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Function Notation, Domain and Range
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Given that f(x) = 2x*> — 5x + 3, find the value of
@ f(3), (b) f(=1).

The function g is defined by g(x) =yx — 4, forx € R, x = 4.
(& Findg(13).

(b) State therange of g.

(c) Explainwhy x =2 isnot in the domain of g.

1
X+4

State the largest possible real domain of f(x) =

The function g is defined by g(x) = x? + 3, for x € R. State the range of g.

The function h is defined by h(x) = 2%, for x € R. Find h(3) and h(—2).

The function f is defined by f(x) = 3x — 1, with domain 0, 1, 2, 3, 4.
(@ Listthe valuesin the range of f.
(b) Explain why f is a one-to-one function.

The function f is defined by f(x) = =

(@& Findf(—1).
(b) Solvef(x) =4.

,forxe R, x # 2.

The function f is defined by f(x) = x2 — 6x + 11, for x € R.
(@ Writef(x) intheform (x + 82 + b.

(b) Hence state the range of f.

(c) Explainwhy f is a many-to-one function.

The function f is defined by f(x) = 2x + 1 for x < 3, and f(x) = 10 — x for x = 3.

(a) Find f(—2), f(3) and f(8).
(b) Solve f(x) =5.

Find the largest real domain of each function.

@ f(x)=y2x—6
(b) 9(x)=In(5 - x)
1
© h¥=s—px+3

Find the range of each function.
@ gx)=(x—22?+1for0<x<5
(b) f(x)=3—2x,for—1<x=4

The function f is defined by f(x) = x2 — 4, for x € R.
(& Explain why f is a many-to-one function.

(b) Thedomain ischanged to x = k. State the smallest value of k for which f is one-to-one,

and the range of f for this domain.

The function f is defined by f(x) = ax + b, where aand b are constants. Given that f(2) =7

and f(—1) = =2, findaand b.
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The diagram shows the graph of y = f(x). It consists of two straight line segments and is defined for —2 < x
=< 5.
The end points of the graph are (—2, 4) and (5, 2) and the graph has a vertex at (1, —2).

y

b

(=2, 4)

(5,2)

. / X

-3 -2-10\N1 2,/3 4 5 6

“r y=fx)

-21

Ll -2
(8 State the domain and the range of f. 2]
(b) Solvef(x)=0. [2]
(c) Findthe vaue of f(f(—2)). [2]
The function f is defined by f(x) = 2x> — 8x + 5, for x = k, where k is a constant.
(@ Write f(x) in the form a(x + b)? + ¢, where a, b and ¢ are constants to be found. [3]
(b) Given that f is a one-to-one function, state the least possible value of k. [1
(c) For thisvalue of k, state the range of f. [1
(d) Using thisvaue of k, solve f(x) = 5. [2]

. . . -1
The function g is defined by g(x) = YT forx € R, x # —2.
(@ Find g(0) and solve g(x) = 2. [3]
_ 7

(b)  Show that g(x) =3 — ;5. [2]
(¢) Hence explain why g(x) can never equal 3. [1

The function h is defined by h(x) = e* — 3, for x € R.
(@) State therange of h. [1
(b) Solve h(x) =5, giving your answer in theformp In 2. [3]

The function f is defined by f(x) =3sinx + 1, for 0 = x < 21.
(@ Find the range of f. [2]
(b) Solvef(x) = 2.5, giving exact answers. [3]

The function f is defined by f(x) = x2 — 3x, for x € R.
(& Show that f(x + h) — f(x) =h(2x + h — 3). [2]
(b) Findf(a+1) —f(a— 1) interms of a smplifying your answer. [2]

Find the range of each function.

@ f(x)= XTG1 forx = 2 [2]
(b ox)=Inx—1)+3,forx=4 [2]
(©0 hx)=e™*+2,forx=0 [2]

A farmer uses 40 m of fencing to make a rectangular enclosure against a straight wall. The side against the
wall needs no fencing. The two sides perpendicular to the wall each have length x metres.
The area of the enclosure is A(X) square metres.

(@  Show that A(x) = 40x — 2x2. [2]
(b) State the domain of A in this context. [2]
() Findthe range of A. [2]

(d) Find the values of x for which the areais 150 m?. [2]
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2x + 3

The function f is defined by f(x) = =1 forx € R, x # 1.
The diagram shows the graph of y = f(x), with its asymptotes shown dashed.

y
64
y =1
at
2.4
x=1 y=2
+ > X
2 4 6
_4_\ 0, =3)
(@ Showthatf(x)=2+ .
(b) Hence find the range of f, explaining your answer.
(c) Find the exact values of x for which f(x) = x.

A ball is thrown upwards from a point 1.8 m above the ground. Its height H metres above the ground, t

seconds after being thrown, is modelled by
H(t) = 1.8 + 12t — 5t%

@
(b)

(©)
(d)

Express H(t) in the form p — q(t — r)?, where p, g and r are constants, and hence state
the maximum height of the ball.

Find the time at which the ball hits the ground, giving your answer to 3 significant
figures.

State the domain and range of H in this context.

Explain why the model gives values of H that are not sensible for t > 2.54.

The function f is defined by f(x) = In(x? — x — 6).

@
(b)
(©

The function f is defined by f(x) = 2x + afor x < 3, and f(x) = x? — b for x = 3, whereaand b are

Find the largest real domain of f.
Explain why f(0) is not defined.
Solve f(x) = 0.

constants.
Given that f(1) = 0 and that f is continuous at x = 3:
(@ Findaandb.
(b) Find the range of f.
(c) Solvef(x)=12.
The function f is odd and has period 4. For 0 < x < 2, f(x) = x(2 — X).
(@ Findf(5), f(—3) and f(10).
(b)  Sketch the graph of y = f(x) for —4 = x < 4, marking the coordinates of the turning
points and of the points where it meets the x-axis.
(© Solvef()=Sfor0=<x=4.
o _ 3
The function f is defined by f(x) = T o i’ forx € R.

