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Basic Integration

1

10

11

12

13

14

15

16

Find [ (6x* — 4x +5) dx.
. 4

Find [ (3\/_—?)dx.
Find [ (8x°+5) dx.

Find [ (6x7 — 4x™%) dx.

4
Find [ X5 dx.

Find [ x*(3x — 2) dx.

A curve has gradient % = 4x3 — 3x? + 2 and passes through the point (1, 5).
Find the equation of the curve.

Find f w—# d x, giving each term in its ssimplest form.
Find [ (2x+1)(x — 3) d x.

. 6x3 — 2x>+5
Flndf de.

Given that f(x) = 6x% — 4x + 1 and f(2) = 10, find f(x).

A curve passes through the point (4, 20) and has gradient % = 3\& for x > 0.

Find the equation of the curve.

A particle moves in a straight line with acceleration a= 6t — 4 m s™2 at time t seconds. When

t = 0 the velocity is3m s

Find the velocity whent = 2.

The curve C has gradient % = 3x? + kx — 4, where k is a constant.

C passes through the point A(2, 1) and the gradient of C at A is 12.
(@ Find the value of k.
(b) Find the equation of C.

3
A student writes: “ [ (2x + 2dx = ZE 4 o

(@ Show, by differentiating the student's answer, that the working is wrong.

(b) Find the correct expression for f (2x + 1)? d x, by first expanding the bracket.

3
3 2
Find [ gdx.

\/_
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17 A curve C passes through the origin and satisfies % =3x?— 12x + 9.

Find the equation of C, and show that C touches the x-axis at the point (3, 0). [5]
18 The curve C has gradient % =3x? — 2x + k, where k is a constant. C passes through the

points (0, 1) and (2, 9).

Find the value of k. [5]
19 A student writes: “[ xdx= %x‘% +c”.

(8 Explain the error in the student's working. [2]

(b)  Write down the correct answer. [2]

20 A particle moves on astraight line. Its velocity at time't secondsisv =3t> — 8t+4ms™.

When t = 0 its displacement from the origin O is5 m.
Find the displacement of the particle from O whent = 3. [5]

21  Thefunction f satisfies f"(x) = 12x — 6, f'(1) = 5 and f(2) = 20.

Find f(x), and hence find f(0). [9
22  Water is pumped in and out of a storage tank. At time t minutes after pumping starts, the volume of water is

V litres.

The tank initially contains 200 litres and %—\t/ =6t —tfort= 0.

(& FindV intermsof t. [4

(b) Find the greatest volume of water in the tank. [3]

() Find the time at which the tank again contains 200 litres. [2]

23  The depth of water in a harbour channel is h metres at time t hours after midnight. Initially h = 0 and, for O
<t<9 dN-6-— 3t

T dt
(@ Findhintermsof t. [3]
(b) Find the maximum depth. [3]
() Find the next time at which the depth is zero. [2]

24  Thefunction f satisfies f"(x) = 6x — 4. The graph of y = f(x) has a stationary point at (1, 2).

Find f(x), and hence determine whether the stationary point is a maximum or a minimum. [8]
3 _
25 A curve C has gradient % =X v 8 for x > 0. The point P(2, 5) lieson C.
(@  Show that % =x — 872 [2]
(b)  Find the equation of C. [4
() Find the equation of the tangent to C at P, giving your answer in the formy = mx + c. [2]

26 Fuel is pumped into a storage tank. The volume of fuel in the tank isV m® at time t minutes after pumping

starts. The tank initially holds 12 m? and Sv- = 312 — 12t + 40,
(8 FndVintermsof t. [3]
(b)  Find the volume of fuel in the tank after 4 minutes. [2]

()  Show that the tank is always filling. [3]
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27 A curve C has gradient % = ax? + bx, where a and b are constants.
C has a stationary point at x = 3 and passes through the points (0, 2) and (3, —7).
(@ Showthatb=—3a [2]
(b) Find the values of aand b and the equation of C. [5]
() Find the coordinates of the other stationary point and determine its nature. [4
28 For x > 0, the function f satisfies f'(x) = (x% + %)2. The curve y = f(x) passes through the point (1, 0).
(@& Findf(x). (7
(b) Find the exact value of (4). [2]
(c) Explain why the curve y = f(x) crosses the x-axis only once for x > 0. [2]
29 A curveChas gradient % = 3x? — 6x + k, where k is a constant.
(@ Show that C has no stationary points when k > 3. [4]
(b) Given that k = 3 and C passes through (1, —1), find the equation of C. [4
(c) Hence show that C meets the x-axis exactly once. [4

30 For x > 0 the function f satisfies f(x) = 6x + %, f(1) = 4 and f(1) = 4,

(@& Findf'(x). [3]
(b) Find f(x) and hence the exact value of f(2). [4
(c) Show that f has exactly one stationary point for x > 0, and find its x-coordinate in exact

form. (5]

Definite I ntegration

! Evaluate ‘F (2x+1)dx. (2]
2 2 a2

Evaluate j; (3x? — 2x) d x. (2
3 3

Evaluate_£ (4x + 1) d x. (2
4 2 2

Evaluate .[1 (x* — 2x) d x. (2
5 4 3

Evaluatej; —dx. (2

yx

6 2.3

Evaluate£ (x* = 4x) dx. 2]
7 . 4 2

Find the exact value of [~ (3yx + ) dx. (4]
8 Giventhat a> 1 and j;a (2x + 3) d x = 14, find the value of a. [4]

3

9 Find the exact value of [’ XXZZ dx. [4)
10 Evaluate lg X‘/;l dx. (4]
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11

12

13

14

15

16

17

18

19

20

Given that k > 0 and j;k (3x? + 2) d x = 12, find the value of k.

Given that _[5 f(x) dx = 7 and f f(x) dx = 4, find
@ [ fodx,
B [ @) +3)dx.

Show that £2 X(X — 2)%dx = %.

2 _ 1\2
(x 21) dX:§

2
Show that .[ < 5

The diagram shows the graph of y = f(x) for 0 = x < 6. The curve crosses the x-axisat x = 2 and x = 5.

Theregions A, B and C have areas 7, 4 and 2 respectively. The diagram is not drawn to scale.

¥

(@  Write down the value of i; ° f(x) d x.
(b) Find [° (2f(x) +3) dx.
(¢) Find _£ ? f(x) d x, and hence the total area enclosed by the curve, the x-axis and the lines

Xx=2and x =6.

Find the exact value of j;s Gyx + %) d x.

\/_
Evaluate Iz (3 +2x% + x) d x.

The number of bacteriain a culture, P thousand, grows at the rate % = 12\t, where t isthe

timein hours.
Find the increase in the number of bacteria betweent=4andt=9.

Giventhata>1and [ X—12 dx = % find the value of a

Given that i;l (px +g)dx=5and ‘[;3 (px + q) d x = 16, find the values of the constants p
and g.
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21

22

23

24

25

26

27

A student calculatesjj X—12 d x as follows:

1 1 3
[—312.= (%) - () =—5.
(@ Explain why the student's answer cannot be correct.

(b) Find [ X—lzdx.

(c) Hence, or otherwise, find j: 2_1 X—12 d x, and explain your answer in terms of symmetry.

(2]
(2]

(4]

Water flows into atank at arate q litres per minute, whereq = 12t — 3t?for 0 < t < 4 and t isthe timein

minutes.
The graph of q against t is shown.

qlk

12 4

t

1 2 3 4

(@ Find the maximum rate of flow.

