 m? 2 marks
dv _ 3 3
(© at = E(tz —8t) +40 = E(t - 4)2 + 16 M1 A1l
A sguare is non-negative, so %—\t/ = 16>0forallt El
Answer: dV/dt = 16 >0 3 marks
27 (11 marks)
(a) At x = 3,31—0 9a+3b=0 M1
Sob=-3a Al
Answer: b = —=3a 2 marks
ax® . bx?
(b)y:T - t+C passes through (0, 2) soc =2 M1 A1
Substitute (3, —7) withb = —3a 9a — E +2=- M1
—%=—9,soa=2andb=—6 Al
y:%x3—3x2+2 Al
AnSNer:a:2,b:—6,y:%x3—3x2+2 5 marks
(c) dy =2x? — 6x = 2x(x — 3) = 0 gives x = 0, so the point is (0, 2) M1 Al
2
%:M—6:—6<0atx:0,so(0,2)isamaximum M1 Al
Answer: (0, 2) isa maximum 4 marks
28 (11 marks)
3 1
(a) Expand: (x2 + 2x 712 = x3 + 4x2 + 4x 2 M1 AL
x* 2.3 xt
f(x)_7+4x§x2+4x_—1+c M1 Al
x4 8.3 4.
- §X X C Al
_ A1 8 _ _ 13
f(1)-0.z+§—4+c-0,soc-ﬁ M1 Al
4 3
Answer: f(x) = XT + %xi - ; + % 7 marks
: 8 13
(b)f(4)=64+3x8—1+35 M1
_ 1025
== Al
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1025

Answer: 1 2 marks
(c) f'(x) isasquare, so f'(x) > 0 for al x > 0: f is strictly increasing El
A dtrictly increasing function takes the value 0 once only, which happensat x = 1 El
Answer: fisstrictly increasing, and f(1) =0 2 marks
29 (12 marks)
(a) Stationary points need 3x*> — 6x + k = 0 M1
Discriminant: 36 — 12k < 0 when k > 3 M1 A1
So there are no real roots and no stationary points El
Answer: shown 4 marks
b)y=x>—3x*+3x+c M1 A1l
Substitute (1, —1): 1 —3+3+c=-1,s0c= -2 M1
y=x>—=3x>+3x — 2 Al
Answer:y=x3—3x?+3x — 2 4 marks
@Qy=x-1°-1 M1 AL
y =0gives (x — 1)° =1, so x = 2 only (a cube takes each value once) M1 Al
Answer: x =2 only 4 marks
30 (12 marks)
(@) f'(x) =6x +4x 73, s0f(x) =3x* — 2x?+a M1 Al
f'(1):3—2+a:4,soa:3andf‘(x):3x2—%+3 A1
Answer: f'(x) = 3x* — % +3 3 marks
(b) f(x) =x3+2x"*+3x+b M1 AL
f()=1+2+3+b=4,s0b=-2 M1
f2)=8+1+6—2=13 Al
Answer: f(x) = x> + ; +3x — 2, f(2) =13 4 marks
() f'(x) = 0: 3x* + 3x? — 2 = 0 (multiply by x?) M1
A quadratic in x% x2 = —3% 6“9+24 = _3%@ M1 A1
x2 must be positive, so only x? = _2’%@ isvalid: one stationary point E1
_ [—3+433
X = 6 Al
Answer: X = _3—;@ 5 marks
Definite I ntegration
1 (2 marks)
Jf x+1)dx=[x*+x]3 M1
=(9+3)—(1+1)=10 Al
Answer: 10 2 marks
2 (2 marks)
x}—x%3=(8—-4) -0 M1
=4 Al
Answer: 4 2 marks
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3 (2 marks)
[2x* +x]3=(18+3) — 0 M1
=21 Al
Answer: 21 2 marks
4 (2 marks)
x3 8 1
[5 - X2, =(3-H- (-3 M1
Answer: 0 2 marks
5 (2 marks)
1 1
3X ™2 integrates to 6x2 M1
[6x]3=12—-6=6 Al
Answer: 6 2 marks
6 (2 marks)
4
[ —2>2=(4—-8-0 M1
=—4 Al
Answer: —4 2 marks
7 (4 marks)
Write as powers: 37 + 2x2 M1
Integral = [2x§ - %]‘1‘ M1 Al
=16-3)-2-2=% AL
Answer: % 4 marks
8 (4 marks)
[x*+3x]3=(a®+3a) — 4 M1 AL
a®+3a—4=14,s0a +3a—18=0 M1
(@a+6)(a—3)=0,anda>1soa=3 Al
Answer: a=3 4 marks
9 (4 marks)
Divide: x + 2x 2 M1
x2 2 9 2 1
[5 —-5=G-3)-(G—-2 M1 AL
16
= 3 Al
Answer: % 4 marks
10 (4 marks)
Divide: x% + x‘% M1
2 3 1 2
[§x2+2x2]1:(18+6)—(§+2) M1 Al
64
= ? Al
Answer . % 4 marks

stemup.co.uk | page 7



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Model Answers

11 (4 marks)
[x3+2x]5 =k + 2k M1
k®+2k —12=0 Al
(k — 2)(k? + 2k + 6) = 0; the quadratic has negative discriminant, so k = 2 M1 A1
Answer: k =2 4 marks
12 (4 marks)
@ [ fdx=7-14 M1
=3 Al
Answer: 3 2 marks
(b) 2x 7+ [3x]3 M1
=14+12=26 Al
Answer: 26 2 marks
13 (4 marks)
Expand: x(x? — 4x + 4) = x3 — 4x? + 4x M1
4 3
- 4 2 "
_ 32
=4——5+8 M1
4
= § Al
4
Answer . 3 4 marks
14 (6 marks)
=12 _ x*—22+1_ , —
Expand: Z - 2 =X"—2+X M1 A1
3
j;z(xz—2+x‘2)dx:[%—2x—%]f M1 AL
8 1 1
=(z3-4-9-(F-2-1) ML
-_1n,.8_5
767376 Al
Answer: % 6 marks
15 (7 marks)
(a) Region B lies below the axis, so itsintegral is negative: 7 — 4 =3 B1
Answer: 3 1 mark
) [ fx)dx=7-4+2=5 M1
[° (@0 +3)dx=2x5+3x6 M1
=28 Al
Answer: 28 3 marks
© [ foodx=—["fx)dx=—(-4) =4 M1 AL
Total area=4+2=6 B1
Answer: 4; area=6 3 marks
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16 (5 marks)
1 1
Writeasx3 + X3 M1
3. 4 3 24
[7X3 + 5X3]} M1 A1
3 3 3 3
B 9 63
=18 — vy Al
Answer: 67? 5 marks
17 (4 marks)
xt o3 x?
Integrate: [ + 5 + 5135 M1 AL
Upper: % +18 + %; lower: % — 18+ % M1
Difference = 36 Al
Answer: 36 4 marks
18 (4 marks)
Increase:i:9 12t% dt M1
3
= [8t2]} M1 AL
=8 x 27 — 8 x 8 = 152 thousand Al
Answer: 152 thousand 4 marks
19 (4 marks)
_l a— _1 +1
[ x]l =—3 M1 Al
_l.1 1. 2
a- 393" 3 M1
_3
a=> Al
3
Answer: a= 5 4 marks
20 (6 marks)
) X2
First: [p7+qx]0:%+q:5 M1 A1l
px*
Second: [7 +0x]7=4p+20q=16 M1 Al
From the first, p + 2q = 10; subtract: 3p =6 M1
p= 2, q= 4 Al
Answer: p=2,9=4 6 marks
21 (8 marks)
(a) The integrand X—12 is positive wherever it is defined, so any area under it must be positive El
X—12 isundefined at x = 0, which lies inside the interval, so the integral cannot be found this way El
Answer: integrand is positive and undefined at x =0 2 marks
1 1
b) [-51i=-5 - (=D M1
_1
=3 Al
1
Answer : 5 2 marks
1._ 1_1
©[-x15%=1-5=53 M1 AL
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iz is an even function, so its graph is symmetrical about the y-axis and the areas match
X

1

Answer : 2

22 (9 marks)
(a)%:lz— 6t =0givest=2
g =24 — 12 = 12 litres per minute
Answer: 12 litres per minute
(b) Volume = [* (12t - 3t%) d t = [6t2 — 1]
=96 — 64 = 32 litres
Answer: 32 litres
(c) Volumetotime T is6T? — T3 a T = 3thisis54 — 27 = 27
6T? — T3 =27 gives T® — 6T? + 27 = 0, which factorises as (T — 3)(T> = 3T — 9) =0
T2—3T—-9=0¢ivesT = %@, i.eeT=4850rT = —1.85, bothoutside0< T <4

Answer: T =3 only

23 (8 marks)
(a) Mean= 3 [* x*dx
1.x3 1_63
=3l3li=3= 3
=7
Answer: 7
(b) Mean = 7 [x® — 2x7J% = k2 — 2k

k? —2k=8,s0(k—4)(k+2)=0
k=4 (sincek>0)
Answer: k? = 2k; k =4

24 (9 marks)
(@t?—4t+3=(t— 1)t —-3)=0
t=1landt=3

Answer:t=1,t=3
3
b) [* (- at+3dt=[5 — 22+ 308

64 4
=3 —-32+12= 3 m
4
Answer: 3 M
(¢) Split a the timeswhen v = 0: the integrals over [0, 1], [L, 3], [3, 4] are 3, — 5,
. _4 . 4 4
D&mw—§+§+§—4m
Answer: 4 m
25 (7 marks)
@ [12x — x¥2_ = (12a— &%) — (—12a+ &%)
= 24a — 2a°

Answer: shown

(b) I'(@) =24 — 6a®>=0,s0a=2
I"(@) = —12a< 0, so amaximum
1(2) =48 — 16 =32

Answer: a=2,1 =32
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26 (7 marks)
@[+ =0C+x) — (1+1) M1 AL
=x3+x—2 Al
Answer: shown 3 marks
(b) F(x) = 3x*> + 1> 0, so Fis strictly increasing and F(x) = 8 has at most one solution M1 E1
x3+x—2=8givesx®*+x—10=0 M1
(x — 2)(x? + 2x + 5) = 0 and the quadratic has no real roots, so x = 2 Al
Answer: F' >0; x=2 4 marks

27 (8 marks)
(8) [2 = 1% = (22— 2) — (2 6) M1 AL
2k? — g +4=12 M1
Multiply by k and rearrange: 2k® — 6 + 4k = 12k, sok® — 4k — 3=0 Al
Answer: shown 4 marks
(b)f(-1)=—-1+4—-3=0,s0(k + 1) isafactor M1
k¥ —4k —3=(k+1)(k* — k — 3) Al
K = 1 12\/1_3 M1

k>1 s0k= i Al
Answer: k = —+E 4 marks

28 (10 marks)
(a)‘f (px3 + gx +rx+s)dx—[—+%+7+sx]a M1 A1
The termsin x* and x? take equal values at x = aand x = —a, so they cancel M1
3
The termsin x® and x double: % - (= )_Zq_a and sa — (—sa) = 2sa M1
Total = 2qa +2sa= 2a( +9) Al
Answer: shown 5 marks
(b)p=59g=—-3,r=4,s=7,a=2 M1
2x2x (=224 v 7)=4x3=12 Al
Answer: 12 2 marks
(c) 2a(2a® — 4) =0, s04a> — 8a=0 M1 A1l
=2,s0a=12 Al
Answer: a=42 3 marks
29 (10 marks)
(a)l(k)-[§—2x2+3x]0-——2k2+3k M1 AL
= §(k2 — 6k +9) M1
_ kk -3
== Al
Answer: shown 4 marks
(b) I(k) =0 givesk =3 only (k > 0) M1 A1
k>0and(k —3)>=0,%0I(k) =0 El
Answer: k =3 3 marks
(c) f is positive on (0, 1), negative on (1, 3), positive for x > 3 B1
The area below the x-axis between x = 1 and 3 is exactly cancelled by the area above for 0 < x < E1E1
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1 when k = 3 (each equal to %)

Answer: net areaiszeroat k =3 3 marks
30 (8 marks)
Xn+l X2n+l 1
@ [m t oy 1]0 M1 Al
Lower limit gives O, upper gives the stated terms Al
Answer: shown 3 marks
1 1 11
O i*m+i~ 8 M1
Common denominator: 28(3n + 2) = 11(n + 1)(2n + 1) M1 A1
22n* — 51n — 45=0, (n — 3)(22n + 15) = 0 M1
n =3 (nis positive) Al
Answer: n=3 5 marks

Area Under and Between Curves

1 (2 marks)
Area:£2 3x*dx=[x%3 M1
=8 Al
Answer: 8 2 marks
2 (3 marks)
3
Area:jf (x2+1)dx:[%+x]f M1 A1
1 32
:(9+3)—(§+1):? Al
Answer : % 3 marks
3 (2 marks)
Area=f 4x d x = [2x%]3 M1
=18—2=16 Al
Answer: 16 2 marks
4 (2 marks)
3
Area=£3 (x2+2)dx=[%+2x]g M1
=9+6=15 Al
Answer: 15 2 marks
5 (2 marks)
oty 2 3
Area—£ X2 dx-[§x2]0 M1
2 _,_16
=3 xs_? Al
Answer : %6 2 marks
6 (2 marks)
Area=J;2 x‘zdx=[—%]§ M1
_ 1 _1
=—5+1=5 Al
Answer: % 2 marks
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7 (4 marks)