@
(b)

(©
(d)

Show that the denominator of f(x) is positive for al rea x, so that the domain of f is R.

Find the range of f.

Find the exact values of x for which f(x) =

N~

The domain of f is now restricted to x = —1. State the new range of f and, giving a
reason, say whether f is now one-to-one.
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The function f is defined by

f(x) =2x+3for —2 = x<1,
fX)=5—(x — 1?for1 = x < 4.
The diagram shows a sketch of y = f(x).

* (1' 5)

sl 4, —4)

(@ Findf(1) and explain why the graph has no break at x = 1.
(b) Find the range of f.
() Find the set of values of k for which the equation f(x) = k has exactly two solutions.
. . . x2—1
The function f is defined by f(x) = i1’ forx € R.
_q,_ 2
(@& Showthat f(x) =1 il
(b) Hencefind the range of f.
(c) Show that f is an even function, and state the geometrical meaning of this.
(@) Solvef(x)=3.
(e) Explain why the equation f(x) = 1 has no solutions.

The function g is defined by g(x) = XZL for x € R.

@
(b)
(0

(d)

+1'
Show that g is an odd function.

Show that g is many-to-one by finding two values of x for which g(x) = %

Lety = g(x). Show that yx> — x + y = 0, and hence use the discriminant to show that

1 1
) = g(X) = 3
Find the values of x at which g takes its greatest and least values.

Composite and Inver se Functions

1

The functions f and g are defined by f(x) = 2x + 3 and g(x) = x?, for x € R.
Find (a) fg(2), (b) gf(2).

The function f is defined by f(x) = x® — 1, for x € R. Find f ~}(x).

The function f is defined by f(x) = 3x — 5, for x € R.
Find f~%(x) and hence evaluate f ~*(7).

The function f is defined by f(x) = % + 3, for x € R. Find f1(x).

The function f is defined by f(x) = 2x + 3, for x € R. Find ff(x).
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6 Thefunctionsf and g are defined by f(x) = x2 + 1, for x € R, and g(x) = ——, for x € R, x = 2.
(@ Find gf(x). [2]
(b) Solvegf(x) =z 2]

7 Thefunction  is defined by f(x) = 2, for x € R, x # 3.

(@ Find f}(x). [3]

(b) State the domain and the range of 1. [2]
8 The functions f and g are defined by f(x) = 3x + 2 and g(x) = x — 4, for x € R. Show that the

equation fg(x) = gf(x) has no solutions. [3]
9 Thefunction  is defined by f(x) = -, for x € R, x = 2. Find ~}(x) and state its domain. 3]
10  Thefunction f is defined by f(x) = € — 1, for x € R. Find f~}(x), and state its domain. [3]
11  Thefunction f is defined by f(x) = (x — 3)? + 1, for x = 3. Find f }(x) and state its domain. [3]

12 Thefunction f is defined by f(x) = x? — 4x + 7, for x = 2.
The diagram shows the graphs of y = f(x) and y = f}(x), together with the liney = x.

y
4 y=x
81 y=fx)
y="109
6|
| /
2,3
2t
(3,2)
0 2 4 6 g
(@ Find the range of f. [2]
(b)  Find f7}(x). [3]
(©)  Write down the domain of f~*, and explain how the diagram shows that the two graphs
are related. [1]

13 Thefunctionsf and g are defined by f(x) = 2x + 1 and g(x) = x* + 3, for x € R.

(@ Find fg(x) and gf(x), simplifying each. [2]

(b) Solve the egquation fg(x) = gf(x), giving your answers as exact values. [3]

(c) Findthe range of df. [2]
14 Thefunctionsf and g are defined by f(x) =yx + 3, for x = —3, and g(x) = x> — 5, for x € R.

(@ Find gf(x), stating its domain. [2]

(b) Find fg(x) and the largest real domain of fg. [2]

(c) Solvefg(x) =5. [2]
15  Thefunction f is defined by f(x) = x2 + 6x + 2, for x = —3.

(@ Writef(x) in the form (x + 8% + b and state the range of f. [2]

(b) Find f~}(x) and state its domain. [3]

(© Findf%2). [1]
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The diagram shows the graph of y = f(x) for 0 = x < 5. It consists of two straight line segments joining (O,
1), (2, 4) and (5, 6).

y
74
6l
5 (5, 6)
4
31
21
1¢ (0, 1)
of 1 2 3 4 5 6 7

(@  Write down f~1(4) and f~1(6). [2]
(b) Find the value of f(f(0)). [2]
()  Sketch the graph of y = f~%(x), giving the coordinates of the end points and of the point

where the gradient changes. [2]

The temperature F, in degrees Fahrenheit, is given in terms of the temperature C in degrees Celsiusby F =

%C + 32. The Kelvin temperature K is given by K = C + 273.15.

(8 FindCintermsof F. [2]
(b) Hence express K in terms of F, and find the temperature in degrees Fahrenheit at which
K = 300. Give your answer to 1 decimal place. [3]

The functions f, g and h are defined by f(x) = x + 2, g(x) = 3x and h(x) = x?, for x € R.

(@ Find fgh(x) and hgf(x), simplifying each. 4
(b) Solve the equation fgh(x) = hgf(x), giving your answers as exact values. [5]
(c) State the range of hgf. 2]
The function f is defined by f(x) =2 — In(x + 1), for x > —1.