(b) Find the total volume of water that flows into the tank during the first 4 minutes.

(c) Show that exactly 27 litres have flowed in by t = 3, and show that thisis the only time
intheinterval 0 <t < 4 at which 27 litres have flowed in.

The mean value of afunction f over theinterval a< x < bis b i a Lb f(x) d x.

(@ Find the mean value of f(x) = x?over 1 < x < 4.

(b)  Find the mean value of g(x) = 3x?> — 4x over 0 < x < k, giving your answer in terms of
k, and find k if the mean value is 8.

A particle moves on a straight line with velocity v =t> — 4t + 3ms ' at timet seconds, for 0 < t < 4.
(@ Find the times at which the particle is instantaneously at rest.

(b) Find the change in displacement fromt=0tot = 4.

(c) Findthetotal distancetravelled fromt=0tot=4.

Fora>0,letl(@= [~ (12— 3x)dx.

(@ Show that I(a) = 24a — 2a°.
(b) Find the value of afor which I(a) is greatest, and the greatest value.

Forx>0let F(x) = [ (3 + 1) dt.

(@ Show that F(x) = x3+x — 2.
(b) Find F(x) and explain why the equation F(x) = 8 has only one solution for x > 0. Find
it.

Given that k > 1 and [ (4x+%)dx=12:

(@ show that k® — 4k — 3=0.
(b) Hence find the exact value of k.

(3]
(3]

(3]

(4]

(4]

(2]
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(4]

(3]
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(3]

(4]

(4]
(4]
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28

29

30

Consider integrals of cubic polynomials between limits that are symmetrical about zero.

a 2
(@ Provethat, for a> 0, Ia EC+g+rx+s)dx= 2a(% +5), wherep, g, r and s are
constants.

(b) Henceevaluate [© (5 — 3x* + 4x + 7) dx.

(©)  Find the positive value of a such that LZ (6x*>+7x3 — 4 dx=0.

The function f is given by f(x) = x> — 4x + 3. For k > 0 let (k) = _L‘k f(x) d x.
_ 22
(8@ Show that (k) = <623,
(b) Hencefind al values of k > 0 for which I(k) = 0, and explain why I(k) = O for all k >
0.
(c) Interpret thisresult in terms of the graph of y = f(x).

For a positive integer n, let J(n) = £l (x"+x*") dx.

1 1

(@  Show that J(n) = nrl + n+ i
11

(b) Find the value of n for which J(n) = 8-

Area Under and Between Curves

Find the area of the region bounded by the curve y = 3x?, the x-axis and the lines x = 0 and x
=2

The diagram shows the curve y = x? + 1. The shaded region is bounded by the curve, the
x-axisand thelinesx = 1 and x = 3.
Find the area of the shaded region.

y
A NI
10 - y=x

v

Find the area of the region bounded by the liney = 4x, the x-axis and the linesx = 1 and x =
3.

Find the area of the region bounded by the curve y = x? + 2, the x-axis, the y-axis and the line
X =3.
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5 The diagram shows part of the curvey = \/§ . Find the exact area of the shaded region.

yh
y=vx
2 .
i x
(2]
6 Find the area bounded by the curvey = X—lz the x-axisand thelinesx =1 and x = 2. [2]
7 The diagram shows the curve y = x(x — 4). The shaded region R lies between the curve and
the x-axis.
Find the area of R.
y A
y=x(x — 4) /
4 x
-4 4
(4]
8 The diagram shows the curve y = x? and the line y = 2x, which intersect at the origin and at
the point P.
Find the coordinates of P and the area of the shaded region between the curve and the line.
y
A v = 2x
] P(2, 4)
y =x’
2 x
(4]
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9 The diagram shows the curve'y = x?> — 5x + 4, which crosses the x-axis at x = 1 and x = 4.
Find the area of the shaded region.
yn
4 - y=x*-5x+4
1 4 X

10  Thediagram shows the curvey = x(6 — x) and the line y = 2x, which meet at the origin and

at the point A.
Find the area of the shaded region between the curve and the line.
V4 y=x(6—x)
g -
A
y=2x

11 Thediagram shows the region R bounded by the curvey = x?, the y-axis and theliney = 4.
By integrating with respect to y, find the area of R.

yll

4 4

A\ 4

12 Theareaof the region bounded by the curvey = 6x?, the x-axis and the line x = k, where k >
0, is 16. Find the value of k.
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13 The diagram shows the curvey = x® — 4x. Find the total area of the two shaded regions.

lky y:x3—4x

=

(4]
14  Thediagram showsthe curvey = x(x — 2)(x + 1).
Find the total area of the two shaded regions enclosed by the curve and the x-axis.
P
/_1 2 X
y=xx-2)x+1)
(7]
15  The diagram shows the curvey = 9 — x? and the liney = x + 3, which intersect at A and B.
Ya y=9—x2
y=x+3
B
3\ «x
(@ Find the coordinates of A and B. [3]
(b) Find the area of the shaded region between the curve and the line. [4]
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16 Thediagram shows the curvey = x? and the liney = 2x + 3, which intersect at the points A

and B.
Find the coordinates of A and B, and the area of the shaded region.
yl\
94 y=2x+3
B
y=x
3
e
/ T T >
-1 3 X

(6]

17 The diagram shows the curve y = x? and the tangent to the curve at the point P(2, 4).

Find the equation of the tangent, and the area of the region bounded by the curve, the tangent
and the y-axis.

4
y=x*1
P
1 2 X
tangent
_4/
(6]
18  The diagram showsthe curvey = x® — 9x. Find the total area enclosed between the curve and
the x-axis.
N
y=x3—-9x

—]
w

(6]

stemup.co.uk | page 10



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Question Pack

19

20

21

22

The diagram shows the curve'y = x? and the line y = k, where k > 0. The shaded region
between them has area 36.

Show that the areais %k% and hence find the value of k.
yl\

e
n

(6]
2
The cross-section of atunnel is bounded by the horizontal ground and the curvey = 4 — XT
for —4 = x = 4, where x and y are in metres.
Find the area of the cross-section. The tunnel is 50 m long: find the volume of earth removed,
to 2 significant figures. [6]

The curve C has equation y = %. The points A(1, 8) and B(2, 2) lieon C.

The region R is bounded by C and the straight line AB, as shown.
yl\

.
T T »

1 2 X

(@ Find the equation of the line AB. [3]
(b) Find the exact area of R. [5]

For a> 0, the curvey = x(a — x) meets the x-axis at the origin and at the point (a, 0). Theregion R is

bounded by the curve and the x-axis.
3

(@ Show that the areaof Ris - 3]

(b) Given that the area of R is 36, find the value of a. [2]
() Forthisvalue of a, theliney = 2x divides R into two parts. Find the ratio of their areas,
in its simplest form. [4]
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23 The diagram shows the curves y = x® and the line y = x, which meet at three points.
Find the coordinates of the three points and the total area of the shaded regions.

y A

(7]
24  The diagram showsthe curvey = x(4 — x) and theliney = 3.
Find the area of the shaded region, which lies above the line and below the curve.
Y a
y=x(4—x)
=3
3 y
1 3 4 x

(7]

25  The diagram shows the curvey = x? for 0 < x < 2 and the rectangle OABC, where O is the origin, A is (2,
0), Bis(2, 4) and Cis (0, 4). The curve divides the rectangle into two regions, R and S.