Curve meetsthe x-axisatx =0and x =4 B1

3

£4 (x2—4x)dx:[%—2x2]0:%—32:—% M1 A1

The region is below the axis, so the areais?’—:),2 Al

Answer : 3—32 4 marks
8 (4 marks)

x?=2x givesx=00rx=2, 0 Pis(2, 4) M1 AL

_ [? 2 ez X

Area—£ (2x = x9)dx =[x —3]0 M1

_ 8 _4

=4-3=3 At

Answer: P(2, 4); area% 4 marks
9 (4 marks)

3 2
[ =+ aydx=15 - % +aq! M1 AL
64 1 5 9

:(?—404'16)—(5—54'4):—7 M1

The region is below the x-axis, so area = % Al

Answer: % 4 marks
10 (4 marks)

X(6 —Xx)=2x givesx=00rx =4 M1 Al

4 x3

Area:£ (4x—x2)dx:[2x2—?]61 M1

— 64 _ 32

=32-5=3 Al

Answer . % 4 marks
11 (4 marks)

Rearrange: X =y B1

3

Area:‘[;‘l\/ydy:[%yi]g1 M1 AL

_ 16

=3 Al

Answer : %6 4 marks
12 (4 marks)

Area=£k 6x% d x = [2x7]§ = 2k® M1 AL

2k®=16,s0k?*=8 M1

k=2 Al

Answer: k =2 4 marks
13 (4 marks)

The curve crossesthe axisat x = —2, 0, 2 B1

4

LZ (x3—4x)dx:[xz—2x2]82: —(4-8)=4 M1 A1

By symmetry (odd function) the other region also has area 4, total 8 Al

Answer: 8 4 marks
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14 (7 marks)
Expand: y = x* — x? — 2x; intercepts at x = —1, 0, 2
_ﬁ deZ[XzAl—X;—XZ]‘i :0—(%+1—1):%
[yax=t =% -xp3=4-5 -a=-3
Total area-£+§ 37
Answer: g

15 (7 marks)

(@9—x>=x+3,50x°+x—6=0
(x +3)(x — 2) =0, s0 A(—3, 0) and B(2, 5)
Answer: A(=3, 0), B(2, 5)

(b) Area= [> (9-x) - (x+3)dx= [, (6-x—x])dx

_ x2 X3,

-W‘7‘ﬂ
22 125

=(z) - (= 2 ) =5

Answer 1@5

16 (6 marks)
x?=2x+3,0x°—=2Xx—3=(x—3)(x+1) =0
A(=1, 1) and B(3, 9)

3
Area=£i (2x+3—x)dx=[x>+3x — Xg]"il

B 5, 32
=9-(3)=3
32
Answer: A(—=1, 1), B(3,9); area = 3
17 (6 marks)
Y _ox=4ax=2
dx X=
Tangent:y — 4=4(x — 2),s0y =4x — 4
3
Area= £ (x? —4x+4)dx-[(x 2) ]0
=0 - (—§) = §
Answer: y = 4x — 4; areag
18 (6 marks)
x3 — 9x = x(x — 3)(x + 3) sothe curve meetsthe axisat x = —3, 0, 3
[0 o0 -99dx=0y - %1%=0- & - =%
The curve is odd, so the second region has the same areg; total = %
Answer: 821
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19 (6 marks)
The curve meets the line where x = +yk B1
K x®
Area:‘L/E (k—x?dx=2x[kx — ] M1 A1
= 2(k? — 2k?) = ak? AL
4 3 3
§k5=36,sok5=27andk=9 M1 A1l
Answer: k=9 6 marks
20 (6 marks)
4 X2
Areazi4 (4—T)dx M1
3
=2[4x — %]3 =2(16 — 1?6) M1 A1
_64 -
=5 m Al
Volume=50x & =1066.7 ~ 1100 m* (2 s1.) M1 AL
Answer: % m?2; 1100 m® 6 marks
21 (8 marks)
(a) Gradient = % =—6 M1 AL
y—8=—6(x—1),s0y =14 — 6x Al
Answer: y = 14 — 6x 3 marks
(b) Area= _[2 (14 — 6x — 8x %) d x M1 AL
=[14x — 3x* + g]f M1 AL
=(28—12+4)— (14—3+8)=20—19=1 AL
Answer: 1 5 marks
22 (9 marks)
2 3
(a)Area:f1 (ax—xz)dx:[aXT—%]g M1 Al
a a _a
=773°% A
Answer: shown 3 marks
3
(b) % =36, 0% =216 M1
a=6 Al
Answer: a=6 2 marks
(c) 6x — x?=2x givesx=0orx=4 M1
AreabetweenIineandcurve:‘[:4 (Ax — x?)dx =32 — %:% M1 AL
Otherpart:36—3—;:7—??,sotheratioi332:76:8:19 Al
Answer: 8: 19 4 marks
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23 (7 marks)
x3=xgivesx(x — 1)(x +1) =0 M1
Points (—1, —1), (0, 0), (1, 1) Al
o 1 3 x2  x*
ForOsxslthellne|sabove:_£ (x—x)dx=[7—7]0 M1 Al
1
= z Al
For —1 = x = O the curve is above the line; by symmetry about the origin the areais also % M1
Total area=% Al
Answer: (=1, =1), (0, 0), (1, 1); area% 7 marks
24 (7 marks)
X(4—x)=3,s0x>—4x+3=0,givingx=1and x =3 M1 AL
Area:jl~3 (4x — x> = 3)dx M1
X3
=[2x* — 5 = 33 M1 AL
=(18-9-9) - (2-2-3)=4 M1 AL
Answer : % 7 marks
25 (9 marks)
3
(a)AreaofR:£2 x2dx:[%]§ M1 A1l
8
= § Al
8
Answer: 3 3 marks
(b)x=\/§,soareaof8=£4y%dy M1 AL
232, g.16
_[§y2]0_3x8_ 3 M1 A1l
Answer . % 4 marks
8 16
(© 3t3 = 8 = 2 x 4, the area of the rectangle M1
RatioR:S=1:2 Al
Answer: 1: 2 2 marks
26 (5 marks)
Total area=‘L~2 x*dx=[x3=8 M1 AL
AreafromOtok isk® M1
kK =4 M1
k = \/Z Al
Answer: k = %4 = 159 5 marks
27 (10 marks)
(@) y = x(x? — 6x + 8) = x(x — 2)(x — 4) M1
P and Q have x-coordinates 2 and 4 Al
Answer: x=2and x =4 2 marks
4
(b)£2ydx=[%—2x3+4x2]§=4—16+16=4 M1 AL
4
[ ydx=[ — 23 +4x75= (64 — 128+ 64) — 4= —4 M1 AL
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The second region is below the axis, so its areais 4, equal to the first. Total area=8 Al
Answer: each areais 4; total 8 5 marks
(¢) f(2 + h) = (2 + h)h(h — 2) = h(h? — 4) M1
f—h)=(@2—h)(=h)(=h=2)=h(@2—=h)(2+h)=h(4 - h? =—f2+h) Al
So the curve has rotational symmetry of order 2 about (2, 0): the regions are congruent, so their El
areas are equa
Answer: shown 3 marks
28 (12 marks)
3
(a) £4 (@x —x%) dx=[2x* — %]g M1 AL
a 64 32
=32 — ? = ? Al
Answer . 3—32 3 marks
(b) 4x — x* =mx givesx(4 —m—x) =0 M1
Sox=00orx=4—m Al
Answer: shown 2 marks
Q) Areaof R= [ ((4 — m)x — x?) d x M1
© [ (@a—mx—x3
4—mx®  XPim_ A-m? 4-m?3 _ (4—m)d
(@ Kpen_ (@-m? (@ m’ (4= m) L AL
Answer: shown 3 marks
_ 3
(d) 4 6m) :%xs—?’z,so(4—m)3:32 M1 AL
4—-m=%32=24,som=4— 2[4 M1
m = 0.825 (3 sf.) Al
Answer: m = 4 — 2%/4 = 0.825 4marks
29 (12 marks)
' b? — a2
@ Gradlent=m=a+b M1
y—a’=(a+b)(x—a),soy=(a+b)x —a’—a+a’=(a+b)x —ab M1 A1l
Answer: shown 3 marks
(b) Area= [ ((a+b)x — ab — x?) d M1
2 3
_ [(a+2b)x — abx — %]g M1 A1
2 _ 2 3 _ .3 2 2 2
:w_ab(b_a)_b3a=(b_a)[(a+2b) _ab_w:l M1
_ a2 _ a3
=p-gx LA -03 a1
Answer: shown 5 marks
() x*=x+2gives(x — 2)(x+1)=0,s0x=—1and 2 M1 A1l
3
The result holds for any a< b, sowitha=—1andb=2: area:% M1
9
= E Al
9
Answer : 5 4 marks
30 (12 marks)
(a)xzzggiveﬁx4:16,sox:2(x>0),y:4 M1 A1
Answer: shown 2 marks
2 x3 8
(b)£ x*dx=[31t=3 M1 AL
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J: 16x‘2dx:[—%]‘2‘:—4+8:4 M1 A1l
8 .20

Area—§+4—? Al

AnaNer:% 5 marks

.10 8 k.., 10

(© Halftheareals?,so§+£ 16x “dx = 3 M1
16 _ 2

8—?—5 M1 Al

B_2 2

kK ~ 3 0K=11 M1 Al

Answer: k = % 5 marks

Trigonometric Integration

1 (2 marks)

Usef cosxdx:sinxandf sinx d X = —cos x M1

=4sinX + 3cos X + C Al

Answer: 4sin X + 3cos X + € 2 marks
2 (3 marks)

f sin3xdx:—%cos3x M1

f6c052xdx:6><%sin2x:3sin2x Al

Result: —%cos 3X — 3sin2x + ¢ Al

Answer : —%cos 3Xx —3sin2x+c 3 marks
3 (2 marks)

Use the standard results d—dx(sec X) = sec x tan x and d—dx(cot X) = —cosec? x M1

=secX —4cotx +c Al

Answer: sec X — 4cot X + ¢ 2 marks
4 (2 marks)

Theintegral of sin kx is — coskx, withk = 5 M1

= —chos(%) +cC Al

Answer: —16cos(%) +cC 2 marks
5 (2 marks)

[—cosx+sinx]§:(0+l)—(—1+0) M1

=2 Al

Answer: 2 2 marks
6 (2 marks)

Theintegral of sec® x istan x M1

=bx+2tanx +cC Al

Answer: 5x + 2tan X + ¢ 2 marks
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7 (4 marks)
Area:£5 sin 2xdx:[—%c052x]§ M1 A1
= _1 Z_H + 1 0 = _1 _1 + 1
= —500s & + 5C0s0= 2( 2) 5 M1
-3
=7 Al
3
Answer: ) 4 marks
8 (4 marks)
fsec22xdx=%tan2x B1
. 1 I
[sinx + Stan 2X]§ M1
_1.1 m_1 43
Sptolngz =5t M1 A1
Answer: l%é 4 marks
9 (5 marks)
cot? x = cosec® x — 1 M1
f 3(cosec® x — 1) d x = 3[—cot x — x]% M1 AL
1 I o 2 o
e Y G El ks b L
II
=23 - > AL
Answer: 23 — % 5 marks
10 (4 marks)
sin®x = %(l — C0S 2X) M1 Al
f =X _Sn2x c M1 A1
2 4
A X sin 2x 4
nswer: 5T Cc 4 marks
11 (4 marks)
. m, I
[2sin(2x — 3)]Z M1A1
=2sin2TH—23in0=2x3§ M1
:ﬁ Al
Answer: 3 4marks
12 (2 marks)
tan®x =sec®x — 1 M1
f(seczx—l)dx:tanx—x+c Al
Answer:tan X — X +C 2 marks