(@ Find f~}(x), and state its domain and range. [4]
(b) Evaluate f~%(2), and solve f(x) = 1, giving an exact answer. [3]

The functions f and g are defined by f(x) = x*> — 4x + k, for x € R, and g(x) = 2x — 1, for x € R, where k
is a constant.

(@ Findtherange of f in terms of k. [2]
(b) Given that fg(2) = 13, find the value of k. [3]
(c) Using thisvalue of k, find the smallest value of afor which f is one-to-one on the

domain x = a, and find f~*(x) for this domain. [4

The function f is defined by f(x) = 3x — 2, for x € R, and gf(x) = 9x* — 12x + 5.
(@ Find g(x). (3]
(b)  Show that the equation g(x) = f~*(x) has no real solutions. [3]
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22 Thefunction f is defined by f(x) = In(2x — 1), for x > 3. The function g is defined by g(x) = €% for x € R,

The diagram shows the graphs of y = f(x) and y = f~(x).

y
4 y =f_1(X)
a1
y=X
31
24
y=fx)
—/
t + + + + > X
-2 -1 0 2 3 4
-2
(@ Findf}(x). [2]
(b) State the domain and the range of 1. [2]
() Find the exact solution of the equation fg(x) =In 7. [3]
(d) Find the largest possible domain of fg. [2]

23 Thefunctionsf and g are defined by f(x) = 2e* — 1, for x € R, and g(x) = In(x + 4), for x > —4.

(@) State therange of f. [1
(b) Find f~(x) and state its domain. [3]
() Show that fg(x) = 2x + 7, and state the domain and range of fg. [4
(d) Solvef(x) =7, giving an exact answer. [2]

24 Thefunction f is defined by f(x) = 2x + 1 for x < 1, and f(x) = x* + 2 for x > 1.

(& Show that f is continuous at x = 1, and state the range of f. [3]
(b) Find f~}(x), stating clearly its form for x < 3 and for x > 3. [4
(© Solvef™(x)=2. [2]

25  Thefunctionsf and g are defined by f(x) = x? — 2x — 3, for x = 1, and g(x) = 2x — 1, for x € R.

(8 Findtherange of f. [2]
(b)  Show that fg(x) = 4x? — 8x, and state the domain of fg. [3]
(c) Solvefg(x)=0. [2]
26 Thefunctionsf and g are defined by f(x) = x*> — 6, for x € R, and g(x) = In x, for x > 0.
(@) State therange of f and the range of g. [2]
(b) Explain why gf(1) cannot be evaluated. [2]
(c) Find the largest possible domain of gf, giving your answer in exact form. [2]
(d) Solve the equation gf(x) = In 10. [2]
27 Thefunction f is defined by f(x) = x? — 6x + 10, for x = 3. The function g is defined by g(x) = yx — 1, for
x=1
(@ Find the range of f. [2]
(b) Find f~(x) and state its domain. [3]
(c) Show that gf(x) = x — 3, and state its domain. [2]

(d) Explain why the domain of fgisnot x = 1. Find the domain and the range of fg. [3]
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The function f is defined by f(x) = x2 — 6x + 5, for x € R.
A student claims that f has the inverse f~1(x) = 3 + yx +4,forx = —4.

The function g is defined by g(x) = x? — 6x + 5, for x < 3. The diagram shows the graphs of y = g(x) and y

= g }(x), and theliney = x. The graphs of g and g~ meet at the point A.

y=dgKx) y=x

; > X
4 6 —

y=9"'(x)

-4

(@) Explain what is wrong with the student's claim, and state for which restricted domain of
f the expression 3 ++/x + 4 is the inverse.

(b) Find g~(x) and state its domain and range.

(c) Find the exact coordinates of A.

The function f is defined by f(x) = % forx € R, x # % where k is a positive constant.

(@  Show that ff(x) = x for all x in the domain, provided 5k + 4 = 0.

(b)  Write down f~(x), giving a reason.

(c) Fork=1, solvef(x) = x.

(d) For k =1, state the range of f, and explain why the graph of y = f(x) is symmetrical in
theliney = x.

The function f is defined by f(x) = x? — 2x + 2, for x = 1.

(@ Find f~}(x), stating its domain.

(b) Solvef(x) =x.

(©) Suppose that the graphs of y = f(x) and y = f "}(x) meet at (a, b) where a # b. Explain
why (b, @) also lies on both graphs, and use the fact that f is increasing to show that this
isimpossible.

(d) Hence state the coordinates of all points of intersection of y = f(x) and y = f~}(x), and
verify that ff(X) = x has the same solutions.

Graph Transformations

1

Describe the single transformation that maps the graph of y = x? onto the graph of
@ y=(x-23?3

(b) y=x*+5,

© y=-x2

The curve y = f(x) has aminimum point at (3, —2). Write down the coordinates of the
minimum point of the curve with egquation

@y=f(x)+4 (b)y="f(x—1).