C0, 4) B(2, 4)
S
y=x*
R
X
® >
O A(2, 0)
(@ Findthe area of R by integrating with respect to x. [3]
(b) By writing x in terms of y, find the area of S by integrating with respect to y. [4
(c) Hence verify that the areas of R and S add up to the area of the rectangle, and write
down the ratio of the area of R to the area of S. [2]

stemup.co.uk | page 12



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Question Pack

26 The diagram shows the region under the curve y = 3x? between x = 0 and x = 2. Theline x =
k divides the region into two parts of equal area.
Find the exact value of k.

v

W‘_
O
bad

(5]

27 The diagram shows the curve C with equation y = x3 — 6x2 + 8x. The curve crosses the x-axis at the origin
and at the points P and Q.

P
2\/ 4 x
(@ Find the x-coordinates of P and Q. [2]
(b) Show that the two shaded regions have equa areas, and state the exact value of the total
shaded area. (5]
(©)  Show that f(2 + h) = —f(2 — h) for f(x) = x® — 6x? + 8x, and explain how this relates to
your answer to (b). [3]

28  The diagram shows the curvey = 4x — x? and the liney = mx, where 0 < m < 4. The shaded region R lies
between the curve and the line.

yl\
y = 4x — x?
4 -
y = mx
AN
(@) Find the area of the region enclosed by the curve and the x-axis. [3]
(b)  Show that the line meetsthe curve againat x =4 — m. [2]
3
(©)  Show that the areaof Riis & 6m) . 3]
(d) Theline divides the area found in (@) into two equal parts. Find the exact value of m,
and give it to 3 significant figures. [4]
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29

30

The points A and B lie on the curve y = x? and have x-coordinates a and b respectively, where a< b. The
shaded region is bounded by the curve and the chord AB.

(@  Show that the equation of the chord AB isy = (a+ b)x — ab. [3]
_ 23

(b)  Show that the area of the shaded region is 223 [5]

(©) Hencefind the area enclosed by the curvey = x? and the liney = x + 2. 4

The diagram shows the region R bounded by the x-axis, the curvey = x? for 0 < x < 2, the curvey = %

for2 = x < 4andthelinex = 4.

(@ Show that the two curves meet at the point (2, 4). [2]
(b) Findthe areaof R. [5]
(c) Thelinex =k, where 2 <k < 4, divides R into two parts of equal area. Find the value of

K. (5]

Trigonometric Integration

1

Find f (4cosx — 3sin x) d x. [2]
Find f (sin 3x — 6cos 2x) d Xx. [3]
Find f (sec x tan x + 4cosec? X) d x. (2]
Find [ 8sin(3) d x. 2]
Evauate L% (sinx + cosx) d x. [2]
Find [ (5+ 2sec? x) d x. [2

The diagram shows part of the curve y = sin 2x. The shaded region is bounded by the curve,

the x-axis and the line x = I

3
Find the exact area of the shaded region. Angles are in radians.
y A
y = sin 2x
1 .
N x
(4]
Find the exact value of _L‘E (cos x + sec? 2x) d x. [4]
Find the exact value of £§ 3cot? x d X. [5]

6
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10

11

12

13

14

15

16

17

18

Usecostzl—Zsinzxtofindf sin®x dx. [4]
Find the exact value of ﬁf 4cos(2x — %) dx. [4]
Usetanzx:seczx—ltofindf tan® x d x. [2]
Find the exact value of £% cos® x d X. [4]

Use a double angle identity in this question.

(8 Show that sin® = (1 — cos 2X). 2

(b) Hence find the exact value of 1;5 sin® d x. [4

The diagram showsthecurvesy =sin2xandy =sinxfor0 = x < % The curves meet at the origin and at

the point where x = a. The shaded region lies between the curves.

Ya
1 y = sin 2x
¥y =sinx
%
(@ Show thata= % (3]
(b)  Find the exact area of the shaded region. (4]
Find the exact value of _£7 (1 + cosx)?d x. [6]
o 2 - E _n

Showtha¢£ tan®2x dx = > 5" [5]

Given that sin(A + B) + sin(A — B) = 2sin A cos B, find the exact value of the following
integral.

1;5 sin 3x cos x d x [6]
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19

20

21

22

23

24

The diagram shows the curvesy =cosx andy =sinxfor0 = x < %

Find the exact area of the shaded region between the curves and the y-axis.

Ya
Y =Co8X

1--\

y=sinx

v

/4 /2 X

Show that £§ cosec? x d X = %E
6
in3
A student writes: f cos’x d x = S'g X s ¢
(@  Show that the student's answer is wrong.
(b) Usecos 2x = 2cos’x — 1 to find f cos’x d X.

(¢) Hencefind the exact value of £5 4c0s’x d X.
6

(6]

(2]
(3]

(3]

The voltage V voltsin an aternating supply at time t seconds is modelled by V = 12sin(10011t), as shown in

the diagram. One complete cycle takes 0.02 seconds.
v A
12 -

il 4

0.01 0.02

—-12 4

(@ Show that V2 = 72(1 — cos 200r1t).
(b)  Find the mean value of V2 over one complete cycle, given that the mean value of a
function over an interval is the integral divided by the length of the interval.

(©)  The root mean square (RMS) voltage is the square root of the mean value of V2. Find
the RM S voltage, giving your answer to 3 significant figures.

Find the exact value of £7 sin® x d x.

Consider the function f(x) = (sin x + cos x)*.
(@& Show that f(x) =1+ sin 2x.

(b) Hence find the exact value of _£7 f(x) d x.

(¢) Hencefind the mean value of f(x) over 0 = x = %

(2]

(4]

(2]
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25

26

27

28

29

30

II
forO0=x = =.

N

Consider the function f(x) = 1+—cl:osx

(@ Usecos20 =2cos’0 — 1to show that 1 + cosx = 20032(%).

(b) Hence find the exact value of £? f(x) d x.

7 l+sinx

1+ cosx dx.

(¢) Hencefind the exact value of _£

A curve has gradient % =4s nz(%) and passes through the point (11, 0).

Find the exact value of y when x = %

It is given that sin 3x = 3sin x — 4sin®x.

(8 Show that sin® = 7 (3sinx — sin 3x).

(b) Hencefind [ sinx dx.

(©) Findthe exact value of [ sin® dx.
o . 3 _ 4

(d) Showthat£ smxdx-§.

The diagram shows the curve C with equationy = 2sin x — sin 2x for 0 = x < 1. Angles are in radians.

¥

| .
T »
I x

I 1

(@ Show thaty = 2sin x(1 — cos x), and hence explainwhy y = Ofor 0 = x < 1.
(b) Find the exact area of the region bounded by C and the x-axis.

()  Show that the maximum point P on C has x-coordinate %H and find the exact

y-coordinate of P.

It is given that cos 3x = 4cos® x — 3cos X.
(@ Provethisidentity, starting from cos 3x = cos(2x + X).

(b)  Hence show that cos® x = %(cos 3x + 3c0s X).

Hence find the exact value of 1;5 cos® x d X.

() Find the exact area of the region between the curvesy = cos x and y = cos® x for 0 < x
= % and explain which curve is above.

Use the identity 2sin P sin Q = cos(P — Q) — cos(P + Q) in this question.

(@  Show that J;H sin2xsin3xdx =0.

(b) Let mand n be different positive integers. Prove that £n snmxsinnxdx=0.

(¢) Find £H sin? nx d x for a positive integer n.