stemup.co.uk | page 19



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Model Answers

13 (4 marks)
cos® X = %(1 + C0S 2X) M1
X sn2x,o
[§ + T]g M1 A1
II
= Z Al
Answer . % 4 marks
14 (6 marks)
(a) cos 2x = 1 — 2sin’x M1
So sin®x = %(1 — €0s 2X) Al
Answer: shown 2 marks
() [7 21— cos20) dx =[5 — 0Z5 M1 AL
_ o 1 E
=6 4772 M1
o 3
~% 8 AL
Answer : % - g 4 marks
15 (7 marks)
(@) sin2x=sinx gives2sinx cosX — sinx =0, so sin x(2cosx — 1) =0 M1 A1
sinx =0 givesx =0; cosx:%givax:%intheinterval Al
Answer: a= % 3 marks
(b) Area= [ (sin2x — sinx) d x M1
= [—%cos 2X + cos x]g M1 Al
1 1 1 1
=(z*rz) - (2*D=7 Al
Answer : % 4 marks
16 (6 marks)
Expand: 1 + 2cos x + cos? x M1
cos” X = %(l + cos 2X), so the integrand is% + 2cos X + %cos 2X M1 A1
3x + 9 + sin2x., o
[7 Sin X 2 13 M1 A1l
_ 31
=4t 2 Al
Answer: STH +2 6 marks
17 (5 marks)
tan® 2x = sec® 2x — 1 M1
[ (sec?2x — ) dx = [ — xg M1 AL
_dan(m  m,
=(3m —8) 0 M1
B3 _ 1
-2 7% Al
Answer: shown 5 marks
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18 (6 marks)
With A = 3x, B = x: sin 3x cosx:%(sin4x+sin 2X) M1 Al
f %(sin4x+sin 2x)dx:%[—coz4X - CO‘ZZX]C% M1 A1
1 1 1 1 1 1.1 3 1
=2lcz ) (g Q= ala gl =3 MLAL
Answer . % 6 marks
19 (6 marks)
The curves meet wheretan x =1, i.e. x = % M1 A1
Area:‘[;Z (cosx—sinx)dx:[sinx+cosx]0% M1 Al
=(2/2++42/2) —(0+1) =2 -1 M1 AL
Answer: {2 — 1 6 marks
20 (5 marks)
The integral of cosec? x is —cot x M1 AL
T = —cotZ i
[—cot x]% = —cot + cotg M1
1 2
= —— +43=—=
7 V3 7 Al
_23
=3 Al
Answer: shown 5 marks
21 (8 marks)
HC]
(a) d—dx[s";x] = sin®x cos X M1
Thisis not cos?x, so the answer is incorrect Al
Answer: derivative is sin® cos x 2 marks
(b) cos’x = 5(1 + cos 2x) M1
f%(1+c052x)dx=%+¥fx+c M1 Al
X . sin2x
Answer: st—7 t¢C 3 marks
X = sin2x . o
(c)4><[§+ i ]:[2x+sm2x]% M1
o 3
—@+0) - (2413 w
Answer: ZTH - 3@ 3 marks
22 (8 marks)
(a) V2 = 144sin?(100mt) M1
Using sin’A = %(1 — cos 2A): V2 = 72(1 — cos 200rt) Al
Answer: shown 2 marks
(b) [ 72(1 — cos 200mt) d t = 72[t — S 20002 M1 AL
_ sindm, _
= 72(0.02 — Spp) = 144 M1
_ 144
Mean = 002 = 72 Al
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Answer: 72 4 marks
(c) RMS =472 = 6/2 M1
= 8.49 volts Al
Answer: 8.49 volts 2 marks
23 (7 marks)
sin*x = (%(1 — cos 2x))? = %(1 — 2c0s 2X + €0s? 2X) M1 AL
co§2x:%(1+cos4x),sosin4x:% - %c052x+%cos4x M1 AL
3X sin 2x + sin4x. o
5 — 3 3 16 ML AL
31
= E Al
A .3
nswer: 16 7 marks
24 (9 marks)
(a) Expand: Sin? x + 2sin X cos X + €os? X M1
=1+ sin2xusing sin® x + cos® X = 1 and sin 2x = 2sin X cos X M1 AL
Answer: shown 3 marks
(b) [ (@+sin2dx=x— B2z M1 AL
o 1 1 i
=(3+t3)-0-3)=5+1 MLAL
Answer : % +1 4 marks
(c)Mean:%x(%+1) M1
_ 2
=1+ o Al
2
Answer: 1+ o 2 marks
25 (9 marks)
(a) cos x = cos(2 x %) = 2cosz(%) -1 M1
so1l+cosx= 20052(%) Al
Answer: shown 2 marks
0) Tr oy = — % = 353 V1 AL
1+ cos x 2cosz(%) 2 2
12X dx = 1 x 2t X =t X
[ 35(3) dx = 5 x 2tan(3) = tan(3) M1
X\ I I
[tan(§)]g =tangy —tan0=1 Al
Answer: 1 4 marks
3 1 7 sinx
(C)Spllt.£ mdx+£ mdx M1
% d x = —In(1 + cos x), so the second integral is[—In(1 + cosx)]c% =—Inl+In2=In M1
2
Total =1+1In2 Al
Answer: 1+1In2 3 marks
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26 (7 marks)
4si nz(%) =2(1 — cosx) M1 AL
y=2x—2sinx+c M1 Al
(i, 00:0=21 — 0+c,s0oc=—201 M1
Atx=%:y=n—2—2n M1
y=—1I—2 Al
Answer:y = —m — 2 7 marks
27 (11 marks)
(a) Rearrange: 4sin®x = 3sin x — sin 3x M1
Divide by 4 Al
Answer: shown 2 marks
1,.. .
(b)f Z(Bsmx — sin3x) d x M1
= %(—3cosx + %cos 3X) +c M1 A1
= _§ + i 3 +
= —ZCOSX + 75C0S 3X + C Al
3 1
Answer: —7C0SX + 45008 3X+cC 4 marks
o, 3.1 1 .3 1 _ 1
(c)Atx—§. Zx§+ﬁ><( 1= 8 " 13- o4 M1 A1l
—o 3,1 __2__1 _. __n, 1_->5
Atx-o.—z+ﬁ- 3= 24,somtegral- 54 T 51 = o4 Al
Answer: —
nswer: >4 3 marks
_..3_1_2 -0 -2
(d)Atx—n.Z 12—3,atx—0. 3 M1
_ 2 2, _4
Integral = 3~ (—g) =3 Al
Answer: shown 2 marks
28 (12 marks)
(8) Sin2x =2sin X cosX, SOy = 2sin X — 2sin X cos X = 2sin X(1 — cos X) M1 Al
On0=sx<m,snx=0and1—cosx=0,s0y=0 E1l
Answer: shown 3 marks
(b)Area:J;H (Zsinx—sin2x)dx:[—2005x+%0052x]gI M1 A1
1 1
=@2+3)—(=2+53) M1
=4 Al
Answer: 4 4 marks
(© % =2c0S X — 2c0S 2x = 0, SO COS X = 2c0s°X — 1 M1 A1
2c0s’X — cosx — 1 = 0 gives (2cos x + 1)(cosx — 1) =0 M1
1 . 21 . -
COSX = —7 givesX = —=- (cosx =1 gives x = 0, the minimum) Al
_.o2m . 4m Y3 _ 33
y=2sn 5 —sin & =3+ 17 === Al
Answer:y = %E 5 marks
29 (12 marks)
(a) cos(2x + X) = €0os 2x cos X — Sin 2x sin X M1
= (2c0s? x — 1)cos X — 2sin® X cos X M1 AL
=2c0s® x — cosx — 2(1 — cos? x)cos x = 4cos® x — 3cos x Al
Answer: proved 4 marks
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(b) Rearrange: 4cos® x = cos 3x + 3cos X M1
f %(c053x+3cosx)dx— i[smsx +3$inx]§ M1 A1
1, 1 2
= Z(_§ + 3) = 3 Al
Answer : % 4 marks
(c) For 0< cosx < 1, cos® X < cos X, SOy = cos X is above E1
£7 cosxdx=1 B1
- 2_1
Area—l—§—3 M1 A1
Answer : % 4 marks
30 (12 marks)
(@) sin2x sin 3x = %(cosx — €0s 5x) M1 A1
f %(cosx —cosbx)dx = %[sin X — S|n55x]o M1
snm=0,sin5m=0andsin0=0, sothevalueisO Al
Answer: shown 4 marks
(b) Snmx sin nx = %[cos(m — n)x — cos(m + n)x] M1
sin(m X sin(m + n)x
Integral—z[ ( n) - §n+n)]g M1 AL
m — n and m + n are non-zero integers, so each sine is sin(kmr) = 0 and sin 0 = 0; hence the E1Al
integral is0
Answer: proved 5 marks
(c) sin® nx = E(1 — COS 2nX) M1
_1 sin 2nx
f = i[x o Io = M1 A1
Answer : % 3 marks
Exponential and L ogarithmic I ntegration
1 (2 marks)
fe dx= e“xandf—dx Sinjx| M1
= %e“x +5lnjx| + ¢ Al
Answer %e“x +5In|x| + ¢ 2 marks
2 (2 marks)
1 1
Use [ S5 dx=Zinjax + bl M1
:gln|3x—1|+c:2In|3x—1|+c Al
Answer: 2In|3x — 1|+ ¢ 2 marks
3 (2 marks)
Theintegral of € is €*; of % isInfx| M1
=3e*+2n|x| +c Al
Answer: 3e* + 2In[x| + ¢ 2 marks
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4 (2 marks)

Theintegral of € is %e“x, withk = =2 M1

1 o

= -5 % +c Al

Answer : —%e‘zx +cC 2 marks
5 (2 marks)

[%e3"]é M1

= %(e3 -1 Al

Answer : %(e3 -1) 2 marks
6 (2 marks)

Theintegral of € is %ekx, with k = % M1

= 36e% +cC Al

Answer: 36e§ +cC 2 marks
7 (4 marks)

_£|n3 4e* d x = [2e*])3 M1 A1

e?"3=¢g"%=9 sovalue=2x9—-2x1 M1

=16 Al

Answer: 16 4 marks
8 (4 marks)

[ g dx=[alni2x - 112 M1 AL

2x—1 12 1

5 5

= iln 5-— iln 1 M1

=§In5,since|n1=0 Al

Answer: shown 4 marks
9 (4 marks)

[eX — e—x]|0n2 M1 AL

:(2—%)—(1—1):% M1 Al

Answer: g 4 marks
10 (3 marks)

Expand: e + 2e* + 1 M1

:%e2X+2e"+x+c M1 AL

Answer: %ezx +2e8°+x+cC 3 marks
11 (4 marks)

[3Inx+§]§ M1 AL

=@Bn2+1)—-0+2)=3n2-1 M1 A1

Answer: 3In2 -1 4 marks
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12 (4 marks)

The numerator is 2 x the derivative of the denominator, so the integral is [2In(x® + 2)](1J M1 Al

=2in3—-2n2 M1

_ 3

—2In§ Al

Answer: shown 4 marks
13 (4 marks)

y=e*+3Inx+c M1 AL

(1,5:5=e*+0+c,soc=5— ¢ M1

y=e*+3Inx+5— ¢ Al

Answer:y=e* +3Inx +5 — & 4 marks
14 (6 marks)

(a) Area:f( gdx:[:%ln x] M1 A1

=3Ink —3n1=3lnk Al

Answer: shown 3 marks

(b)3nk=6In2,s0Ink=2In2=1In4 M1 Al

k=4 Al

Answer: k =4 3 marks
15 (6 marks)

x+1)? _ x2+2x+1 _ 1

< - " —x+2+§ M1 A1
2

J;z(x+2+%)dx=[x7+2x+lnx]f M1 AL

=@+4+IN2) — (3 +2+In) M1

_7

_§+In2 Al

Answer: shown 6 marks
16 (4 marks)

Divide each term by €*: " + 3e™* M1 A1

=g —3e"+cC M1 A1

Answer: € — 3e7* +¢C 4 marks
17 (5 marks)

x+1 — 1+ 2

Xx—1" Xx—1 M1

[x +2In(x — 13 M1 Al

=(5+2In4) —(2+2n1) M1

=3+4ln2 Al

Answer: shown 5 marks
18 (5 marks)

[e*]3=e?—1 M1 A1

eZa: 16 M1

2a=1In16,s0a=1In4 M1 A1

Answer:a=1In4 5 marks
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19 (5 marks)
N = f —24e7%% gt =80e % + ¢ M1 AL
t=0,N =100: c=20,s0N =80e %% + 20 M1 A1
Ast— », e %% - 0, s0 N - 20 thousand B1
Answer: N = 80e™%* + 20; N - 20 thousand 5 marks
20 (4 marks)
Area=_£1 (& —edx=[e+e; M1 A1
=(e+eH)—(1+1 M1
_ 1
=etg — 2 Al
Answer: e+ % -2 4 marks
21 (8 marks)
(a) Volume = 1; * 406704 d t = [—400e0Y] &2 M1 AL
=400(1 — e 1) = 253 litres Al
Answer: 253 litres 3 marks
(b) Volume lost up to time T = 400(1 — e~ %1") M1
e % > 0for al T, so the volume is less than 400 E1
Answer: lessthan 400 litres 2 marks
(0) 400(1 — ') =300, 0 1T = 7 M1 AL
T = 10In 4 = 13.9 minutes Al
Answer: 13.9 minutes 3 marks
22 (7 marks)
@ % isundefined at x = 0, which lies between —1 and 2 El
The graph has an asymptote there, so the integral cannot be evaluated by substituting the limits El
Answer: % isundefined at x =0 2 marks
-1 l _ 1
(b) [, Zdx=[nx]" M1
=Inl—In4==In4 Al
Answer: —In 4 2 marks
(c) For x <0, % < 0, so the curve lies below the x-axis and the integral is negative El
Areaisthe positive value In 4 = 2In 2 M1 A1
Answer: area =2In 2 3 marks
23 (7 marks)
8—e*®=0,0e®=8and2a=In8=3In2 M1 AL
=3in2
a=3ln Al
Area=[8x — %ezx]g1 M1 Al
=(12n2— 3 x8 — (0 3) M1
_ 7
=12In2 — > Al
Answer: a = gln 2; shown 7 marks
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24 (7 marks)
(@) Total = £ * (50 + 30e70%) d t = [50t — 60e™ %3 M1 A1
= (200 — 60e™?) — (0 — 60) M1
=260 — 60e~? thousand litres Al
Answer: 260 — 60e~? 4 marks
(b) 50 + 30670% = 55, s0 0% = = M1
—0.5t=—In6,s0t=2In6 = 3.58 hours M1 Al
Answer: t=2Iln 6 = 3.58 3 marks
25 (7 marks)
e =3e* givese® =3 M1 AL
2x:In3,soa:%In3 Al
Area= £a (Be™ —€e)dx=[-3e" — €] M1 A1
=13, e—a:%: (—f3 —3) - (-3—1) M1
=4 — 2\/§ Al
Answer: a=%ln 3 aread — 23 7 marks
26 (7 marks)
d 1
€)) W[Iml - X[ = T—x % (-1 M1 Al
== i = which is the negative of the integrand El
Answer: derivativeis =1/(1 — x) 3 marks
(b) [ 1= dx=—InjL - M1 AL
[—In1 —x]%,=—In1+In2 M1
=In2 Al
Answer: In 2 4 marks
27 (11 marks)
(@) e* — 4ef=eXe—4) =0 M1
€ >0,s0€ =4andx =In4; the pointis (In 4, 0) Al
Answer: (In 4, 0) 2 marks
(b) SY = 26> — 4" = 26(e" — 2) M1 A1
%:Ogivesezz,solenz M1
y=4—-8=—-4,0Pis(In2, —4) Al
Answer: P(In 2, —4) 4 marks
o) Area= — [ (€ — 46" d x = [ 2> — 44 M1 A1
2 0
[1:(3 %16 —4x4) — (3 —4)=—8+4=—5 M1 AL
Areaisthe positivevalue% Al
Answer : % 5 marks
28 (12 marks)
a)2-5_x ives4=5x — x?,s0x> = 5x+4=0 M1 A1
(@ g
X—D(x—4)=0,sox=1orx=4 Al
Answer: shown 3 marks
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- 4
(b)Area—j; (5—x—;)dx M1
X2
=[5x — % — 4inx]{ M1 AL
=(20-8-4nd) — (65— 5~ 0= —4n4 M1
4In4:8ln2,soarea:%—8ln2 Al
Answer: shown 5 marks
(c) Areaunder the line from x = 1 to 4 is a trapezium: %(4 +1)x3= % M1
Area under the curve = trapezium — R = % - (% —8n2)=8In2 M1 Al
Directly: [4inx]§=4In4=8In2 Al
Answer: 8ln 2 4 marks
29 (12 marks)
(@) % = ¢, so the gradient at Pis ® M1 AL
y —e?=€e¥(x — a) M1
y=€e(x—a+1) Al
Answer: shown 4 marks
(b)x=0,y=0:0=€%(1 — a) M1
e®>0foralasol—a=0anda=1 M1 E1
Answer: a=1 3 marks
(©l:y=ex B1
2