Describe the single transformation that maps the graph of y = f(x) onto the graph of
@y=f(x—=15), (b)y=1f(x) —3,(c)y = 2(x).
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The curve y = f(x) has a maximum point at (2, 5). Write down the coordinates of the
maximum point of

@y=f(x+1),(0)y=1f(x) +2 (qy = 3f(x). (3]

3 . Write down the equation of the new curve. [2]

The curvey = yx is trandated by the vector 0

The curvey = 2* isreflected (a) in the x-axis, (b) in the y-axis. Write down the equation of
each image. (2

The point P(4, 6) lies on the curve y = f(x). Write down the coordinates of the image of P on the curve with
equation

@ y=3fXx), (1]
(b) y=f(2), (1]
© y=-fKx), (1]
d y=f(=x). (1]

The diagram shows the curve y = f(x), where f(x) = x® — 3x. It has amaximum point at (—1, 2) and a
minimum point at (1, —2).

y
34 y= f(x)
-1,2
( ) 51
14
» X
-2 -1 0 1 2
14
21
(1, -2)
—34
(@ Write down the coordinates of the turning points of the curvey = f(x — 2). [2]
(b)  Write down the coordinates of the turning points of the curve y = 2f(x). [2]
(c) State the coordinates of the maximum point of y = f(—Xx). 1

By completing the square, describe the tranglation that maps the graph of y = x2 onto the

graph of y = x? + 4x + 7. [2]
Describe the single transformation that maps the graph of y = sin x onto the graph of

(@y=sin2x (b)y=3sinx () y = sin(x + 7). [3]

ARE X
o] 9ives the same curve asa stretch of y = e
paralel to the y-axis, and state the scale factor. [3]

Show that trandating the graph of y = €* by

Answer both parts of this question.
(@ Thecurvey = x? is mapped onto the curve'y = x> + 6x + 5 by a single trandation. Find

the trandlation vector. [3]
(b) Describe a sequence of two stretches and a trandation that maps the curvey = sin x

onto thecurvey =2 sin 3x + 1. [3]
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The diagram shows the graph of y = f(x), which consists of three straight line segments joining the points

A(=3, 0), B(—1, 3), C(1, —1) and D(3, 2).

In each of the following parts, sketch the new graph and mark the coordinates of the images of A, B, C and

D. (You may sketch on separate axes.)

y
B(-1, 3) i
D(3, 2)
A(=3, 0)
- \ X
-4 -3 -2 -10 V2 3 4
1 Yew o
21
@ y=fx—2).
() y=-fx).
(© y=f(2x).

The diagram shows the curvey = f(x), where f(x) = x® — 3x2. The curve has amaximum at (0, 0), a

minimum at (2, —4), and crosses the x-axis at (3, 0).
y

0, 0) 3, 0)
> X

y=fx)

(2, -4)

(@) Sketch the curvey = f(x + 1), giving the coordinates of the turning points and of the
points where it meets the axes.
(b)  Write down the coordinates of the turning points of y = —f(x).

The graph of y = cos x is transformed onto the graph of y =2 cos 3x — 1.
(@) Describe a sequence of two stretches and a trandation that achieves this.
(b) State the maximum value, the minimum value and the period of y =2 cos 3x — 1.

The curve C has equation y = x2. It is transformed by a translation by (_04

factor % paralel to the x-axis.

(@  Show that the equation of the final curveisy = (2x + 4)2.
(b)  Write down the coordinates of the vertex of the final curve.

The graph of y = x? is reflected in the x-axis and then translated by (g)

(@ Find the equation of the resulting curve.
(b)  Find the coordinates of the maximum point, and the exact x-coordinates of the points
where the curve meets the x-axis.

The points (—2, 1), (0, 4) and (3, —2) lie on the curve y = f(x). Find the coordinates of the
corresponding points on the curvey = 3 — f(x + 2).

followed by a stretch, scale

(2]
(2]
(2]

(4]
(2]

(3]
(2]

(3]
(1]

(2]

(3]

(4]
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The curve C has equation y = 2x*> — 12x + 13.

@
(b)

(©

Write the equation of C in the formy = a(x + b)? + c.

Describe a sequence of three transformations that maps the graph of y = x? onto C, and
write down the coordinates of the minimum point of C.

Find the exact x-coordinates of the points where C meets the x-axis.

(3]

(4]
(3]

The diagram shows the graph of y = a+ b cos(cx), for 0 = x = 211, where a, b and ¢ are positive constants.

The curve has maximum points at (0, 5), (11, 5) and (21, 5), and minimum points at (%, —3) and (3711’ -3).

y

54

(0, 5) (mm, 5) (2m, 5)

(0}

—34

@
(b)
(©

The curve C has equation y = x> — 4x + 1. It is reflected in the x-axis and then translated by :2>,

(w2, -3) (3m/2, =3)
Find the values of & b and c.

Describe a sequence of transformations that maps y = cos x onto this curve.

Find the number of solutions of the equation 1 + 4 cos 2x = 3intheinterval 0 < x <
211, explaining how you know.

curve C,.

(@  Show that the equation of C, isy = —x? + 8x — 10.

(b)  Find the coordinates of the maximum point of C; and the exact x-coordinates of its
intersections with the x-axis.

(c) Find the equation of the curve obtained if the trandation is carried out first, and then the

reflection. Comment on the result.

The curve C has equation y = 2%,

@

(b)

The curve C has equation y = f(x), where f(x) = x? + bx + c. The curve'y = f(x) is transated by (_32

Show that the tranglation of C by (_03 is the same curve as the stretch of C parallel to

the y-axis with scale factor 8.

C isreflected in the y-axis and then translated by ( _04 . Write down the equation of the

new curve and sketch it, stating its asymptote and the coordinates of the points where it
meets the axes.

give the curve with equation y = x> — 10x + 27.

@
(b)

Show that the translated curve has equationy = x>+ (b — 6)x + ¢ — 3b + 7.
Find the values of b and c.

The function f is defined by f(x) = x? — 4x + 3.

@
(b)

(©

Show that f(4 — x) = f(x) for all x.

The graph of y = f(4 — x) isthe image of y = f(x) under a reflection. Name the line of
reflection, and deduce a line of symmetry of y = f(x).

Write down aline of symmetry of y = f(x + 1).