(2]
(4]
(3]

(2]
(4]
(3]
(2]

(3]
(4]

(4]

(4]

(4]

(4]

(3]
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Exponential and L ogarithmic I ntegration

1

10

11

12

13

14

. s 5
Find [ (*+2)dx.
. 6
Flndf mdx
Find [ (3¢ + 2) dx.
X

Findf e d x.
. 1 3X
F|ndtheexactvalueof£ e’ dx.
Findf 12e§dx.
. In3 2%
Flndtheexactvalueof£ 4e” d X.

3 5 5
ShOWthatI mdx—iln&
. In2 _
Find the exact valueof£ (e +e ) dx.
Find [ (€' +1)?dx.

Find the exact value of [[* (3 - %) dx.

Show tha¢_£ 5 dx= 2In 2

A curve has gradlent d = 2¢? ; for x > 0 and passes through (1, 5).

Find the equation of the curve.

The diagram shows the region R bounded by the curvey = g the x-axis and the linesx = 1 and x = k,

wherek > 1.
Ya
3
y = 3/X
R
i koox

(@ Show that the areaof Ris 3In k.
(b) Given that the area of R is 6ln 2, find the value of k.
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(2]

(2]

(2]

(2]

(2]

(2]

(4]

(4]

(4]

(3]

(4]

(4]

(4]

(3]
(3]
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15 2 (x+1)? 7

Show that [~ == dx=%+In2 6]
16 ' e +3

Fmdf = dx. [4]
17 5 x+1 _

Show that [ ~—7 dx=3+4in2 5]
18 Given that a> 0 and La 2e* d x = 15, find the exact value of a [5]

19  The number of undecayed nuclei in asampleis N thousand at time t hours. It is modelled by

9N = —24679%, and N = 100 when t = 0.
Find N in terms of t, and state what happensto N in the long term. [5]

20  Thediagram shows the curvesy = €* and y = e . Find the exact area of the shaded region
bounded by the two curves, the line x = 1 and the y-axis.

Vo

1/
1 X
(4]
21 Oil leaks from atank at arate of 40e~% litres per minute, where t is the time in minutes after the leak
starts.
(@ Find the volume of ail lost in the first 10 minutes, giving your answer to 3 significant
figures. [3]
(b)  Show that, however long the leak continues, the volume of oil lost is aways less than
400 litres. [2]
(c) Find the time at which 300 litres have been lost, giving your answer in minutesto 3
significant figures. [3]
22 A student calculates [2 X dx=[Ink]2,=In2 —In1=In2
(@ Explain why thisworking is not valid. [2]
. -11
(b) Find the exact value of 1:4 X dx. 2]

(c) Explain why your answer to (b) is negative, although the area between the graph and the
x-axis from x = —4 to x = —1 is positive. State the area, in the form p In 2. [3]
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23 The diagram shows the curvey = 8 — e, which meets the x-axis at the point (a, 0).
Find the exact value of a, and show that the area of the shaded regionis 12In 2 — %

Ya o
8 y=8-e
\

[7]

24 A well produces oil at the rate r = 50 + 30e™%* thousand litres per hour, where t is the time in hours after
production starts.

(@ Find the exact total production in the first 4 hours. [4
(b) Find the time at which the rate of production first falls to 55 thousand litres per hour. [3]

25  Thediagram shows the curvesy = €* and y = 3e™*, which meet at the point where x = a
Show that a= %I n 3, and find the exact area of the shaded region bounded by the curves and
the y-axis.

y A

N

y=e
1
—1
y=3e™*¥
a x
(7]
H " 1 ”
26 A student writes: f T—x dx=1In[1—x|+c”.
(@ Show, by differentiating, that this is incorrect. [3]
(b) Find the correct value of jj 1 i - dx. [4
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27 The diagram shows the curve C with equation y = € — 4e*. The curve has a minimum point at P.

Y o a
y=e2"—4e"/

In4 X

-4 4

P
(@ Find the exact coordinates of the point where C crosses the x-axis. [2]
(b) Find the exact coordinates of P. [4
() Find the exact area of the shaded region bounded by C, the x-axis and the y-axis. [5]

28 The diagram shows the curvey = ; and theliney =5 — x, which intersect at the points A and B. The
shaded region R lies between the curve and the line.

y A

4 -

1 -
(@  Show that the x-coordinates of A and B are 1 and 4. [3]
(b) Show that the areaof Ris 5> — 8In 2. [5]

(c) Useatrapezium and your answer to (b) to find [4 ; d x, and verify your answer by

integrating directly. (4]

29  Thecurve C has equation y = €. The tangent to C at the point P(a, €% isthelinel.

y A
y=e*
P
1
]
1 x
(& Show that the equation of | isy = €’(x — a+ 1). [4
(b)  Show that | passes through the origin only when a= 1. [3]
(¢) Thediagram shows C, the line | when a= 1 and the y-axis. Find the exact area of the
shaded region. (5]

stemup.co.uk | page 21



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Question Pack

30

The diagram shows the curvey = % for x > 0 and four rectangles. The r th rectangle has width 1 and height

%, forr=1, 2, 3, 4, and its top-left corner lies on the curve.

. n 1
@ Fmdj; ;dx, wheren > 1.
n-1
(b) ExplainwhyIn5<1+ % + % + %, and generalise to show that In n < 2 % forn= 2.
r=1
1 1

1
(¢) Hence show that 1 + 5tzt.tgg> 4.6.

I ntegration by Substitution

1

10

11

Use the substitution u=3x — 2tofind [ (3x — 2)*dx.
Use the substitution u = x? + 1 to find f 2x(x? + 1)3d x.

Use the substitution u = 2x — 1 to find f (2)(—21)3 d x.

Use the substitution u=x* + L to find [~ 3x*(x® + 1)* d x.
Use the substitution u = x? to find f xe< d x.

Use the substitution u = x? + 1 to evaluate 1:1 2x(x? + 1)? d x.

The diagram shows the curvey = x\/x2 + 1. The shaded region is bounded by the curve, the
x-axis and the line x =+3.
Use the substitution u = x? + 1 to find the exact area of the shaded region.

ry

y=x\/x2+1

COSs X

Use the substitution u = 1 + sin x to find the exact value of 1;5 m

Use the substitution u = 2x — 1 to find f % dx.

Use the substitution u = sin x to find the exact value of 1;5 cosx sin® x d x.

X
xZ+1

d x.

Use the substitution u = x2 + 1 to find f
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(2]

(4]

(3]

(3]

(3]

(2]

(2]

(2]

(2]

(4]

(4]

(4]

(4]

(4]



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Question Pack

12

13

14

15

16

17

18

19

20

21

22

23

L 3 X 8
Use the substitution u = x + 1 to show that j; ——dx=3.
1/x+1

-3
- S n2 ¢
Use the substitution u = 1 + € to find the exact value of _£ T+ & d x.
Use the substitution u = x? + 4 to show that £2 26X dx=3In2
X“+4
. . % In3 e2X
Use the substitution u = € +1toshowthat£ i1 dx=2-1In2

Use the substitution u = 1 — x to show that £1 Xx(1—=x)°dx= 4—12.

Show that LE tan x d x = In 2, using the substitution u = cos x.

Use the substitution u = 1 + 4/x to find f‘ m d x.

Use the substitution u = 1 + sin? x to find the exact value of J;i smx_;ogx
1+s8n°x
N 4 1
Use the substitution u = yx to show that dx=4-2n3.
\/_ L 1+4x

The diagram shows the curvey = ﬁ for x = 0. The shaded region R is bounded by the curve, the

x-axis and the line x = 4.
yn

[
T L
X

4

(8 Useu=2x+1toshow thattheareaof Ris 7 [* (U7 — u™?) du.