Area:‘[;l (ex—ex)dx:[ex—exT]cl, M1 AL
—e—8_1=%_

=(e 2) 1—2 1 M1 A1l
Answer : g -1 5 marks

30 (9 marks)

@I[Inx]i=Inn—=1In1 M1
=Inn Al
Answer: Inn 2 marks
(b) The curve lies below the top of each rectangle on its interval (1/x decreasing), so area under M1 E1
curve < total area of rectangles

Rectangles for x from 1 to 5 have area 1l + % + % + %; the area under the curveisin5 Al

n-1
The same argument for x from 1 to n givesInn < 2 T El
r=1

Answer: shown 4 marks
(c) Taken = 100 in (b): the sum of % for r =1 to 99 exceeds In 100 M1
In 100 = 2In 10 = 4.605... > 4.6 M1 A1
Answer: >|n 100 = 4.605 3 marks
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I ntegration by Substitution

1 (3 marks)
_ . du _ _1
u-3x—Zg|ve£ﬁ—3,sodX—§du M1
5
f%u4du=;—5+c M1
_ 5
:(3X152) +e AL
_ 7\5
Answer: % +cC 3 marks
2 (3 marks)
%ZZX,SOZXdX:dU M1
fu3du=u—4+c Al
4
2 4
2 4
Answer: % +cC 3 marks
3 (2 marks)
u:2x—1,sodx:%du:3f u3du M1
3.3 . "
0’ 2(2x — 1)°
Answer: 3 +C 2 marks
2(2x = 1)?
4 (2 marks)
d u = 3x?dx, so the integral isf utdu M1
_US_(X3+1)5
=5~ 5 *¢C A
3 5
Answer: % +cC 2 marks
5 (2 marks)
du=2xdx,soxdx=%du M1
%f e“du:%exz+c Al
Answer: %e"z +C 2 marks
6 (2 marks)
du=2xdx;x=0givesu=1landx =1givesu=2 M1
2 u? 8 1_7
Jowdu=l3l=5-3=3 AL
AnaNer:% 2 marks
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7 (4 marks)
%:2x,soxdx:%du;Iimits:x:09iv%u:1,x:\/§givesu:4 M1 Al
41 1 13
Area=Jl' suzdu=[3u?]] M1
1 7
:§(8—:|_):§ Al
AnSNer:% 4 marks
8 (4 marks)
%=cosx;whenx=0,u=1andwhenx=%,u=2 M1 Al
2 o _r_ 1o
Jurdu=[-312 M1
-1 -
_—§+1—§ Al
1
AnaNer:§ 4 marks
9 (4 marks)
u=2x—1,sox=u;landdx=%du M1
2u+1 1 1
f%xidu:f(l+ﬁ)du M1 Al
=u+lnu+c=2x—1+In2x — 1] +c Al
Answer: 2x — 1 +In|2x = 1| + ¢ 4 marks
10 (4 marks)
du:cosxdx;limit30—>0and%—>1 M1 Al
1 u 1
£ u3du:[z]ozz M1 Al
Answer:% 4 marks
11 (4 marks)
du:2xdx,soxdx:%du M1
1 1 1
Ef Udu=§ln|u|+c M1 Al
= %In(x2 +1)+c Al
Answer: %In(x2 +1)+c 4 marks
12 (4 marks)
x=u—1dx=duylimitsu=1to4 M1
- 1 1
f‘ u‘/aldu:_EA(uE—u‘i)du M1
3 1
= [%ui — 2uz]} Al
16 2 8
:(?—4)—(§—2):§ Al
Answer: shown 4 marks
13 (4 marks)
du=e€e‘dx;limits2—- 3 M1 A1
31 _ _ _ §
[ Sdu=[nui=in3—in2=in3 M1 A1
Answer: In% 4 marks
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14 (5 marks)

du _ _
W—ZX,SOGXdX—3dU
x=0givesu=4andx =2givesu=8

8 3 _ 8
[ Sdu=[ainus

=38~ 3in4=3Ins =32
Answer: shown

15 (6 marks)

du _ _du_ du
_x_ex’SOdX_?_u—l

e _ (u—1)2 1 _u-1
eX+ldx- o Xy=gdu=——du

Limits: x =0givesu=2,x=In3givesu=4
[fa-3)du=[u=Iny!
=(4—-In4)—-—2—-In2)=2—-2In2+In2=2—-1In2
Answer: shown

16 (5 marks)
X=1l—udx=—-dux=0givesu=1,x=1givesu=0

=[u__u_1

6 740

-1 _1_1

6 7 42

Answer: shown

17 (5 marks)

_ sinx, o

tanx-cosx,dU— sinx d X

Limits:x=09iveeu=1;x=%givesu=%
~Ldu=[-Inuz
f U u=[=Inu]z
1
:—In§+ln1:In2
Answer: shown

18 (5 marks)

_ 1 dx _ e _
du-z\/;dx,so\/;—2du,I|m|tsu—2to3

2[* u?du=2~1]3

1 1 1

=2A3-3)=3
1
AnaNer:§
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19 (5 marks)
du=2sinx cosxd x M1 A1
Limits:O—»land%—>2 B1
T rdu=2mnaz M1
_1
—Elnz Al
Answer: %In 2 5 marks
20 (6 marks)
x=u? dx=2udu; limtsu=0to2 M1 A1
2 2 2 1
1+LIdu=2_£ (1_1+u)du M1 Al
=2[u— In(1 +u)]3 M1
=22-1In3)=4—-2In3 Al
Answer: shown 6 marks
21 (8 marks)
(a)u:2x+1givesx:u%1anddx:%du M1
Limits; x =0givesu=1,x=4givesu=9 B1
_ou—1_1
Area—i~ o ><2du M1
1 1
:%‘Eg (uz —u?2)du Al
Answer: shown 4 marks
1.2 3 1o
(b) Z[§u2 — 2u?]] M1 AL
1 2 1_ 40
=4l(18=-6) - (3 =)=z x> M1
10
:? Al
Answer: % 4 marks
22 (9 marks)
(a) cos®x = cos?x cos x = (1 — sin®X)cos X M1
du:cosxdx;x:Oinesu:Oandx:%giv&uzl M1 Al
Sotheintegral is [ (1— u?) du AL
Answer: shown 4 marks
g 1
b)[u-3zlg=1-3 M1
2
=§ Al
2
Answer: 3 2 marks
(c) cos>x dx=(1—u??du M1
1 20 b
[ a-2+uydu=[u-S5+%]; M1
=1 - g + l = ﬁ
- 3 5715 Al
Answer % 3 marks
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23 (8 marks)
du=z—-2xdx;x’=1—u; limtsx=0-u=1,x=1-u=0

x3dx:x2-xdx:—%(1—u)du

J;O —%(1—u)u%du=%£l (u%—u%)du
1.2 3 2 5 1,2 2
=2l3u7 ~ 5Ule=3(3 ~ 5)
_ 2
- 15
o2
Answer: S
24 (7 marks)

dx:2cosed9;x:OgiveSO:Oandx:ZgiveSG:%

m = 2c0s 6 (cos 6 = 0 on this range)
Area:£% 4c0329d9:£% 2(1+cos20)d 0O
=[20 +sin20]7 =1
R is a quarter of acircle of radius 2: %1‘1(2)2 =n
Answer: 1t

25 (6 marks)
du:exdx:udx,sodx:%;Iimitsu:1t02

_1 _1_ 1
uu+1) " u u+1

[l[Nu=Inu+1)]{=(In2-In3) —(0—1In2)

J;Z ﬁ d u; partial fractions

- 4
= n3
4
Answer: In§
26 (8 marks)
(a) % e — &% X =eX(1-2x)=0

1 1
x—ﬁ,y—ﬁe
Answer: (i ie‘%)
AR
(b)ydu=2xdx; limits0— 4
[ etdu=31—e}
= 3(1—e)

Answer %(1 —-e™

27 (12 marks)
Ly — 1
dy _ Gx —Inx _1-Inx
(a)ﬁ— 2 =T
%:Ogiv&elnle,sox:e

y=%,soM is (e, %)

Answer: M (e, %)
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(b)u:Inxgivesdu:%dx,solnTde:udu M1 Al
Limits: x =1 givesu=0and x = €® givesu = 2 B1
2
£2udu=[u7]§=2 M1 A1
Answer: 2 5 marks
2
(¢) Same substitution with upper limitu=k: [“udu="> M1 A1
k2
7:89ive£k:4 Al
k2
Answer : > k=4 3 marks
28 (12 marks)
(@ u=a—xgvesdu=—dx;x=0givesu=a x=agivesu=0 M1 Al
[F 10 dx= [ fa— u(-du) M1
= [* f(a— u) du, and uis adummy variable, so thisequals [~ f(a — x) d M1 A1
Answer: proved 5 marks
(b) Takea:%:sin(%—x):cosx andcos(% — X) =sin X M1 A1
_r3 COoS X
So1 = [* Gscw anx 4% AL
Answer: shown 3 marks
i ol — [Z SiNX+cOSX
(c) Add the two expressions: 2| = £ SN XFCoSX dx M1
=£5 ldx=% M1 AL
_ I
I_Z Al
Answer: % 4 marks
29 (11 marks)
(a)dx:seczede;x:OgiveSG:Oandlegivesez% M1 A1
1+x?°=1+tan’ 0 =sec® 0 M1
i s 2 i s
_ (7 sc°6 _ (3
1= [" <agd0=[" cos’Bd0 AL
Answer: shown 4 marks
(b) cos? @ = %(1+c0329) M1
0 + sin20.n
[5 T]ét M1 Al
o, 1
=8*7 A
A i | + 1
nswer.§ 2 4 marks
© X 1 1 "
1+x3)% 1+x>  (1+x?)?
1 1 _ —E
1; 1+X2dx—[arctanx]o- 2 B1
o o 1, _ o 1
2 (@ =g 3 AL
Answer: % - % 3 marks
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30 (12 marks)
(a)ln+ln_2:_£Z tan”'zx(tanzx+l)dx:£Z tan™ x sec® x d x M1 AL
Letu=tanx: du=sec® x d x; limits0 — 1 M1
T U TR
£ u du-[n_l]o—n_1 M1 A1
Answer: shown 5 marks
II
(b)|o:z B1
1
I2=I—I0=1—% M1 A1l
L2l _m_2
4= 3 2= 7 73 M1 A1
2
Answer: |, = % -3 5 marks
(c)tan4x>0for0<xs%,sol4>0 El
E_g>0 i >§
73 givest > = E1
Answer: 1 > 8/3 2 marks
Integration by Parts
1 (3 marks)
__dv _ du _ _
u-x,ﬁ—e",soﬁ—landV—e" M1
fxexdx:xex—f e dx Al
=xe —e+c=(x—1e"+c Al
Answer: (x — 1)e* + ¢ 3 marks
2 (3 marks)
—y v _ — g
U=X, gx = COSX, SOV =sinx M1
fxcosxdx:xsinx—f sinx dx Al
=XsSnNX+Ccosx +c Al
Answer: X sin X + COSX + C 3 marks
3 (2 marks)
_, dv o1 o
u—x,ﬁ—e .V—Ee M1
_ X o 1o o X o 1 oy
=5e zfe dx-ze 7€ ¢ Al
X1l oy
AnSNer.(g—Z)e +cC 2 marks
4 (2 marks)
=x Y _dnxv=—
U=X, gx = SiNX: V= —Ccosx M1
:—xcosx+f cosxdx=—Xxcosx+snx+c Al
Answer: —x coOsX +sin x + ¢ 2 marks
5 (2 marks)
— dV_ —X.y, — —a—X
u—3x,d—x— v=-—e M1
:—3xe‘x+3f e ¥dx=—-3xe*—-3e*+¢c Al
Answer: =3(x + 1)e™* + ¢ 2 marks
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6 (2 marks)
dv X X
u= x,dx—eZ.v—Zez M1
X X X
:2xei—2f ezdx=2xez —4ez +c Al
Answer: 2(x — 2)ez + ¢ 2 marks
7 (4 marks)
Y — §n2x, sov = — 50082
U=X, gx = SinN2X, S0V = —5C0S 2X M1 A1l
. 1 1
fxstxdx:——xc052x+—f cos 2x d x M1
2 2
1 1.
=—§x0052x+zsm2x+c Al
1 1.
Answer : —5X Cos 2X + yell 2X+cC 4 marks
8 (4 marks)
= dv _ ﬂ—l d _x
u nx,dx—x,sod =xadv=- M1 A1l
fxlnxdx— Inx—f 2 M1
—Inx—7+c Al
x? x?
Answer: =Inx — —/—+c 4 marks
2 4
9 (4 marks)
[xsinx]g—_gf sinx d x M1 AL
_ o o n
—7—[—cosx]g—§—1 M1 Al
II
Answer: 5~ 1 4 marks
10 (4 marks)
g Y ey o X
u=inx, gx =X“v=73 M1 A1l
3
_ X e_1lpre o
—[3Inx]l 3} X d x M1
e 1,4 2 +1
—g—g(e —1)— 9 Al
2+ 1
Answer: 9 4 marks
11 (4 marks)
dv 1.
U=X qx —cos3x:v:§sm3x M1 Al
X . .
3sm3x f sin3x dx M1
X 1
3sm 3x + 9cos3x+c Al
. 1
Answer: %sm 33X + 9C0s 3X+c 4 marks
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12 (4 marks)