(3]
(3]

(2]

to give the

(3]

(3]

(3]

(2]

(4]

(3]
(3]
(2]

(3]
(1]
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26

27

28

The curve with eguation y = f(x) meets the x-axis at the points (1, 0) and (5, 0), and has a minimum point at

(3, —9).
(@ Find the two values of o for which the graph of y = f(x + &) passes through the origin. [2]
(b) Find the two values of k, k > 0, for which the graph of y = f(kx) passes through the

point (10, 0). [3]
()  Write down the coordinates of the minimum point of the curvey = 2f(x — 1) + 3. [3]

The diagram shows the graph of y = f(x), where f(x) = x> — 4x + 3. The curve has its minimum at (2, —1)
and crosses the y-axis at (0, 3).

The curve C, is obtained from y = f(x) by a stretch parallel to the x-axis with scale factor % followed by a

tranglation by g . The curve C, is obtained from y = f(x) by the same two transformations applied in the
opposite order.
y
21
14
+ + + » X
-1 0 N 2 4
-14
(2, -1)
(@ Find an equation for C; intheformy =f(...). [2]
(b) Find an equation for C, in theformy = f(...). [2]
(c) Find the coordinates of the minimum point of each of C; and C,, and hence explain why
the order of the transformations matters. [3]
(d) Find the x-coordinates of the points where C; meetstheliney = 3. [3]

Two students make statements about transformations.
Student A: "The graph of y = (x — 4)? is the graph of y = x? translated 4 units to the left."
Student B: "The graph of y = 2x? is the graph of y = x? stretched parallel to the x-axis with scale factor 2."

(@ Explain the mistake in each statement. [4]
(b) Show that y = 2x? can aso be obtained from y = x? by a stretch parallel to the x-axis,

and state the scale factor. [3]
(c)  Show that the graph of y = 3¢* can be obtained from y = €* by a trandlation, and state

the trandlation vector. [2]

The cubic equation x® — 4x? + x + 6 = 0 has roots —1, 2 and 3. Use transformations of the curvey = x° —
4x? + x + 6 to find a cubic equation, with integer coefficients and leading coefficient 1, whose roots are

(8 each 2 more than the original roots, [4
(b) twicethe original roots, [3]
(c) the negatives of the original roots. [3]
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30

to the x-axis and then trandated by ((2)

N

(b)

(c) Explainin words why the two vertices differ, and state the trandation which, applied

The graph of y = x? is transformed in two ways. In transformation A it is first translated by (g) and then

. The diagram shows the two images.

y

3

(2,0) (6, 0)

(@ Find the equation of the image under A, and the equation of the image under B.
Find the coordinates of the vertex of each image, and hence identify which curve in the

diagram is which.

after the stretch, would give the same curve as A.

(d) Find the exact x-coordinates of the points where the two curves intersect.

y
A

(-1, 2)

» X

vy =f(x)

(1, =2)

(@  Show that the equation f(x) + k = 0 has three distinct real roots if and only if —2 <k <
2.

(b) Find the values of afor which the curvey = f(x — &) passes through the origin.

(¢) Thecurvey =f(x — 1) + k touches the x-axis. Find the two possible values of k, and
the x-coordinate of the point of contact in each case.

Polynomial Graphs

1

The curve C has equationy = (x — 1)(x + 2)(x — 4).
(@  Write down the coordinates of the points where C crosses the x-axis.
(b)  Find the coordinates of the point where C crosses the y-axis.

Sketch the curve with equation y = x(x — 3)(x + 2), showing the coordinates of the points
where it crosses the axes.

Write down the roots of f(x) = (x + 1)(2x — 3)(x — 4).

stemup.co.uk | page 13

stretched, scale factor 3, parallel to the x-axis. In transformation B it is first stretched, scale factor 3, parallel

(4]
(3]

(2]
(3]

The diagram shows the curvey = f(x), where f(x) = x® — 3x. It has amaximum at (—1, 2) and aminimum
a (1, —2).

(4]
(3]

(5]

(1]
(1]

(3]
(2]
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4

10

11

12

Sketch the curve with equation y = x%(x — 4), showing the coordinates of the points where it
meets the axes. [3]

Sketch the curve with equation y = (1 — x)(x + 2)(x + 4), showing the coordinates of the
points where it meets the axes. [3]

Sketch the curve with equation y = (x — 2)%(x + 1), showing the coordinates of the points
where it meets the axes. (4]

The diagram shows the curve y = f(x), where f is a cubic. The curve crosses the x-axis at (—3, 0), (1, 0) and
(4, 0) and the y-axis at (0, 24).

y
(0, 24)
(1,0
X
(=3,0) o 4, 0)
(@ Findf(x) in factorised form. [3]
(b) Hence write f(x) in the form ax® + bx2 + cx + d. [2]

Sketch the curve with equation y = x?(x — 2)(x + 2), showing the coordinates of the points
where it meets the axes. [4

Sketch the curve with equation y = (x — 1), showing the coordinates of the points where it
meets the axes. (3l

The diagram shows the curve y = f(x), where f is a cubic. The curve crosses the x-axis at (—2, 0), (1, 0) and
(8, 0) and the y-axis at (0, 12).

y
(0, 12)
(3,0)
(1, 0)
» X
=3 \_/

(@ Writef(x) in the form k(x + 2)(x — 1)(x — 3) and find the value of k. [3]
(b) Findf(4). (1
By sketching the curvey = (x + 1)(x — 2)(x — 4), or otherwise, solve the inequality (x + 1)(x

—2)(x —4)>0. [3]
Describe the behaviour of y asx — « and as x = -« for each curve.