(b) Hence find the exact area of R.

This question is about integrals of odd powers of cos x. Use the substitution u = sin x throughout.

(@ Show that £5 cos’x d x = £l 1-uvd)du
(b) Hence evaluate £ Z cos’x d x.

() Find the exact value of 1)‘ Z cos’x d x.

Use the substitution u = 1 — x? to find the exact value of 1;1 x3/1 — x% dx.
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(4]

(4]

(6]

(5]

(5]

(5]

(5]

(6]

(4]
(4]

(2]
(3]

(8]
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24 The diagram shows the curvey = 4 — x? for 0 < x < 2 and the region R under it.
Use the substitution x = 2sin 8 to show that the area of R is 1. Explain how you could check

this geometrically.
y A

21 y=V4-x?

v

-

N
=

1
e+1

d x. [6]

25 Use the substitution u = €* to find the exact value of fnz

26 The diagram shows the curve C with equation y = xe™ for x = 0 and the region R bounded by C, the
x-axis and the line x = 2.

d

y=xe

R

[
T T Ll

1 2 X

(@ Find the exact coordinates of the maximum point of C.
(b) Usethe substitution u = x? to find the exact area of R.

27 The diagram shows the curve C with equation y = InTX for x > 0. C has a maximum point M.

g

(8 Find the exact coordinates of M. [4]
(b) Usethe substitution u = In x to find the exact area of the shaded region bounded by C,
the x-axis and the line x = €2,
2
(c)  Show that the area between C, the x-axis and the line x = € (k > 0) is k? and find the

value of k for which thisareais 8. [3]
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28 Let f be afunction that is continuous on the interval 0 < x < a, wherea> 0.
(@ By using the substitution u=a— x, provethat [ f(x) dx = [" fla—x) dx.

COs X

_r3 sin x _r3
(o) Letl —£2 Srx+ cosx U X Usethe result of part (a)toshowthatl—_g2
d x.

(¢) Hencefind the exact value of I.

29 _r 1
Letl = [ o 9
(@ Usethe substitution x = tan 6 to show that | = ‘L‘Z cos’ 0 d 6.
(b) Hencefind the exact value of I.
. 1 X2
(¢) Hencefind the exact value of 1; T+x07 dx
30

For integersn = 0, let In:£Z tan” x d x.

(@ Showthatl,+1,,= 7 fornz2
(b) Findlyand I,, and hence the exact value of 1 ,.

(c) By considering the sign of |, show that 1T > %.

Integration by Parts

1 Use integration by parts to find f x e dx.

Use integration by parts to find f X cos x d X.
3 Find [ xe*dx.

4 Findf x sinxdx.

5 Findf 3xe ™ dx.

6 Findf xez d x.

7 Findfxsiandx.

& Find [ xInxdx.

Find the exact value of _£7 X cos X d X.

10 Find the exact value of J;e x?Inx dx.

11 Findf X cos 3x d x.
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Sin X + COS X

(5]

(3]
(4]

(4]
(3]

(5]
(2]

(3]

(2]

(2]

(2]

(4]

(4]

(4]

(4]

(4]
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12

13

14

15

16

17

18

19

20

21

Show that 1;2 xeXdx=1-—3e2
. In x
Flndf 7dx.

show that [* (2x + e dx = e+ 1.
Integration by parts can be used to integrate In Xx.
(@ BywitingInxas1xIinx,find [ Inxdx.

(b)  Hence show that jl‘e (Inx)?’dx=e— 2.

Find f x%e* d x.

1_[2

Showthatl;? x? cosxdx =7 — 2

Use integration by parts to find the exact value of £3 xyx +1dx.

show that [* "X dx = 23In3 — 43 +4.

\/;

Giventhat a> 1 and _[a Inx d x =1, find the exact value of a.

The diagram shows the curve'y = x%e™* for x = 0. The point S is the maximum point.

Y

\4

1 2 X

(@ Find [ x%e™dx.

(b) Find the exact area of the region bounded by the curve, the x-axis and the line x = 1.

() Find the exact coordinates of S.
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(4]

(4]

(5]

(3]

(4]

(5]

(5]

(6]

(6]

(5]

(4]

(2]
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22

23

24

25

26

27

The diagram showsthecurvey = e sinxforO < x < m. Let | = f e sinxdx.
¥

y =e*sinx

v

(@) Useintegration by parts twice to show that | = %e"(sin X — COSX) + C.

(b) Hencefind the exact area of the shaded region, and give it to 3 significant figures.

Showthat_[)‘I xseczxdx:%—%lnz.

The diagram shows the curve y = (x — 2)€”, which crosses the axes at (2, 0) and (0, —2). The curve has a

minimum point M.
Find the exact coordinates of M, and the exact area of the shaded region R.

y
P y=x-2e /

2 X

R

N

M

(@ Find the coordinates of M.
(b) Findthe areaof R.

Find the exact value of £7 X cos? x d X.

Use the substitution u = \/§ , followed by integration by parts, to show that £ "efdx=2

For integersn= 0, let |, = £1 x"e* d x.

(& Showthatl,=e—nl  forn=1

(b) Find the exact value of 1, and use the result in (a) to find the exact value of | ;.
(c0 Explainwhy I;> 0, and hence show that e < 3.
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28  The diagram shows the curve C with equation y = x In x for x > 0, and the line y = x. The curve and the line
meet at the point A. The shaded region R is bounded by C, theliney = x and the linex = 1.

y A

v

-0.5 1 y=xInx
(@ Find the exact coordinates of the stationary point of C, and determine its nature. [4]
(b)  Show that j;e xInxdx= %(e2+ 1). [4]
(¢) Hencefind the exact area of R. [3]
29 ForintegersnzO,IetJn:£E sin" x d x.
(@ Showthat J, = %Jn_z forn= 2. 6]
(b) Hence find the exact values of J; and J;. [5]
30 Lak :f e* cos 3x d x.
2X
(@ By using integration by parts twice, show that K = e—(Zcos 3Xx + 3sin 3x) + . [6]
13
(b) Thecurvey = e* cos 3x crosses the x-axis at X = %. Find the exact area of the region

II
E’
figures. (4

between the curve, the y-axis and the x-axisfor 0 < x < and give it to 3 significant

Integration Using Partial Fractions

1

Express szis) in partial fractions. [3]
2 Find [ g 9% [5]
3 And [ coenry 4% [5]
4 Express % in partial fractions. [3]
5 Express % in partial fractions. [3]
©  Find [ 2 dx [5]
T Find [ D 4% [5]
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10

11

12

13

14

15

16

17

18

19

20

21

22

1 3X+5 _
Showthat_[; de—lﬂG
. 4 5x +3
Find the exact value of l m dx.

Express #&ED in partial fractions.
_ 5x + 10
Let f(X) = m

(@) Expressf(x) in partia fractions.
(b) Hencefind [ f(x)dx.

. 6
Flndf mdx

X% + 8x

4
EXpress (1 — 1)

in partial fractions.

6x° + 19x + 11
Fmdf X Px=1) dx.

2
Find the exact value of j;a %

x> +8x+9

Flndf m d x.

4x% — 13x — 12
Flndf XX +2)(x — 3) dx.