[—Xe‘x]§+£2 e *dx M1 A1l

=2+ [—e¥j=—2—e?+1 M1

=1—3e? Al
Answer: shown 4 marks
13 (4 marks)

= dav _ o _ -1

u=Inx, g3 =X 7 Tv=-x M1 A1

A __Inx_1+

nswer: ~_ X C 4 marks
14 (5 marks)

_ dv _ du _ X

u—2x+1,d—x—e,soﬂ—2andv—e M1 Al

1 _ x11 1 5o

[ @x+nerdx=[x+1es - [ 2¢*dx M1

=(3e—1) — [2€; Al

=3e—1—-2e+2=e+1 Al

Answer: shown 5 marks
15 (7 marks)

_ dv _ du_1 _

(a)u-lnx,ﬁ—l,soﬁ—;andv—x M1 A1

flnxdx:xlnx—f ldx=xInx—x+c Al

Answer: XxInx — x+c¢ 3 marks

Cnx? 4V g du_2nx

(b)u—(lnx),dx—l.dx— w1V =X M1

je (Inx)zdx:[x(lnx)z]i—zleInxdx M1 AL

ze—2xInx—x]i=e—20—-(-1)=e—2 Al

Answer: shown 4 marks
16 (5 marks)

_y2 AV _ oy X

u-x,ﬁ—e’(.xeX Zf xe* d x M1 A1

Partsagajn:f xe*dx =xe* — & M1 A1

=x%e — 2xe* + 26X + ¢ Al

Answer: (x> = 2x+2) + ¢ 5 marks
17 (5 marks)

[xzsinx](%—z‘g?xsinxdx M1 AL

£§xdnxdx=[—xcosx]§+£7 cosxdx=0+1=1 M1 AL

=5 =2 Al

Answer: shown 5 marks
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18 (6 marks)

dv 1 2 3
u:x,ﬁ:(x+1)2:v:§(x+1)2

2+ 32— 2[° x+ 12 dx

2.2 5 4
=16 — 3[z(x + 1)2]3=16 - 5321

_ 16
~ 15

. 116
Answer: 15

19 (6 marks)
dv -1

u:Inx,H:x 2:v:2x%
[2xIn X3 — 2 x77 dx
=2(3In3 - 2[2x]3=2/3In3 — 4/3 +4

Answer: shown

20 (5 marks)

Integrar[ebypartswithuzlnx,%:1:.]' Inxdx=xInx —x

[XxInx —x]]=alna—a+1
alna—a+1=1s0alna—1)=0
a>1,solna=landa=e

Answer: a=e

21 (9 marks)

(a)u:xz,%:e‘x:f xze‘xdx:—xze‘x+f 2x e7* dx

f 2xe*dx=—2xe* — 2e7* sotheresult is —(x> + 2x + 2)e ¥ + ¢

Answer: —(x* +2x + 2)e X + ¢
(b) [-(x®+2x +2)e |3 = —Be 1 +2

_ 5
Area=2 — o

AI"ISNGI‘ZZ—%
(C)%:ZX e — x%e ¥ =x(2 — x)e’*
%:Oforx>Ogiveﬁx:Z,SOSis(ZAe‘z)
Answer: S(2, 4e72)
22 (8 marks)
(a)Firstpass(u:sinx,%: X):I:exsinx—fexcosxdx
Secondpass(u:cosx):f excosxdx:excosx+f gsinxdx=¢€e*cosx + |
Sol=€"sinx — e cosx — |, giving 2 = €*(sin X — cos x)
1

| = Eex(sinx — CcosXx)+cC

Answer: shown
(b) Area= [e‘(sinx — cosX)]% = 2€%(0 + 1) — 5(0 — 1)

= (@ +1)=121

Answer: %(e‘I +1) =121

stemup.co.uk | page 39

M1 Al

M1

M1 Al

Al

6 marks

M1 Al

M1 Al

M1 A1l

6 marks

M1 A1l

M1

M1
Al
5 marks

M1 Al

M1 A1l

4 marks

M1

Al

2 marks

M1 Al

Al

3 marks

M1 Al

M1 Al

M1

Al

6 marks

M1

Al

2 marks



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Model Answers

23 (7 marks)
dv _ o . du _ 1v=t
U=X, gx = SEC" X g =L v=tanx M1 A1
:[xtanx]o‘—i:Z tan x d x M1
f tan x d x = —In|cos X| B1
= % - [—In(cosx)]o% = % —Iny2 M1 AL
_ o 1
—Z—EInZ Al
Answer: shown 7 marks
24 (8 marks)
(a)%=ex+(x—2)e"=(x—l)ex=0 M1 A1
x=1y=-—e Al
Answer: M(1, —e) 3 marks
b [*x—2edx=[(x - 23— [ e dx M1 AL
=(0+2)—(e®—1)=3—-¢° M1 AL
R is below the x-axis, so area=€* — 3 Al
Answer: e — 3 5 marks
25 (7 marks)
cos? X = %(1+ cos 2x), so the integral is%i;E (X + x cos 2x) d x M1 AL
o 2
7 _ I
_£ xdx-§ B1
xstx
1; xcos2xdx =[—5— ——£ sin 2x d x M1 Al
:O—EX1:—% M1
1,0 1, _m® 1
TOta|—§(§—§)—E—Z Al
2
Answer : H—G % 7 marks
26 (6 marks)
x=u?dx=2udu; limtsu=0to 1 M1 A1
Integral=2_£l ue'du M1
= 2([ue"]; — £l e'du) M1 A1
=2e—(e—1)=2 Al
Answer: shown 6 marks
27 (10 marks)
dv _ . du nl .
@u= x,dx—e Tx = ™ ,v=¢ M1 AL
=[x”ex]é—n£ x™e“ d x M1
=e—0—nl, Al
Answer: shown 4 marks
b lo= [ edx=e-1 B1
l,=e—1y=Ll,=e—-2l;,=e—2 M1 A1l
l;=e—3(e—2)=6—2e Al
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Answer: |;=6 — 2e 4 marks
(c) x*&* > 0for 0< x < 1, so the integral is positive El
6 —2e>0givese<3 El
Answer: e<3 2 marks
28 (11 marks)
&Y —Inx+1=0givesx =2,y = —=
(a)ﬂ— nx =0givesx =45, y=—3 M1 A1
dy _ 1 . , -
oZ X > 0, so the point (1/e, —1/€) isaminimum M1 Al
Answer: minimum at (%, —%) 4 marks
a dv _ . x?
(b)u-lnx,ﬁ—x.v—f M1
e 2 e
.[ xInxdx:[X?Inx]i—‘[ %dx M1 AL
e x? e e 1 _1
=7~ Gli=7 - g g=3E€+D Al
Answer: shown 4 marks
(c)x=xInxgivesInx =1, s0 A is (e, €); area of R=Jl~e (x —xInx)dx M1
_[exdx:%(ez—l),soarea:%(ez—l)—%(e2+1) M1
:%(e2—3) Al
Answer %(e2 -3) 3 marks
29 (11 marks)
(@) Writesin" x =sin™ x - sinx; u=sin" x, % =sinX: V= —CcosX M1 A1
Jn:[—sin”'lxcosx](%+(n— 1)1;7 sin™? x cos? x d x M1 AL
The bracket is0; cos? x =1 — sin x gives J, = (N — 1)(J,», — J,) M1
nJ,=(n—1)J,, Al
Answer: shown 6 marks
II
(b)J=1landJy= > B1
2. 2 _4 2 8
Js §Jl_§-‘]5_§x§_l_5 M1 Al
_1. o _ 3, _3n _ 5., _ 5o
\]2 - 5\]0 - Z, J4 - ZJZ - E, ‘J6 6J4 ﬁ M1 Al
8 5i
Answer: Jg E’J6_§ 5 marks
30 (10 marks)
(@ Fwstpass(u-cossx,ﬁ—e ).K—§e cos3x+§fe sin 3x d x M1 Al
Second pass(u:sinSX):f e” sin 3xdx:%ezxsin 33X — %K M1 AL
— 1 2X E 2X o _ 2
K=5e 0053x+4e sin 3x 2K M1
13, & . _e* .
TK = T(Zcos 3x + 3sin 3x), soK = E(Zcos 3X +3sin3x) + ¢ Al
Answer: shown 6 marks
(b)yzOonOsxs%becausecos3x20 B1
1 . o 1 s
Area = 1z[€”(2c0s 3x + 3sin 3x)]§ = 15(3e% — 2) M1 A1
=0.504 (3sf.) Al
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Answer: -5(3e% — 2) = 0504

Integration Using Partial Fractions

1 (3 marks)

X+5 — A +
X+1)x+3) — (x+1)  (x+3)’
x=—14=2A,s0A =2
x=-—32=-2B,soB=-1

soX+5=A(x+3)+B(x+1)

H X+5 _ 1 + 2
NECHFDx+3 = x+3 T x+1
AnsNer:—ﬁ+(X—42_l)
2 (5 marks)
2 A B

s02=Ax+1)+Bxx—1)

X—Dx+D - x—1D ' (x+1)
x=12=2A,0A=1
x==—1.2=-2B,soB=-1

2
f de:|n|x—l|—ln|X+1|+c

Answer: Injx = 1| = Injx+ 1|+ ¢

3 (5 marks)

5x+13 A B B
X+ +3) = x+29) T xr3 OHXFTIB= AKX+ +BKX+2)
Xx=—-2:3=A
Xx=-3—-2=-B,soB=2

5x + 13
mdxzzm|x+3|+3|n|x+2|+c
Answer: 2Injx + 3|+ 3Injx + 2| + ¢

4 (3 marks)

X +1 _ A B _
DK —3) = x+D T x—3 PX+TI=AX-3+Bx+1)
_ 1 7_ 7 B
X__E'_E__EA’SDA_:L
x=3:28=7B,soB=4
H X +1 — 1 + 4
MY -9 ~ >+ T x-9
A 1 4
nSwer: ox+1 ¥ x=9

5 (3 marks)
5 +8 _ A B _
XX+ = x T xray OXF8=A(X+4)+Bx

x=0:8=4A,s0A =2
Xx=—4.-12=-4B,soB=3

Hence 5x +8 =g+ 3
X(x+4) 7 x  (x+4)
Answer z+ 3
X (x+4)
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6 (5 marks)

2 _9=(x— X+ o= B e =AX+3)+B(X -3
XX =9=(X =X +3) Ggr+y = x-3 T x+3 POE=AK+IY+BKX =3 M1
X=3:6=6A,s0A=1 Al
x=-=3:6=-6B,soB=-1 Al
[ (2 = ) dx=lnk — 3 — Inx + 3 M1
- X —3 +
—nlml Cc Al
Answer In|):(:§| +c 5 marks

7 (5 marks)

x+4 _ A B —

B —DxT) S =D Tk O X FASAX+ Y FBX - D) M1

_ 1 15 _5 _

X—§.7—§A,$A—3 Al
x=-—2.-10=-5B,s0B=2 Al
X +4 _ 3

mdx—zm|x+2|+§ln|2x—l|+c M1 A1

Answer: 2In|x + 2| + gln|2x —1+c 5 marks
8 (7 marks)

3x+5 _ A B _
(x+1)(x+2)=(x+1)+(x+2)'SO3X+5=A(X+2)+B(X+l) M1
x==12=A Al
Xx=—-2.—-1=-B,soB=1 Al
[Injx + 2| + 2Injx + 1[]5 M1 AL
:In%+2In2 M1
=In2+In3
=In6 Al
Answer: shown 7 marks

9 (7 marks)