@ y=x°—4x 2]
(b) y=@2—-xx+1Xx+3 (2]

(© y=x*x—1)(x+4) (2]
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14

15

16

17

18

19

The curve C has equation y = x3 — 3x? — 4x + 12.

(@ Show that (x — 3) isafactor of x3 — 3x? — 4x + 12 and hence factorise it completely. [3]
(b) Sketch C, showing the coordinates of the points where it crosses the axes. [3]

Answer al three parts.
(@  Sketch, on the same axes, the curvey = x® — 4x and the liney = x, marking the

coordinates of the points where the curve meets the axes. [3]
(b) Find the exact x-coordinates of the points where the line meets the curve. [3]
(c) Explain how your sketch confirms that there are exactly three solutions. [1

The curve C has equation y = x%(x + 2)(3 — x).
(@ Sketch C, showing the coordinates of the points where it meets the axes. [4]
(b) Hence find the values of x for whichy > 0. [2]

f(x) = x> + ax® + bx — 6, where aand b are constants. (x — 2) is afactor of f(x), and when f(x) is divided
by (x + 1) the remainder is —12.

(8 Find the values of aand b. [4]
(b)  Show that f(x) = 0 has only one real root. [2]

The diagram shows the curve C with equation y = x* — 6x* + 9x and the line y = 4.

y
[ 3
y=4 /
(0]
X
(3, 0)

(@ Factorise x® — 6x? + 9x completely. [2]
(b) Show that x = 1 isaroot of x> — 6x* + 9x — 4 = 0 and find the other roots. [3]
(c) Explain what the repeated root tells you about the line and the curve. [1

The function f is defined by f(x) = x> — x.

(8 Factorise f(x) completely. 2]
(b)  Write down the equation of the curvey = f(x + 2) in factorised form, and sketch it,
showing where it meets the axes. [3]

The curves C, and C, have equationsy = x*(x — 3) and y = x(3 — X) respectively.
(@ Show that the x-coordinates of the points where C, meets C, satisfy x(x — 3)(x + 1) =

0, and find the coordinates of these points. [4]
(b) Sketch C; and C, on the same axes, showing the coordinates of the points where they

meet the axes and the coordinates of their points of intersection. [3]
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20" The height y kilometres of a section of a road above sea level is modelled by y = =5(x — 1)(x — 4)(x — 7)

for 0 = x = 8, where x is the horizontal distance in km from the start of the section. The diagram shows the
graph of the model.

y

4

LN /
S —"

/

(@ Find the height of the road at the start of the section. [2]
(b) Find the values of x for which the road is below sea level. [2]
(c) Give one reason why this model may not be realistic. [1

21 Thecurve C has equationy = x* — 5x° + 4.

(@ Factorise x* — 5x? + 4 completely. [2]
(b) Sketch C, showing the coordinates of the points where it meets the axes. [3]
(©) Find the set of values of k for which the equation x* — 5x? + 4 = k has four distinct real

solutions. (3l

22  Thediagram shows the curve y = f(x). The curve touches the x-axis at (3, 0), crosses the x-axis at (1, 0) and
crosses the y-axis at (0, —9).

t v = f(x)

X
(0, -9)
(@ Show that f(x) = (x — 1)(x — 3)% [3]
(b) State the eguation of the curvey = f(x + 2), and the coordinates of the points where it
meets the axes. [3]
(c) Thecurvey = f(x + @) passes through the origin. Find the possible values of a. [2]

23 A cubic curve touches the x-axis at (—2, 0), crosses the x-axis at (3, 0), and crosses the y-axis at (0, —12).

(@ Find an equation for the curve in the formy = k(x + 2)%(x — 3), and show that k = 1. [3]
(b)  Sketch the curve. [2]
(© Solve (x + 2)%(x — 3) = —12, giving exact answers. [3]
(d) Find the set of values of x for which (x + 2)%(x — 3) = 0. [2]

24 f(x)=2x3—3x* — 11x + 6.
(@ Show that (x — 3) isafactor of f(x), and factorise f(x) completely. [4
(b)  Sketch the curve y = f(x), showing the coordinates of the points where it meets the axes. [3]
(¢) Hence solvef(x) <O0. [2]
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26

27

28

29

f(x) = x3 + px? + gx + 12, where p and g are constants. (x — 2) and (x + 3) are both factors of f(x).

(@ Findthe values of p and q. [4
(b)  Show that f(x) = (x — 2)%(x + 3). [2]
(c) Sketchy =f(x) and hence solve f(x) > 0. [4]
The curve C has equation y = (x + p)(x — )2, where p and g are positive constants.
(8 Sketch C, showing the coordinates of the points where it meets the axes in terms of p

and q. (4]
(b) Thecurve Cistrandated by (_Oq . Find an equation of the image, and state what

happens at the origin. [3]
()  Find the set of values of x for which (x + p)(x — )* = 0. [2]

The diagram shows the curve y = f(x), where f is a cubic. The curve touches the x-axis at (2, 0), crosses the

x-axis at one other point (b, 0), and passes through (0, —12) and (5, 18).

y
4 (5, 18)

-12
/ (0, —12)

(@ Find f(x) in the form k(x — 2)?(x — b), stating the values of k and b. [4
(b)  Show that the line y = 4 meets the curve at exactly one point, and find its coordinates. [3]
(c) Find the exact coordinates of the minimum point of the curve, and hence find the range

of values of k for which f(x) = k has three distinct real solutions. [4

A box with no lid is made from a rectangular sheet of card 20 cm by 30 cm. Squares of side x cm are cut
from each corner and the sides are folded up. The volume of the box isV cm?®.