2 32

2
ShOWthat‘ﬁ mdlenﬁ.

122+ 11x + 14

Findtheexactvalueof£ mdx'
x3 +4x +6x—5
Flndf “Dx+ dx.
I 42+3x—4 _ A B C
Itlsglventhatm=y+m+x_2_

(@ Findthevaluesof A, B and C.
2 —
(b) Hence find the exact value of L“ W

In2+bln3+cln5wherea b and c arerational.
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2 d x, giving your answer in the form a

(4]

(6]

(8]

(6]

(8]

(8]

(9]
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23 The diagram shows the curve with equation y = W‘m for x = —0.3. The shaded region R is
bounded by the curve, the coordinate axes and the line x = 1.
y
\A
N V)
1 -
1 x
4 . . .
(& Express wiDx+gy " partial fractions. [3]
(b) Hence show that the area of R is 2| n%. 4
24 Giventhatk>0and [ mdxﬂnz, find the value of k. [6]
25 , 1 23+ 12¢% + 21x + 13
Find the exact value of _£ X+ )P+ 2) [9]
26 A student attempts to find f Wl(mz) d x asfollows:
“ 1 1 1 . . ”
DX - x+1 MY so theintegral isInjx + 1| + Injx + 2| + c.
(@  Show that the student's partia fractions are wrong. [3]
. 1
(b)  Find the correct value of f (TR dx. [5]
27 d
For positive integersn let S, = Z ﬁ
(@) Express X(X—1+2) in partial fractions. [3]
3 1,1 1
(b) Hence show that S, = i E(m + m) [5]
(0 Find the exact value of [ X(X—1+2) d x and show that it is less than 51n 3 for every n >
1. (4]
28 The function f is defined by f(x) = —PX29__\where p and q are constants. Given that f(0)
Y1) = G+ Dx+2) pandg
=;and£2 f(x) d x =1n 72, find the values of p and q. [9]
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29 The diagram shows the curve with equation y = X+ Dx+2) 1)%( )

meet at the point P. The shaded region is bounded by the curve, the line and the y-axis.

\JL
3

and the liney = 1. The curve and the line

_ 6
V= Da+2

=1
1 A \y
1 x
(@  Show that the x-coordinate of Pis 1. [2]
6 . . .
(b) Express I Dx+2) in partial fractions. [3]
(c) Hence show that the area of the shaded region is 6l n% -1 [4
30 COS X 4

Showthat_[? ( dx=Inz. [7]

1+snx)(2+sinx)

Parametric I ntegration

1 The curve C has parametric equationsx = 2t,y = t? for0 < t < 3.
Find the area of the region bounded by C, the x-axis and the line x = 6. [3]

2 A curve has parametric equations x = t?,y = 4t, t > 0.
Find the area of the region bounded by the curve, the x-axis and the linest = 1 and t = 3 (that

isx=1landx=9). (3
3 A curve has parametric equationsx =t + 1, y = t2

Find the area under the curve between x =2 and X = 4. [3]
4 A curve has parametric equationsx = €',y = e,

Find the area under the curve between x =1 and x = e. [4]

5 The curve C has parametric equationsx = t3,y =t, t = 0.

Find the areaunder C betweent=1andt = 2. [3]
6 A curve has parametric equations x = 3t, y = 2 + t°.

Write the area under the curve between x = 0 and x = 6 as an integral in terms of t, and

evaluate it. [3]
7 A curve has parametric equationsx = cost,y =sint,for0 st = %

Show that the area under the curve between x =0and x = 1is %. [5]
8 A curve has parametric equations x =t + 1, y = 2t.

Find the area under the curve between x =2 and x = 9. [6]
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9 The diagram shows the curve with parametric equationsx = t%, y =3t — t>, for 0 < t < 3.
Find the area of the shaded region bounded by the curve and the x-axis.

¥

x=t%, y=3t—t?

v

9 X
(5]

10 A curve has parametric equations x = e*, y = €.

Find the exact area under the curve betweent=0andt =1n 2. [5]
11 The curve C has parametric equationsx = 2sint,y = 4cost,0 <t < %

Find the area under C between x =0 and x = 2. [6]
12 . . _ _3

A curve has parametric equationsx =2t + 1,y = T fort>0.

Find the area under the curve betweent =1 andt = e. [5]
13 A curve has parametric equations x = t?, y = Int, for t = 1.

Find the exact area under the curve betweent =1 andt=e. [6]
14 ; ; _ _ o

A curve has parametric equations x = tant, y = cos’ t, for 0 < t < 5

Show that the area under the curve between x =0and x = 1is %. [5]
15 . . . . o

A curve has parametric equationsx = 4sint,y =sin2t,for0 st < 5

Find the area under the curve between x = 0 and x = 4. [6]
16 The curve C has parametric equations x = t?, y = 2t + 1, for t = 0.

The region R is bounded by C, the y-axis and the linesy = 1 and y = 5. Find the area of R by

integrating with respect to y. [5]
17 A curve has parametric equations x = % y =t?+ 1, for t > 0. A student finds the area under the curve

between x = % and x = 1 asfollows:

«Jdx 1 _ (2 1 _ 3,

qt =~ o aeas [ @+ N(-z)dt=—3.
(@ Explain why this answer cannot be correct and identify the error. [2]
(b) Find the correct area. [3]

18  Theédlipse E has parametric equations X = 2cost, y = 3sint, for 0 < t < 211.
Show that the area enclosed between the upper half of E and the x-axisis 3i1. [5]
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19 A curve C has parametric equationsx =3t + 1,y = 1—?, fort>0.

The region R is bounded by C, the x-axis and the linesx = 4 and x = 10.

(@ Show that the area of R is given by jl's % dt.

(b) Hencefind the area of R.

(c) Show that the Cartesian equation of Cisy =

62
(x — 1%
by integrating with respect to x.

20 A curve C has parametric equationsx =9 — t, y = t(t + 1), for 0 < t < 3.
C meets the x-axis at the point P and the y-axis at the point Q.
(@ Find the coordinates of P and Q.
(b) Find the area of the region bounded by C, the x-axis and the y-axis.

21 A curve has parametric equations x = t, y = te™, for t = 0.
Find the exact area under the curve betweent=0and t = 1.

22 A curve has parametric equations x = 3cost,y =2sin 2t,for0 =t < %

Find the area of the region bounded by the curve, the x-axis and the y-axis.

23 The diagram shows the curve with parametric equations x =t + 1, y = t(6 — t?), for t = 0.

The curve meets the x-axis at the points A and B.
Find the coordinates of A and B, and the exact area of the shaded region.

¥

x=t*+1
y=1t(6—t?)

v

24 The curve C has parametric equations x = t, y = 2t, for t = 0. The point P on C has parameter

t = 2, and the line | passes through the origin O and P.
Find the area of the region bounded by C and I.

yl\

P
41c

v

1
1+é"
Show that the area under the curve between x =1 and x = 3isin 2.

25

A curve has parametric equationsx = €',y =

and verify your answer to part (b)

(3]

(4]

(2]
(6]
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26 A curve C has parametric equationsx = 6¢os 0,y =2sin9,for 0= 6 < >-

The region R is bounded by C, theliney = 1 and the y-axis.
(@ Find the value of 8, and the x-coordinate, at the point where C meetsthe liney = 1.

(b)  Show that the areaof Risgiven by [;? 12c0s*6 d 6.
6
(¢) Hencefind the exact area of R.