5x+3  _ A B _
(x—l)(x+3)=(x—1)+(x+3)’SO5X+3=A(X+3)+B(X_1) M1
x=18=4A,s0A =2 Al
x=-3—-12=-4B,soB=3 Al
[2Injx — 1] + 3Injx + 3[]; M1 Al
=2n3+3in ¢ M1
=2in3-3In5+3In7 Al
Answer: 2lIn3—=3In5+3In7 7 marks

10 (4 marks)

—7xX =2 _ A B C —
m=7+(x+2)+(X_l),g)—7X—2=A(X+2)(X—1)+BX(X—1)+CX(X+ M1
2)
x=0—-2=-2A,s0A=1 Al
Xx=-=2.12=6B,soB=2 Al
x=1-9=3C,s0C=-3 Al
H -x-2 _1__3 2
ence XX+2)(x—1) — X x—=1  x+2
A 1_ 3 .2
nSNer.; x=1 x+2) 4 marks
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11 (5 marks)

5x

+ 10

A B 05X +10= A(X+4) +B(Xx — 1)

@ G—Dx+d = -0 " &+

x=1:15=5A,s0A =3
x=—4.-10=-5B,s0B =2

Answer:

5x + 10 2 3
Hence o—o+a) = x+d) T =1
2 3
x+4) + x=1)

(b) Integrate each term: 3Injx — 1| + 2Injx + 4| + ¢
Answer: 3Injx — 1| + 2Injx + 4| + ¢

12 (5 marks)

(e}

B

+m,3065A(x—3)+Bx

6
[ Tc=g 4x=—2nj + 2nk — 3|+ ¢

Answer: =2In[x| + 2In|jx — 3| + ¢

13 (4 marks)

4x? + 8x

A B C

-1 K+D  x+1?  x—1D

+1)2

,04x2+8x =A(x+1)(x — 1) + B(x — 1) + C(x

x==1.—-4=-2B,soB=2
x=1:12=4C,s0C=3
Coefficient of x> 4=A +3,s0A =1

4x? + 8x

1 2 3

Henc

Answer :

1

C T =1 x*D) T xe1? =D

2 3

x+1) *

14 (6 marks)
6x2+19x + 11 _

(x + 1)2 - (x—=1)

A B c ,06x2+19x +11 = A(x+2)(x — 1) + B(x — 1)

X+ —1) K+ x+27  x—1D

+C(x + 2)?
x=—-2.—-3=-3B,s0B=1
x=1:36=9C,s0C=4

Coefficient of X2 6 =A +4,S0A =2

6x° +

19x + 11

(x+2*x — 1)

Answer:

1
T x+2)

dx= +2Inx +2|+4lnjx — 1| +c

1
S x+2)

+2Inx+2|+4nx =1 +c
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15 (8 marks)
42 8 A B C
(X+);.);(-Xi1) =x+n* X+ 1)2 + (X_l),so4x2+8st(x+l)(x— 1) + B(x — 1) + C(x
+1)2

x==-1.—-4=-2B,soB=2
x=1:12=4C,s0C=3
Coefficient of x> 4=A +3,s0A =1

2
[Injx + 1] — x+1) + 3Injx — 1l]g
Inﬂ+ +3In2
=5In2—|n3+E
AnaNer:SInZ—In3+%
16 (7 marks)
o X288+ 9 5x + 7
Divide: X2+3X+2 X2+ 3x +2
5x+7  _ A B _
x==12=A
X=—-2.-3=-B,soB=3
x2+8x+9
S wEDxr dX=x+2nx+1+3Inix + 2| +c
Answer: x +2Injx + 1|+ 3Injx + 2| + C
17 (6 marks)
4> —13x — 12 _ A B C 2 _
m=7+(x+2)+(x_3),so4x—13x—12=A(x+2)(x—3)+|3x(x—3)+
Cx(x +2)

x=0:—-12=—-6A,s0A =2
x=-—2:.30=10B,soB=3
x=3—-15=15C,s0C=-1
4x? — 13x — 12
J CF 26— 3 9% = —Inix — 3+ 2Injx| + 3njx + 2| + ¢
Answer: —In|x — 3| + 2In|x| + 3In|x + 2| + ¢

18 (8 marks)
2 AL B C 2= A+ 1)(x+2) + Bx(X +2) + Cx(x + 1)
XX+DX+2) — x  (x+1)  (x+2)

Xx=0:2=2A,s0A =1
x==-1.2=-B,soB=-2
x==2.2=2C,s0C=1
[Injx| + Injx + 2] — 2In|x + 1]|2

B 4 3
—In2+In§—2In§

=5n2—-3In3
32
—Inf
Answer: shown
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19 (8 marks)

x2 1
x2—1_1+x2—1

1 _1,. 11
(x—1)(x+1)__(x—1 X+ 1)

1 1
[x + ZInx — 1] = Sinix + 1[3

1 1 1
:(3+§In2—§In4)—(2+0—§In3)

_ 1 3

—l+§ln§
. 1 3
Answer.1+§In§

20 (9 marks)

Divide 2’ +11x+14 _,, _ 3xX+8
©Ox2+4x+3 T x+4x+3
3x+8 _ A B _
DX 3 = x+D) T e OIS AKX+ I +B(x+])

x:—1:5:2A,soA:g
X:—3:—1:—ZB,SOB:%

5 1
[2x + SInjx + 1| + SInjx + 3[]

_ 5 1 1
—2+§In2+§In4—§In3
_ 7 1
—2+§|n2—§|n3

_ 7 1
Answer: 2 + Eln 2— Eln 3

21 (7 marks)
o S+ 4x% +6x — +1
Divide: X 2X X =5 =xX+3+ 25X—
X“+x—2 X“+x—2
5x+1 A B

=D +2) = (X_l)+(X+2),905x+1EA(x+2)+B(x—1)

X=16=3A,0A=2
Xx=—-2.—-9=-3B,s0B=3

[ Xs(;fle);ffz_)f’ dx=X72+3x+2In|x— 1+ 3Injx + 2| + ¢
Answer: X;+3x+2In|x— 1+ 3Inx+2]+c
22 (9 marks)
(a)%se+ e * (sz),so4x2+3x—4sA(x+1)(x—2)+Bx(x—2)+

Cx(x + 1)

Xx=0:—4=—-2A,s0A =2
x=-1.-3=3B,soB=-1
Xx=2:18=6C,s0C=3

Answer: A=2,B=-1,C=3

(b) [2Injx] = Injx + 1] + 3Injx — 2|]§
=@2n4—-In5+3n2) —(2Nn3—=1In4+0)
=7In2+2In2—-2In3—-In5=9n2—-2In3 —-1In5
Answer: 9In2—-2In3—=1In5
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23 (7 marks)
= A B 4= Ax+3)+Bx+1
@ G Dx+3 = G+ D T+ 3 PA=AKFIY B+ ) M1
x=—1.4=2A,0A =2 Al
Xx=-=34=-2B,soB=-2 Al
2 2
Answer : 6+D) X+ 3) 3 marks
(b) Area= [ (27 — <) dx = [2n(x + 1) — 2In(x + )] M1 AL
=@2n2-2n4) — (0—2n3) M1
=2In3 — 2In2:2In§ Al
Answer: shown 4 marks
24 (6 marks)
3 _ 1 1
(x+D(x+4) ~ x+1 x+4 M1 A1
[Inx+1) = Inx+4)]g=Ink +1) —Ink +4) +In4 M1 Al
4k +1
D —in2 s ak+ 1) =26k + 4) M1
2k=4,k=2 Al
Answer: k =2 6 marks
25 (9 marks)
Divide 23+ 12x% + 21x + 13 _ 4%+ 11x + 9 Vi
X+ AP+ +2 X3+ 4x2 +5x +2
4x?+ 11x + 9 A B C
(X +1)*(x+2) = &+ " (x +1)? ! (X+2)’SO4X2+11X+9§A(X+1)(X+2)+B(X+2)+ Mt
C(x + 1)?
x==1.2=B,soB=2 Al
x=-2.3=C,s0C=3 Al
Coefficient of x> 4=A +3,s0A =1 Al
[2X + Injx + 1] — ﬁ+3ln|x+2|]é M1 AL
=2+IN2+1+3n 5 M1
=—=2In2+3n3+3 Al
Answer: =2In2+3In 3+ 3 9 marks
26 (8 marks)
1,1 _  2x+3
(a)x+1 X+2 7 (x+DXx+2) MLAL
The numerator is 2x + 3, not 1 E1l
Answer: numerator would be 2x + 3 3 marks
) l=AxX+2+BXx+1):x=—-1gvesA=1,x=—-2¢givesB=-1 M1 Al
(x+1)l(x+2) = xil - Xiz,sotheintegral isinx+1| —Inx+2|+c M1 A1
Xx+1
=In|X+2|+c Al
Answer: In|§+§|+c 5 marks
27 (12 marks)
(a)1EA(x+2)+Bx:x=0givesA=%;x=—ZgivesB=—% M1 Al
_1r _11_ 1
X(x+2) 2(x x+2) Al
1,1 1
Answer: 5(; - m) 3 marks
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1 1,1 1
(b) (R §(T - m); the terms telescope M1 Al
1 1 1 1
Si=35lA+3) = (a1 * 732! M1 AL
_ 3
=717 261t R AL
Answer: shown 5 marks
(© 2[Inx—|n(x+2)]1- 2(Inn+2+ln3) M1 Al
—ll 3n
=22 Al
n+2 < 3for al n, so the value isless than —In3 El
Answer: %In% <%In3 4 marks
28 (9 marks)
f(O):%:%,soq:Y M1 A1
X + 7 A B
(x+pl)(x+2)Ex+1+x+2 Xx=—=1givesA=7—p;x=—-2¢qgivesB=2p—7 M1 A1l
£2 fx)dx=[AlInx+1)+BIn(x+2)];=AIn3+BIn2 M1 A1l
IN72=2In3+3In2 B1
In 2 and In 3 are independent over the rationals, so A =2and B =3 M1
7—p=2gvesp=5(check: 2p — 7=3) Al
Answer: p=5,q=7 9 marks
29 (9 marks)
(@ (x+1(x+2)=6,s0x>+3x —4=0 M1
(x+4)(x —1)=0,and x >0onthediagram,sox =1 Al
Answer: shown 2 marks
(b)6=AKxX+2) +B(X+1):x=—-1givesA =6;x=—2¢givesB = —6 M1 Al
6 _ 6 8
xX+Dx+2) — x+1 X+2 Al
A 6 6
nswer: X+l x+2 3 marks
6
(© Area=£ (m X192 —1)dx=[6In(x + 1) — 6In(x + 2) —x]é M1 A1
=®6In2—-6In3—1)—(0—6In2) M1
=12n2 - 6in3 - 1=6ing — 1 AL
Answer: shown 4 marks
30 (7 marks)
Letu:sinx:du:cosxdx;IimitsO—»Oand%—>1 M1 A1
-t 1
Integral—£ mdu Al
1 _ 1 _ _ _
T+e+y = 1+u 2+u(A lau=-1,B=—=lau=-2) M1 Al
[IN(1+u) —In2+u)l;=(n2—=1In3) —(0—1In2) M1
:2In2—ln3:In% Al
Answer: shown 7 marks
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Parametric | ntegration