(@ Show that V = 4x(10 — x)(15 — x). [2]
(b) State the range of values of x for which the model is valid, and sketch the graph of y =

V for al real x, marking the points where V = 1000. [3]
(©) Find, in exact form, the values of x in the valid range for which the volume is 1000 cm®. [4
The curve C has equation y = x3 — 3a?x + 2a°, where ais a positive constant.
(@ Show that C can be written asy = (x — a)(x + 2a). [3]
(b) Hence describe the points where C meets the x-axis, and state the y-intercept in terms of

a (3l
(c) Given that C passes through the point (0, 16), find a and sketch C. [3]
(d) For thisvalue of a, use differentiation to find the coordinates of the turning points of C,

and hence find the values of k for which x® — 12x + 16 = k has three distinct real
solutions. (9]
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30

f(x) = x3 — 9x? + kx — 24, where k is a constant, and (x — 3) is a factor of f(x).

(@ Show that k = 26.

(b) Factorise f(x) completely.

(c) Sketch the curvey = f(x), showing where it meets the axes.

(d) Theroots of f(x) = 0 form an arithmetic sequence. Write down the common difference,
and find the equation of the curvey = f(x + 1) in factorised form, stating whether its
roots still form an arithmetic sequence.

(e Solvef(x)<O0.

Reciprocal and Rational Graphs

1

10

11

Write down the equations of the asymptotes of the curve with equation
1

@ y=

(b) y=

—_3
+ 2.

X| = %

Sketch the graph of y = % stating the equations of the asymptotes and the coordinates of two

points on the curve.

Sketch the graph of y = —%, showing the equations of any asymptotes and the coordinates of

two points on the curve.

Sketch the graph of y = X—lz showing the equations of any asymptotes and the coordinates of

two points on the curve.

Solve the equation — i 5 =3
1
X+2'
any points where the curve crosses the axes.

Sketch the graph of y = showing the equations of the asymptotes and the coordinates of

Sketch the graph of y = X E 1
coordinates of the points where the curve crosses the axes.

+ 2, showing clearly the equations of the asymptotes and the

Sketch the graph of y = showing the equations of the asymptotes and the coordinates

1
(x — 2%’
of the point where the curve crosses the y-axis.

Xx+1

m,X?ﬁz.

The curve C has equation 'y =

_ 3
(@ Showthaty=1+ =75

(b) Sketch C, showing the asymptotes and the coordinates of the points where it meets the
axes.

Solve the eguation =X — 1, giving your answers as exact values.

X+1

Thecurvey = ; meetsthe liney = x — 3 at two points. Find the coordinates of these points.

(2]
(3]
(3]

(4]
(2]

(1]

(3]

(3]

(2]

(4]

(5]

(3]

(2]

(3]

(3]

(4]
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12 The diagram shows the curve with equation y = < f 5+ b, where aand b are constants. The asymptotes are
x =2 andy = —1, and the curve passes through (0, 1).
y
X =2
0, 1)
—— » X
y=-1
(8 Write down the value of b. [1
(b) Find the value of a. [2]
13 Describe the single transformation that maps the graph of y = % onto the graph of
_ 1
_ 5
b y=3. [1]
1
© y=5—4 (1]
_ 1
@ y=-% [1
14 The diagram shows the graph of y = f(x), where f(x) = X—fb + c and a, b and c are constants. The
asymptotes of the curve arex = —1 and y = 3, and the curve passes through (0, 5).
y
X = _l Iy
(0, 5)
\ y= 3
> X
\ 0
(@ Findthevaluesof a b and c. [3]
(b) Find the coordinates of the point where the curve crosses the x-axis. [2]
(c) Solvetheinequality f(x) > 3. 1
15 The curve C has equationy = % X # —1.
_ 4
(@ Showthaty= —1+5 7. [2]
(b) Sketch C, showing the equations of the asymptotes and the coordinates of the points
where C mesets the axes. [4]
16 1. L 2
Thegraph of y = % is stretched parallel to the y-axis with scale factor 3 and then translated by _1/
(@ Write down the equation of the resulting curve and the equations of its asymptotes. [3]

(b) Find the coordinates of the points where the curve meets the axes. [3]
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18

19

20

21

The diagram shows the graph of y = f(x), where f(x) = iXTJr; x # 3, and theliney = x.
y
y=fx
— )
y=X
(@ Showthatf(x) =2+ L.

(b) Hence write down the equations of the asymptotes, and find the coordinates of the
points where the curve crosses the axes.
() Find the exact x-coordinates of the points where the line y = x meets the curve.

The curve C has equation y = Z—a

(@ Write down the equations of the three asymptotes of C.
(b)  Sketch C, showing the coordinates of the point where C meets the y-axis.

The diagram shows the curve with equation y = lel
y

A

x=1

(@ On the same axes sketch the liney = 2, and find the x-coordinate of the point where the
line meets the curve.

< 2.

(b) Hence solve the inequality X i 1

The curve C has equation y = rerd

(@ Sketch C, showing the equations of the asymptotes and the coordinates of the points
where C crosses the axes.

(b) Hence, or otherwise, solve the inequality TRy >4,

X
x2—1’
(@ Show that f is an odd function, and state what this implies about the graph of y = f(x).
(b)  Write down the equations of the asymptotes of the graph.

(c) Sketch the graph of y = f(x).
(d) Solvef(x)>0.