(2]
(3]
(5]

27 The diagram shows the closed loop formed by the curve with parametric equations x = t2, y = t(t> — 3), for

—y/3 = t = /3. The loop meets the x-axis a the origin O and at the point A.

x=t%, y=tt*-3)

v

w
x

(@ Find the coordinates of A.
(b)  Show that the area of the region R enclosed by the loop is ZJA%E.

28  Thedllipse E has parametric equationsx = acost,y = b sint, for 0 < t < 2, where aand b are positive

constants.
(@ Show that the area of the region in the first quadrant bounded by E and the axes is
mab
i
(b) Hence write down the area enclosed by E, and state the area enclosed by the ellipse with
a=5andb=3.

(c) Show that acircleisaspecia case, and state the corresponding area formula.

29 A curvehas parametric equations x = cos® t,y = sint, for0 <t <

[NTj=]

(@ Show that the area of the region bounded by the curve and the axesis 3 _g 2 sin*t cos’ t

dt.
(b) Usesin2t=2sintcostandcos2t=1— 2sin®t to show that

sin*tcos’t = %sin2 2t(1 — cos 2t).

(¢) Hencefind the exact area.

30 Adcircleof radius arolls aong the x-axis. A point on its circumference traces the curve with parametric

equationsx = aft — sint), y =a(l — cost) for 0 = t = 211 (one arch of a cycloid).

(@ Find % and explain why the area under one arch is £2H y (:i_)t( d t between suitable
limits.

(b)  Show that the area under one arch is 3m a°.

() Hence state the ratio of the area under one arch to the area of the rolling circle.

Differential Equations

1 Show that y = 3¢ is a solution of the differential equation % =2y.

Find the genera solution of the differential equation % = 4x.

(2]
(7]

(6]

(3]
(2]

(4]

(3]
(5]

(3]
(6]
(2]

(2]
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3 Solve % = 3y, given that y = 2 when x = 0. [2]
4 Find the general solution of % =X [2]
y

5 The rate of increase of the population P of a colony is proportional to P. Write down a

differential equation for P in terms of the timet, using k for the constant of proportionality. [2]
6 Find the genera solution of % = % forx>0,y>0. [2]
7 Find the genera solution of % = % giving your answer in the form y® = f(x). [4
8 Solve % = 3y?, given that y = 1 when x = 0. Givey in terms of x. [4]
9 Solve the differential equatlon d =y cos X, given that y = 2 when x = 0. [4]
10 dy _ .y _ _ : .

Solve dx - X€’, given that y = 0 when x = 0. Givey in terms of x. [4]
11 Find the general solution of the differential equation % =2€e* 7Y, giving y in terms of x. [3]
12 The population P of atown t years after 2020 SaIISerS = 0.04P, and P = 500 000 when t =

0.

Find P in terms of t, and the time for the population to double, to 3 significant figures. [4
13 Find the general solution of xd =y—1,forx>0andy>1, givingy interms of x. [3]
14 dy _ X , _ _ .

Solve the differential equation X~ ya+xd)’ giventhaty =2whenx =0, andy > 0. Givey

in terms of x. [5]

15 A mug of teaat 90 °C isleft in aroom at 20 °C. The temperature 0 °C at time t minutes
do

satisfies — T = —k(B — 20), where k is a positive constant. After 10 minutes the teais at 60
°C.
Find the value of k and the time taken for the teato cool to 30 °C, to 3 significant figures. 7

16 \water drains from atank so that the volume V litres at time t minutes satisfies o(lj_\t/ = —kyV,

where k is a positive constant. Initially V = 100 and after 5 minutes V = 64.
Find the time at which the tank is empty. [6]

II

Solve the differential equatlon d =y tanx, giventhat y = 3when x = 0, for —5 <X< 5. [5]

17

18 A radioactive isotope decays so that the mass m satisfies %—T = —km, wherek >0 and tisin years. The

half-life of the isotope is 5 years.

(8 Show thatk = o2, [3

(b) Findthe percentage of the isotope remaining after 12 years, and the time for 90% to
decay. (4]
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19

20

21

22

23

24

25

The differential equation % = —§ has solution curves that are semicircles, some of which

are shown in the diagram. The solution curve C passes through the point (3, 4).
Solve the differential equation and find the equation of C. State the gradient of C at (3, 4).

g
(3, 4)
s 5 x
(5]
. . dy o
leenthatsmycosyﬁ :xexandthatyziwhenxzo,
show that sin’y = 2e*(x — 1) + 3. (7]
A fish population P (in hundreds) in alake satisfies % = 0.1P — 20, wheret isthetimein years, and P =
400 when t = 0. The 20 represents fish caught each year.
(@ Solvethe differential equation to show that P = 200 + 200e”*. [5]
(b) Find the time at which the population first reaches 1000 (hundred), to 3 significant
figures. (2]

A drug isinfused into a patient at a constant rate. The concentration C mg per litre at time t hours satisfies

9€ =8 - 05C, and C=Owhent =0,

(@ Show that C = 16(1 — e %), [5]
(b) Find the long-term concentration, and the time for the concentration to reach 12 mg per
litre. [3]

A curve has the property that, at every point (x, y) with x > 0, its gradient is twice the gradient
of the line joining (X, y) to the origin. The curve passes through the point (2, 12).

Form a differential equation, solve it, and find the equation of the curve. [7
A raindrop is a sphere of radiusr mm. It evaporates at a rate proportional to its surface area, so that %—\t/ =
—411k r?, where V = %H r¥ isits volume, t isin seconds and k > 0.
(@ Showthat 37 = —k. (3
(b) Initidly r = 2 and after 5 seconds r = 1. Find the time at which the raindrop disappears

completely. [3]
A population P of insects satisfies the differential equation % = kP?, wheret isthe time in weeks and k is

a positive constant.
Initially P = 1000 and after 4 weeks P = 2000.
8000

(@ Solve the differential equation to show that P = Fpe [6]

(b) Find the value of t at which the model predicts that P becomes infinite, and explain why
the model is unrealistic for largett. [2]
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26

27

28

29

30

A tank contains 200 litres of pure water. Brine containing 0.5 kg of salt per litre flowsin at 2 litres per
minute, and the well-mixed solution flows out at 2 litres per minute. Let x kg be the mass of sdlt in the tank
after t minutes.

X

dx _
(@ Show that at - 1- 100" [3]
(b) Solveto find x in terms of t, and find the time at which the mass of salt is 50 kg. [5]

A rumour spreads through a school of 50 pupils. The number x who have heard it at time t days satisfies

?;I_)t( :%,Withx:SWhent:O.
(@) Express )((50—1_)() in partial fractions. [2]
(b) Solve the differential equation to show that x = l+5—ge“' [5]
() Find the time at which half the school has heard the rumour, and the long-term value of

X. (3]

The diagram shows the curves y = kx? (solid) for three values of the constant k, together with three further
curves (dashed) that cross each of them at right angles.

\u§}
W

.

(@ Show that every curvey = kx? satisfies % = % [2]
(b) A curvethat crosses every curvey = kx? at right angles satisfies % = _ZLy' Solve this

equation and show that its solutions are x? + 2y? = C. [4]
(c) Find the equation of the curve of this second family that passes through (2, 1), and the

points where it meetsy = x2. [4]
The function y(x) satisfies 3% = y?* with y = 1 when x = 0.