1 (3 marks)
dx _
F_Z
Area:_ﬁgy%dt:‘fzﬁdt M1
3
:[2_;]8:13 M1 A1
Answer: 18 3 marks
2 (3 marks)
dx _
m—zt
AerISy%dt:IBStzdt M1
3
=[8_;]i=%8 M1 AL
Answer: % 3 marks
3 (3 marks)
x=2givest=1andx=4givest=3;%=1 B1
3
Area:_[;3 t2dt:[t§]§ M1
_ 1_26
=9-3%3 Al
Answer : 2—36 3 marks
4 (4 marks)
x=1lgvest=0andx =egivest=1 B1
ax _
dt €
Area=£1y%dt=£lldt M1
=[tlp=1 M1 A1
Answer: 1 4 marks
5 (3 marks)
dx _ .-
qr o3t
Area=fy%dt=‘[23t3dt M1
4
:[3%15:47,5 M1 A1
Answer : % 3 marks
6 (3 marks)
szgivest:O,x:(igivest:Z;%:3 B1
Area= [ (2+1)x3dt= [ (6+3t) dt M1
=[6t+t’]5=12+8=20 Al
Answer: 20 3 marks
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7 (5 marks)
X = Owhent— ;Xx=1whent=0 B1
dx .
at = —gnt B1
0o . . T .5 . -
Area=_£ smt(—smt)dt=_£ sin“t dt (reversing the limits) M1
2
sin’t= %(1 — cos 2t), so the integral is[% - SZZt](% M1
_ I
z Al
Answer: % 5 marks
8 (6 marks)
x=2gvest=1,x=9givest =2 B1
dx 2
W =3t B1
_ %, dx — ? a3
Area—i~ y—tdt—j 6t°dt M1 A1
—[ > ]1 E M1 Al
Answer: 425 6 marks
9 (5 marks)
dx _
m =2t B1
Area= £ y dt—‘L~3 —2t3+6t2dt M1 Al
= [—— +2t%]3 = 27 M1 AL
Answer: 227 5 marks
10 (5 marks)
dx _ ot
at = 2¢e B1
Area=£mzyd—xd'[:£Inz 2e* dt M1 AL
[—]Inz M1 A1
Answer . 15,,4 5 marks
11 (6 marks)
dx _
at = 2cost B1
Area:£7 4cost x 2costdt:£7 8cos’ t d t M1 AL
= [7 4@+ cos2t) dt = [4t + 2sin 2|3 M1
=21 Al
Answer: 21m@ 6 marks
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12 (5 marks)
dx _
W—Z B1
e dx e 6
Area=£ yﬁdt=£ Tdt M1 Al
=[6Int]]=6 M1 Al
Answer: 6 5 marks
13 (6 marks)
dx _
m—zt B1
Area=J;e 2tintdt M1
Partswith u = Int, dt =2t [tAng)s — [ tdt M1 A1
2
— _ e-g2 — € 1
e [ ] 2 + 2 M1
=§(e2+1) Al
Answer %(ez+ 1) 6 marks
14 (5 marks)
dx _ 2
F—SGC t B1
x:OQiV$t:O;legiV%t:% B1
dx _ 5 _
Y gt = cos"tx Oszt—l M1
Area:‘f)~Z 1dt:% M1 AL
Answer: shown 5 marks
15 (6 marks)
dx + = dcost B1
Area:‘L~E sin2t><4costdt:£5 8sintcos’tdt M1 AL
= [- 8cos® t] ML AL
B 8 )
=0+5=3 Al
8
Answer : 3 6 marks
16 (5 marks)
yzlgiveﬁtzo;y:Sinast:Z;i—¥:2 B1
Area:‘f’xdy:_[;thXZdt M1 AL
28,
[ 3 ]o M1
16
:? Al
Answer : %6 5 marks
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17 (5 marks)
(a) An area cannot be negative El
X = % correspondstot=2and x = 1tot = 1: the limitsshould runfromt=2tot =1, not 1to 2 E1
Answer: limits reversed 2 marks
_ (2 1 _[? 1
(b) Area= [ (t +1)(—t—2)dt—£ (1+3)dt M1
:[t—%]lzg M1 A1
Answer : % 3 marks
18 (5 marks)
Upper half: 0 = t < 11, where x runsfrom 2 (t = 0) to —2 (t = 1) B1
9X - ot
qr = —2sin B1
Area= [° 3sint(-2sint)dt=6" sn’tdt M1
=3[" (1 - cos2) dt=31t - 332yr M1
=31 Al
Answer: 311 5 marks
19 (9 marks)
(@ x=4givest=1and x =10 givest =3 B1
dx g
qi - B1
_ 3. dx ,._ 318 _ 354
Area—j; yﬁdt—j; t_ZX3dt_~[ t_zdt M1
Answer: shown 3 marks
(b) [° 542 dt=[-23 M1
=—18+54=36 Al
Answer: 36 2 marks
_x—-1 5 (x—1)7? _ 18x9 _ 162
(c)t——3 , SO t7 = "5 andy—(x_l)z—(x_l)2 M1 Al
10 _ 162
[ 162(x — )72 dx = [ =51 M1
= —18 + 54 = 36, as before Al
Answer: shown; 36 4 marks
20 (8 marks)
(@y=0givest=0,s0Pis(9,0) B1
x=0givest=3,s0y=12and Qis (0, 12) B1
Answer: P(9, 0), Q(0, 12) 2 marks
(b) &% = —2t B1
Area:i:gydx:_g0 t(t+1)(—2t)dt:£3 (2 +2t%) dt M1 AL
4 3
:[%+2%]8 M1 A1
_ 8l g7
_T+18_ 5 Al
Answer : 1—;7 6 marks
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21 (7 marks)
dx _
ar - 2t B1
Area= £1 2t%e7tdt M1 A1
Parts: £l tetdt=[—t%e} + 21;1 te”'dt M1 A1
j;l te‘tdt=[—te_t](1,+£1 etdt=1—2e" M1
l:l t2e'dt=—e1+2(1 - 2eY)=2—-5e" soarea=4 — 10e7? Al
Answer: 4 — 10e™! 7 marks
22 (7 marks)
x:3whent:0andx:0whent:% B1
dx _ .
at - —3sint B1
Area=_£O 2sin 2t(—3sint)dtovertfrom%t00=£i 12sin’tcostdt M1 Al
2
sin 2t = 2sin t cost; integral =[4sin3t]§ M1 AL
=4 Al
Answer: 4 7 marks
23 (7 marks)
y=0:t=0o0rt?=6,s0A(1, 0) and B(7, 0) M1 AL
dx V6 V6
Gt =2t Area= [T 6 — ) x2tdt= [V (122 — 2%) dt M1 A1
5
=43 — %]‘(/F M1
B 72(6 _ 48/6
= 24\/6 - ==z M1 A1
Answer: A(Z, 0), B(7, 0); area ﬁj@ 7 marks
24 (7 marks)
Pis (4, 4), sol has equationy = x M1 Al
3
AreaunderCfromOtoP=_£22t><2tdt=[%]§=% M1 AL
Area under | = triangle with base 4 and height 4 =8 M1
C lies above | between O and P (e.g. t = 1 gives (1, 2) with 2> 1), so area = 3—; — 8= % M1 Al
Answer: % 7 marks
25 (6 marks)
x=1givest=0;x=39iv&et=|n3;%=et B1B1
_ In3 et
Area= £ m dt M1
=[In(1 + €3 M1 A1
=In4—-1In2=1In2 Al
Answer: shown 6 marks
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26 (10 marks)
(a)25in9=l,309=% B1
X = GCOS% =3/3 B1
Answer: 9:%; x =33 2 marks
(b) g—g =2cos 0 B1
Area:‘fzxdy;yzlgiv&eez%andy:Zinesezg M1
:ﬁi 6cose><2cosed9:£5 12cos 6 d 6 Al
6 6
Answer: shown 3 marks
(c) 12cos® 6 = 6(1 + cos 20) M1
[60 + 3sin 29]% M1 A1
- @n+0) - (m+ ) w
=2m — %E Al
Answer: 211 — # 5 marks
27 (9 marks)
(@ y=0fort=+/3 (andt=0); t =43 givesx = 3 M1
Ais(3,0) Al
Answer: (3, 0) 2 marks
(b) Upper half: y > 0 for —/3 <t <0, and x decreases from 3 to 0 ast goes from —«/5 to0 B1
dx . . 0 dx 0
4t = 2t the areaof the upper half is the magnitude of Iﬁ ygrdt= L/? 2t2(t> — 3) d t M1 A1
5 _
:[2—;—2t3]2¢§:0—(—1§@+6¢§)=—%5 M1 A1l
. 123 . _ : . B
The magnitude 5 is the upper half; by symmetry in the x-axis (y(—t) = —y(t)) the loop has M1 Al
2443
area —¢
Answer: shown 7 marks
28 (11 marks)
(a)%=—asint;t=09iv&sx=aandt=%givesx=0 B1B1
Area= [i’ bsint(—asint)dt=ab[? sintdt (limits reversed) M1 AL
2
ab sin2t.n
= 7[t - 12 M1
mab
==z Al
Answer: shown 6 marks
(b) E is symmetric in both axes, so the total is 4 x sz =mab M1 Al
a=5b=3: 150 Al
Answer: m ab; 151 3 marks
(c)a=b=rgivesx =rcost,y =rsint, acircle of radiusr M1
Area=11r? Al
Answer: 1 r? 2 marks

stemup.co.uk | page 54



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Model Answers

29 (12 marks)
(a)%:—3cosztsint;t:0givesx:1andt:%giv%x:O M1 AL
Area= [;’ sin®t(—3cos? tsint) dt (limitsreversed) =3[ sin*t cos’ t dt M1 AL
2
Answer: shown 4 marks
(b)sin“tcoszt:(sintcost)zsinzt:%sinZZtsinzt M1 Al
sin’t= %(1 — Cos 2t), so the product is %sin2 2t(1 — cos 2t) Al
Answer: shown 3 marks
© [? sn*2tdt= [? (1 - cosddt=17 M1 AL
s in3 i
£2 sin22t0052tdt:[sm62t]g:0 M1 Al
_ 1 o _ 31
Area—3><§(z—0)—§ Al
A .3
nswer: k7 5 marks
30 (11 marks)
@ % =a(l — cost) = 0, so x increases with t M1 AL
t=0andt = 211 give the ends of the arch (x = 0 and x = 2m1a), so the limits are 0 and 21 El
Answer: % =a(l — cost) 3 marks
(b) Area= a2£zn (1 —cost)?dt= a2£zn (1 — 2cost +cos’t) dt M1 AL
cos’ t = %(1 + cos 2t), so the integrand is% — 2cost + %cos 2t M1 Al
23t sn2t.,;
a5 —2snt+——[" =a" x 30 M1A1
Answer: shown 6 marks
(c) Circlearea=m & B1
Ratio=3ma’:ma’=3:1 Al
Answer: 3:1 2 marks
Differential Equations
1 (2 marks)
— 22X dy _ -2
y =3e”, s0 ax = 6e M1
=2x3e* =2y Al
Answer: shown 2 marks
2 (2 marks)
Integrate both sides with respect to x M1
y=2x2+c Al
Answer:y =2x*+c 2 marks
3 (2 marks)
1 - -
Separar[e.f de—f 3dx,solnly|]=3x+c M1
y=Ae¥;y=2ax=0gvesA =2, s0y = 2* Al
Answer: y = 2e* 2 marks
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4 (2 marks)

Separar[e:fydy=f x dx M1

y? _ % 2_ 2

7_7+c,soy =x“+k Al

Answer: y? =x?+k 2 marks
5 (2 marks)

Rate of increase is % M1

%:kP Al

Answer: d—? =kP 2 marks
6 (2 marks)

1, 1

fydy—f ;dX M1

Iny=Inx+c,soy =AXx Al

Answer: y = Ax 2 marks
7 (4 marks)

Separar[e:fyzdy=f x dx M1

yS_XZ

F=F+cC M1 A1

2
y3=3%+k Al
2

Answer: y® = 3% +k 4 marks
8 (4 marks)

f y—lzdy=f 3dx M1

—%:3x+c Al

x:O,y:l:c:—l,soézl—Bx M1

_ 1

Y=1-3 Al

Answer:y = 1_13X 4 marks
9 (4 marks)

f%dy=f cos x d x M1

Iny=sinx+c Al

x=0,y=2.c=In2 M1

y = 2eSn% Al

Answer: y = 2e5"% 4 marks
10 (4 marks)

Separame:f eydy:f x dx M1

X2
=5 +c Al
x=0,y=0c=1 M1
XZ
y:|n(]_+7 Al
X2
Answer:y =In(1+ ?) 4 marks
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11 (3 marks)

gi—Zexey sof eydy:f 2e“dx

e=2e"+C
=In(2¢* + C)
Answer: y =In(2e" + C)

12 (4 marks)

P=Ae"® and P =500 000 at t = 0 gives A = 500 000

In2
0.04t _
Double: """ =2, s0t = .04

t=17.3 years
Answer: P = 500 000e®%*; 17.3 years

13 (3 marks)

f y_ldy f—dx

Iny —1)=Inx+c
y—1=Ax,s0y=1+Ax
Answer:y =1+ Ax

14 (5 marks)
[ydy=[ 7= dx
y7 In(l+x2)+c

x=0,y=2c=2,0y?=In1+x%+4
y=1In(1+x? +4

Answer:y =4In(1+x%) + 4
15(7marks)

—kt
fe 5d0=[ —kdt s06—20=Ae
t—0,9—90.A—70
— . — —10k — —
t=10:40=70e ", s0k = 10In4 0.0560

0=30:10=70e™ sot= '”T7 = 34.8 minutes

Answer: k = 0.0560; 34.8 minutes

16 (6 marks)
1
f V‘EdV=f —kdt
224V =—=kt+ct=0:c=20
t=5,V =64:16 = 5k + 20, 0k =
V:O:O:—gt+20,sot:25minutes

Answer: 25 minutes

17 (5 marks)

f %dy=f tan x d x

Iny = —Injcos x| + ¢

y =A secx
Xx=0,y=3:A=3,s0y=3seCXx
Answer: y = 3seC X
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18 (7 marks)
(@) m=mye ™ M1
t=5: %m0= mee™*, s0 5k =In 2 M1 A1
Answer: shown 3 marks
(b) m/m, = "% = 0,1895, s0 19.0% (3 sf.) M1 A1
e*=011t=2"0 =166 years M1 AL
Answer: 19.0%; 16.6 years 4 marks
19 (5 marks)
f Yy d y= f —Xx d X M1
X
7= 2+csox +y?=k M1 Al
(3,4):k=9+16=25s0Cisx?+y?=25 Al
Gradient = —% Al
Answer: x? + y? = 25; gradient —% 5 marks
20 (7 marks)
fsinycosydy=f x e dx M1
LHS = sm y Al
RHS by parts (u = x, d =€) xe — fexdx ex—1) M1 A1
%sin2y=ex(x—1)+c;x=0,y=%:%=—1+c,soc=% M1 AL
siny=2e*(x — 1) +3 Al
Answer: shown 7 marks
21 (7 marks)
1 —
@ [ gp=ogdP=[ 1dt M1
10Inj0.1P — 20| =t + ¢ M1 A1
t=0, P=400: 0.1P — 20 =20, so c = 10In 20 M1
0.1P — 20 = 20e™", so P = 200 + 200e*" Al
Answer: shown 5 marks
(b) 200 + 200e%* = 1000, so e*¥* = 4 M1
t=10In 4 = 13.9 years Al
Answer: 13.9 years 2 marks
22 (8 marks)
1 —
(a)f de—f 1dt M1
—2In|8 — 05C|=t+c M1 Al
t=0,C=0:c=—-2In8,s08 — 0.5C = 8¢~ %% M1
C=16(1 — %% Al
Answer: shown 5 marks
(b) Ast > », e % - 0s0C - 16 B1
16(1 — e * =12 s0e % = % M1
t=2In4=2.77 hours Al
Answer: 16 mg per litre; 2.77 hours 3 marks
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23 (7 marks)
The line to the origin has gradient % Se] % = % M1 Al
1 2
f V d y= f X dx M1
Iny=2Inx+c, soy = Ax? M1 AL
(2,12): A=3,50y = 3x? M1 AL
Answer: y = 3x? 7 marks
24 (6 marks)
(a) %—Y = 4m r? M1
dr _dV . dV _ —4okr? -k
dt - dt " dr - ane? MiAL
Answer: shown 3 marks
(b)r=—kt+2 M1
r=1lat=5k=0.2 Al
= 2 _
r—O.t—@—loseconds Al
Answer: 10 seconds 3 marks
25 (8 marks)
(@ [ P2dP= [ kdt M1
1_
5= kt +c Al
- _ R |
t=0, P=1000: c= 1000 M1
t=4,P=2000; —5 = = 4k — ~ 0K = oo
=& =2 75000 T 000" S° K = 8000 MLAL
1_ 1t _8-t . 8000
P~ 1000 ~ 8000 _ 8000' " 8=t Al
Answer: shown 6 marks
(b) The denominator is zero when t = 8, so P becomes infinite after 8 weeks B1
A real population cannot be infinite: the model ignores limits on food and space El
Answer: t = 8; resources are limited 2 marks
26 (8 marks)
@ Saltin'05><2-1kg per minute M1
Salt out: concentration 5=~ 2 x2= 100 kg per minute M1
dx _ 1 -2
dt ~ 100 Al
Answer: shown 3 marks
() [ T dx= [ 1dt 50 —100In}1 — 755 =t+c ML AL
1 — x/100 - ’ -
x=0att=0:c=0,s0x=100(1 — e ¥1%) M1 AL
50 = 100(1 — e~¥1%): t = 100In 2 = 69.3 minutes Al
Answer: x = 100(1 — e”"1%); 69.3 minutes 5 marks
27 (10 marks)
(a)lEA(SO—x)+Bx:x:09iv&eA—50,x 509|vesB—— M1 Al
1.1 1
Answer: %(— + m) 2 marks
(b) f x(50 y dx= f 50 M1
[Inx—ln(50—x)] 5 *C soInL:t+k M1 Al
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X el

tZO,X:5:k:|n%,80m:§
(o 506 _ 50

9+¢& 1+9%"
Answer: shown
(©x=251+9% '=2,s0€e' =9andt=1In9 =220 days
Ast— oo, x = 50
Answer: 2.20 days, 50

28 (10 marks)
(@) T =2kxandk =%
ﬂ = A
dx X
Answer: shown

(b) [ 2ydy= [ —xdx

2
y2= =2 +c

x2+2y?=C

Answer: shown

(©C=4+2=6

x2+2x*=6,020°+u—6=0withu=x% 2Uu—3)(u+2) =0

_3 _ .13 _3
u-i,SOX—i\/;andy—§

Answer: x>+ 2y’ =6

29 (10 marks)
1 X
(a)f de:fe dx
—%:ex+c
x=0,y=1—-1=1+c,s0c=-2
1

1
— = — =
y 2—-¢€, 0y 5T

Answer: shown

(b) The solution is undefined when 2 — €* =0, i.e. x=1In2

Asx — In 2 from below, 2 — & - 0%, s0y — +

Answer: x<In2,y = o

(c) y isunbounded at x = In 2 (a vertical asymptote), so it is not defined there

The part for x > In 2 would be a separate branch, not connected to the one through (0, 1)

Answer: vertical asymptote

30 (12 marks)

. dv _dt
(a) Separating: m =10
lEA(10+v)+B(1O—v):vzlogivesA:2—1O;v:—logivesB:2—l0
1 1.1 ;1
100_V2_20(10—v 10+v)

1, 1 1
Answer: o5(1g—v * 19+ v)

1 t
(b) %[—In(lo — V) +In(10 + V)] = 0 t¢C
10+ v
No—v
10+v _ 4 _10(e* - 1)
0—v_ & OV=—"a 7

I =2t+k;t=0,v=0givesk=0
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Answer: shown 5 marks
(c) Ast—> oo, v—>10ms™? B1
v:5:e2‘:3,sot:%In3:0.5495 M1 A1
Answer: 10m s~ 0.549 s 3 marks

Volumes of Revolution

1 (4 marks)
V:H£3y2dX:H£3X2dX M1 AL
X3
=nu[3]; M1
=91 Al
Answer: 91 4 marks
2 (4 marks)
V:n£4y2dxzn£4xdx M1 Al
X2
:1'[[7]61 M1
=8n Al
Answer: 81 4 marks
3 (4 marks)
V=H_£2y2dx=n_£2x4dx M1 AL
X5
=n[=]; M1
_ 320
-5 A
Answer . BQTH 4 marks
4 (4 marks)
V=H£ly2dx=n£1e”dx M1 A1
er
=n[51g M1
_ (e - 1)
== Al
2 _
Answer: M 4 marks
5 (3 marks)
x2=y B1
2
V:H£4x2dy:n£4ydy:n[y7]g M1
=8n Al
Answer: 8t 3 marks
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6 (4 marks)
V:HISyZdX:HISX_ZdX M1 Al
= H[_%]f M1
2
=3 Al
Answer: 2?11 4 marks
7 (5 marks)
V=H_£Hsin2xdx M1
sin?x = %(1 — C0S 2X) M1
= %[x - &22)(]3 M1 A1
_
=5 Al
l'.[2
Answer: > 5 marks
8 (5 marks)
The curve meetsthe x-axisat x =0 and x = 3 B1
V=H£3y2dx=n£3(9x2—6x3+x4)dx M1 AL
x*  x°
=03’ - 5+ ¢1; M1
81
= 0 Al
A . 8l
nswer: 10 5 marks
9 (5 marks)
_ 2 2
V—Hj:2 (4 —x9)dx M1 A1l
— x%o
=a[4x — ?1 <, M1
8 8 16
=a((8 — §) - (—8+ §)) =1(16 — ?) M1
_ 3
=3 Al
Answer: shown 5 marks
10 (5 marks)
V=n£3(2x)2dx=n£34x2dx M1 AL
3
= n[%]g =361 M1 AL
Radiius 6, height 3: 211(36)(3) = 361 A1
Answer: 3611 5 marks
11 (4 marks)
1 2
X =y3,0Xx2=y3 M1
5
) 5
V=H£8y§dy=n[%]g M1 AL
_ ., 3x32 _9%n
= 5~ & Al
Answer: %TH 4 marks
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12 (6 marks)
V= H_[ (3+ )2dx l'Ij; (9+—+—2)d M1 AL
=m[9x + 12In x — ;]f M1 A1
=n[(18+12In2 — 2) — (9 — 4)] M1
=1(11+12In 2) Al
Answer: (11 + 12In 2) 6 marks
13 (6 marks)
Intersections; x = x%, sox=0andx =1 M1 Al
V= 1'[£1 (x* — x* d x (outer radius x, inner radius x?) M1 Al
= H[— - —]o H(— - —) M1
20
= 15 Al
A .2
nswer . 15 6 marks
14 (5 marks)
y=Inxgvesx =¢, soxz—e2y M1 AL
V= H£ e¥dy= H[ ]0 M1 AL
= 7(64 — 1) Al
Answer: %(e4 -1 5 marks
15 (5 marks)
V:H£7coszxdx M1
cos® X = %(l + C0S 2X) M1
sm X I m_ o
5[ 16=5%% M1 A1
H2
= vy Al
H2
Answer : e 5 marks
16 (5 marks)
_ 4 X\2 22+ X4
V—H‘L‘ (2+§) dx =1 23 Io M1 Al
= 2_H(43 - 2% M1
21'1 x 56 = 11;1'[ AL
Check: radii 2 and 4, h = 4; 516+ 8.+ 4) = T2 B1
112
Answer : —3 5 marks
17 (4 marks)
2 2
V=H£kxdx=H[X7]0=Hk M1 A1l
2
sz =181, so k? = 36 M1
k=6 Al
Answer: k =6 4 marks
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18 (5 marks)
(4
V—H£ (X+1)2dx M1 A1
4
=n[—5+15 M1 AL
=a(—-1+4)=3n Al
Answer: 3 5 marks
19 (4 marks)
V=1'[‘£Z sec? x d x M1
:H[tanx]o% M1 Al
=n(l—0)=n Al
Answer: 1t 4 marks
20 (7 marks)
— 2 X2
V—H£ (X+2)2dx M1
o, _ X2 .4 4
Writing x = (X + 2) — 2: (x+2)2_1 X+2+(x+2)2 M1 A1
m[x — 4In(x + 2) — X;:Z]g M1 AL
=n[(2—4n4—1) — (—4n2 — 2)] M1
=a(83—4In2) Al
Answer: (3 — 4Iin 2) 7 marks
21 (7 marks)
V=H£1 x%e™ d x M1 A1
Parts (u = X2, dx =e*): [xe 15— _[; xe? d x M1 AL
2 2
£lxe dx—[—]0 ; 1ez"dx:%—edrl M1
1 55 _é e 1, _ée-1
£X edx=7 (7 * =77 v
4(e ) Al
Answer: —(e 1) 7 marks
22 (8 marks)
4—x*=x+2givesx’+x—2=0,0x=—2andx=1 M1 Al
V:r[j: (4 —=x5?=(x+2?dx M1 Al
=n‘£z (x* — 9x% — 4x + 12) d x M1
x® 36
=n[z - 3 —2¢+ 12, = (5 + %) M1 AL
1081
== Al
108x
Answer: —5 8 marks
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23 (6 marks)
(a)?j—¥:2t;vzn£3y2%dt:n£34t2><2tdt M1 AL
= n[2t"]3 = 16201 M1 Al
(b)y>=4t?=4x, 0V =1 [’ 4x dx=n[2x%3 = 1621 M1 AL
Answer: 16211 6 marks
24 (7 marks)
(a)V:r[£hx2dy:n£hydy M1 A1l
2 th
=nll5= 5 At
Answer: shown 3 marks
b)Y =nh
( ) dh =n M1
dh_dv  dv_ 20
dt ~ dt - dh ~ mh MLAL
h=5 2 =127cms™?
=5 gy =127cms Al
Answer: 1.27 cm st 4 marks
25 (7 marks)
Curve: X =1y; Iine:x=%;they meet at (2, 4) M1 AL
At height y the line is nearer the y-axis, so the outer radius is\/y and the inner radiusis % M1
2
V=H£4( —yz)dy M1 Al
2 3 16
= H[y? - %]3 =08 - 3) M1
8
= ? Al
8
Answer : =3 7 marks
26 (6 marks)
V:r[j;e(lnx)zdx M1
Parts:u=(|nx)2,%=1: [x(Inx)Z]i—Z‘[e Inxdx M1 AL
j;elnxdx:[xlnx—x]lzl M1 A1
V=r1(e— 2) Al
Answer: shown 6 marks
27 (12 marks)
(a)V=r[j:: (r> = x? dx M1 Al
3
=nfr’x — %]’_r M1
3
:H(23—2Tr):%ﬂl‘3 Al
Answer: shown 4 marks
(b)V:HL: (r> = x? dx M1 A1l
3
=mfr’x — % " M1
TR 2 (r—h?
=n(r —g)—n(r(r—h)—T) M1
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3
Expanding and simplifying: mi(r h*> — %) M1 A1
Answer: shown 6 marks
3 3

(c) mi(r(2r)? — —(2:? ) = m(4r® — STr) M1

_4_ 3

=gIr Al

L4 3

Answer: Ll 2 marks
28 (9 marks)

(@ (y—232=1-x> M1

y=3%41—x° Al

Answer: shown 2 marks

_ 1 2 2 _ 2

(b)V—H‘Ll (B+9° = (3= 9% dx, wheres=41 — x M1 Al

(3+s)2—(3—s)2:12ssovzn‘£i 12y1 — x> d x M1 AL

Answer: shown 4 marks

(c) Theintegral equals % B1

V:121'1><%:61'12 M1 A1l

Answer: 6mm° 3 marks
29 (8 marks)

(a)Vk:r[J;I< x‘zdx:r[[—%]‘; M1 AL

= H(—% +1) Al

Answer: shown 3 marks

(b)Ask—>oo,1—>Osovk—>n M1 Al

The solid extends to infinity but has finite volume 1 El

Answer: 1; finite volume 3 marks

(©1— 7 >0.99, 50 <001 M1

k > 100, so the smallest integer isk = 101 Al

Answer: k =101 2 marks
30 (10 marks)

(a)%=—asint;xrunsfrom a(t=0)to—a(t=mn) M1 A1

V=n[’ psn’tx(—asnt)dt=mab?[" sin’tdt (limitsreversed, 0 tom) M1 AL

Answer: shown 4 marks

(b) [" sin’tdt=2[-3cost + 2on M1 AL

1 1 1 1 16 4
=4lB=3)—(=8+3)=7x75 =3 M1 AL
_ 2 4 _4 2

V=mab ><3—311ab Al

Answer: shown 5 marks

(c)a=b=r:V=%nr3 B1

Answer : %n r3 1 mark
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