_ 1

(@ Showthaty= & [4
(b) Find the largest value of x for which this solution is defined, and describe what happens

to y as x approaches that value from below. [4
(c) Explain why asolution curve cannot be continued past x = In 2 as a smooth function. [2]

. . 1 dv _ 100 — v _ _
A parachutist falls with speed v m s™* at time t seconds, where gt 10 andv=0whent=0.
1 _r 1 1. . .
(@  Show that f 00— 2 dv= f 10 dt, and express 00— in partial fractions. [4]
10(e* — 1)

(b) Hence show that v = Fr1 [5]

(c) State the terminal speed and find the time to reach half of it. [3]



StemUp | A Level Mathematics | Pure Mathematics: Integration and Differential Equations | Question Pack

Volumes of Revolution

1 The region bounded by the liney = X, the x-axis and the line x = 3 is rotated through 360°
about the x-axis.
Find the exact volume of the solid formed. [4]

2 The region bounded by the curvey = \/Y , the x-axis and the line x = 4 is rotated through 211
radians about the x-axis.
Find the exact volume of the solid formed. [4]

3 The region bounded by the curve y = x?, the x-axis and the line x = 2 is rotated through 360°
about the x-axis.
Find the exact volume of the solid generated. [4]

4 The region bounded by y = €*, the axes and the line x = 1 is rotated through 360° about the
X-axis.
Find the exact volume of the solid formed. [4]

5 The region bounded by the curvey = x? (x = 0), the y-axis and the liney = 4 is rotated
through 360° about the y-axis.
Find the exact volume of the solid formed. [3]

The region bounded by y = % the x-axis and the lines x = 1 and x = 3 is rotated through 360°

about the x-axis.
Find the exact volume of the solid formed. [4]

7 The diagram shows the curvey = sin x for 0 < x < 1. The shaded region is rotated through
360° about the x-axis.
Find the exact volume of the solid formed.

yll

y=sinx
1 -

v

I X
(5]

8 The region enclosed by the curvey = 3x — x? and the x-axis is rotated through 360° about the

X-axis.

Find the exact volume of the solid formed. [5]
9 The semicircley =4 — x? is rotated through 360° about the x-axis to form a sphere of radius

2.

Use integration to show that the volume of the sphereis ?’Z—H. [5]

3
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10

11

12

13

14

15

16

17

The diagram shows the line y = 2x. The shaded triangle, bounded by the line, the x-axis and
the line x = 3, isrotated through 360° about the x-axis to form a cone.

Find the exact volume of the cone, and check your answer using the formula %1‘[ r? h.

yl\
6 -

y=2x

\4

The region bounded by the curvey = x3, the y-axis and the line y = 8 is rotated through 360°
about the y-axis.
Find the exact volume of the solid formed.

The region bounded by the curvey = 3 + % the x-axis and the lines x = 1 and x = 2 is rotated

through 360° about the x-axis. Find the exact volume of the solid formed.

The diagram shows the line y = x and the curve y = x% The shaded region between them is
rotated through 360° about the x-axis.
Find the exact volume of the solid formed.

yll

. 4

v

The region R is bounded by the curvey = In x, they-axisand thelinesy =0andy = 2. R is
rotated through 360° about the y-axis.
Find the exact volume of the solid formed.

The region bounded by y = cos X, the x-axis and the y-axis (for 0 = x = %) is rotated through

360° about the x-axis.
Find the exact volume of the solid formed.

Theliney =2+ % between x = 0 and x = 4 is rotated through 360° about the x-axis to form a
frustum of a cone.

Find the exact volume of the frustum, and verify it using the formula rI?h(R2 + Rr + r%), where
R and r are the end radii and h is the height.

The region bounded by the curvey = \/Y , the x-axis and the line x = k, where k > 0, is rotated
through 360° about the x-axis. The volume of the solid is 1811.
Find the value of k.

(5]

(4]

(6]

(5]

(5]

(5]

(4]
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19

20

21

22

23

24

2
X+1°
and the line x = 3, and is rotated through 360° about the x-axis.
Find the exact volume of the solid formed.

yh

The diagram shows the curvey = The shaded region is bounded by the curve, the axes

__2
5 V=337

v

3 X

(5]
The region bounded by y = sec x, the x-axis, the y-axis and the line x = % is rotated through
360° about the x-axis.
Find the exact volume of the solid formed. [4]
The region bounded by the curvey = ﬁ the x-axis and the line x = 2 is rotated through
360° about the x-axis. Find the exact volume of the solid formed. [7
The region bounded by the curve y = xe*, the x-axis and the line x = 1 is rotated through 360°
about the x-axis.
Find the exact volume of the solid formed. [7]
The diagram shows the curvey = 4 — x? and the line y = x + 2. The shaded region between
them is rotated through 360° about the x-axis.
Find the exact volume of the solid generated.

y
A y=4- X2
y=x+2 \
I
A 1

(8]
A curve has parametric equations x = t?, y = 2t, for 0 < t < 3. The region bounded by the
curve, the x-axis and the line x = 9 is rotated through 360° about the x-axis.
Find the exact volume of the solid formed (&) using the parametric equations, (b) by first
finding the Cartesian equation of the curve. [6]
A vase is formed by rotating the curve x* =y, for 0 < y < 12, through 360° about the y-axis (x and y in
cm). Water is poured into the vase at a constant rate of 20 cm® s™. The depth of water is h cm.

2

(@  Show that the volume of water V when the depthishisV = th . [3]

(b) Find the rate at which the depth is increasing when h = 5, to 3 significant figures. [4]
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26

27

28

The diagram shows the curve y = x? and the line y = 2x. The shaded region between them is
rotated through 360° about the y-axis.
Find the exact volume of the solid formed.

y A
4 . /
yv=2x
y=x
2 x
(7]

The region bounded by the curvey = In X, the x-axis and the line x = e is rotated through 360°
about the x-axis.
Show that the volume of the solid formed is 1i(e — 2). [6]

The circle x? + y? = r? s the boundary of a disc. The upper semicircley = yr® — x* is rotated through 360°
about the x-axis.

(@ Provethat the volume of a sphere of radiusr is %n ri. [4
(b) A spherical cap of height h (0 < h < 2r) isthe part of the sphere with x = r — h. Show

that its volume is i(r h? — %3). (6]
(c) Check that taking h = 2r gives the volume of the whole sphere. [2]

The diagram shows the circle x? + (y — 3)? = 1. The disc R enclosed by the circle is rotated through 360°
about the x-axis to form a ring-shaped solid (a torus).

Ay
x*+(y-3)7=1

R

| -
»

-1 1 X

(@  Show that the upper and lower halves of the circle have equationsy = 3 + 1 — x? and

y=3—y1-x2 (2]

(b)  Show that the volume of the torusis H‘E 121 — x? d x. [4]

(c) Given that Ii 1 — x? d x isthe area of a semicircle of radius 1, find the exact

volume of the torus. [3]
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29

30

The region R is bounded by the curvey = % the x-axis, thelinex = 1 and thelinex =k, wherek > 1. R is

rotated through 360° about the x-axis to form a solid of volume V,.

(8 Show that V, = (1 — 7). 3
(b) Findthelimit of V| ask — o, and explain what this means for the infinitely long solid. [3]
() Find the smallest integer value of k for which V exceeds 99% of this limit. [2]

The éllipse with parametric equationsx = acost,y =bsint, 0 = t < 1, isthe upper half of an ellipse. It is
rotated through 360° about the x-axis to form an ellipsoid (a rugby-ball shape).

(@ Show that the volumeisV =mab® [ sin*tdt. [4]

SN show that V = 511 ab? (5]

(c) Check that the formula gives the volume of a spherewhena=b =r. [1

(b) Usingsin®t=