The function f is defined by f(x) =

forx € R, x # +1.
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(2]

(3]
(2]

(2]
(3]

(3]
(2]

(5]

(3]
(2]
(3]
(2]
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22  Athinlenshasfocal length 12 cm. An object is placed at a distance u cm from the lens (u > 12), and its

image forms at a distance v cm from the lens, Where% + % = 1—12 The diagram shows the graph of v against
u.
v
> U
_ 12u

(& Showthatv= =1 [3]
(b)  Write down the equations of the asymptotes of the graph and say what each meansin

this context. (4
(c) Find the object distance for which the image distance is twice the object distance. [3]

23 Thefunction  is defined by f(x) = x + 5, for x € R, x # O.

_ 1\2
(8 Show that for x>0, f(x) — 2= ¥~ and hence that f(x) = 2 for x > 0. [3
(b)  Write down the equation of each asymptote of y = f(x), and sketch the graph. [4
(© Solvef(x)= . 2]
24 The diagram shows the graph of y = f(x), where f(x) = 22, x = —2.
y
/ A
y=3
- /: X
Xx=-2
(@  Find the coordinates of the points where the graph meets the axes. [2]
(b) Show that the line y = x does not meet the graph. [3]
(c) Showthat f(x) =3 — T and hence solve f(x) <O. [3]
25 The curve C has equation y = % X # —3.
3 5
(a Showthaty—z—x+3. [2]
(b) Describe a sequence of three transformations that maps the graph of y = % onto C. [3]

(c) Write down the equations of the asymptotes of C, and find the coordinates of the points
where C meets the axes. [4
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26

27

28

29

The curve C has equation y = % x # 2, and the line L has equation y = x + k, where k is a constant.
(@ Sketch C, showing the equations of the asymptotes and the coordinates of the points

where C meets the axes. (3]
(b)  Show that the x-coordinates of the points where L meets C satisfy x? + (k — 5)x — 2k

— 1 =0, and prove that L meets C at two distinct points for every real value of k. [5]
(c) The x-coordinates of the two points are a and B. Given that o + B = 3, find k and the

value of of3. [2]

1

The diagram shows the graph of y = *=Dx=93" The curve crosses the y-axis at the point A.

y

U

O m
(@ Write down the equations of the three asymptotes and find the coordinates of A. [3]
(b) By writing (x — 1)(x — 3) in completed square form, find the range of the function. [3]
. . 1 1
(c) Solvetheinequality ®=Dx=3 >3 [3]

The diagram shows the curvey = ;. Theline L has equation y = k — X, where k is a positive constant.

y

A

(@  Show that the x-coordinates of the points where L meets the curve satisfy x> — kx + 4 =

0. (2]
(b) Find the value of k for which L is atangent to the curve, and the coordinates of the

point of contact. [4]
(c) State, with reasons, the number of intersections when k = 5 and when k = 3. [2]
(d) Hence, or otherwise, solve the inequality ; >5—x. [4]

2 _

The function f is defined by f(x) = 12 — i', forx € R, x # £1.
(@ Showthat f(x) = 1 — xzi - 2
(b)  Write down the equations of the asymptotes, and state the symmetry of the graph. [3]
(c) Sketchy = f(x), showing the coordinates of the points where it meets the axes. [4
(d) Solvef(x) = 0. [3]

(e) Find the range of f. [5]
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30 The curve C has equation y = ~—at b, where k, a and b are positive constants such that ab > k.
(@ Write down the equations of the asymptotes of C. [2]
(b) Show that C meststhey-axis at (0, b — &) and the x-axis a (a — &, 0). [4]
(c) Explain why both intercepts are positive. [3]
(d) Sketch C, showing the asymptotes and both intercepts. [2]

Modulus Graphs

1 Evaluate (a) |-4] + |3|, (b) |5 — 12 [2]
2 Sketch the graph of y = [x — 3|, showing the coordinates of the vertex and of the point where

the graph crosses the y-axis. (3]
3 Solve [x — 3| =5. (2]
4 Solve [2x + 1| =7. (2

5 Sketch the graph of y = |x + 2|, showing the coordinates of the vertex and of the point where
the graph crosses the y-axis. 2]

6 The function f is defined by f(x) = |3 — 2x|. Find f(—1) and f(4). [2]

7 Answer both parts.
(@)  Sketch the graph of y = |2x — 4], showing the coordinates of the points where it meets
the axes. [2]
(b) Solvethe eguation [2x — 4] = 6. [2]

8 Answer both parts.
(@  Sketch the graph of y = |[x? — 4|, showing the coordinates of the points where it meets

the axes. [3]
(b) Solve|x? — 4|=5. [2]
9 Solve each inequality.
@ [x—4<3 (2
(b) [2x+1=5 (2]
10 Sketch the graph of y = 4 — |x|, showing the coordinates of the points where it meets the axes. [3]
11  Solve|2x — 3| = x. (4]
12 A machinefills bags of flour. A bag with mass m gramsis accepted if |m — 500| < 3.
(@  Write the condition without the modulus sign. [2]
(b)  Which of the masses 498.5 g, 503.2 g and 496.9 g would be rejected? 1
13 Answer al three parts.
(@) Solvetheeguation |2x — 1| =[x + 4. [3]
(b) Hence solve the inequality |2x — 1] < |x + 4. [2]
(c) Sketchthe graphsof y =|2x — 1| and y = |x + 4| on the same axes, to illustrate your
answers. [2]

14  Solve |3x — 2| = [x|. (4
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15  The diagram shows the graph of y = f(x), where f(x) = x> — 2x — 3. The minimum point is (1, —4).

y
1 y=fx)
\ / > X
-1 0
-3
(1, -4)
(@ Sketch the graph of y = [f(x)|, showing the coordinates of the points where it meets the
axes and of its local maximum point. [3]
(b)  Sketch the graph of y = f(|x|), showing the coordinates of the points where it meets the
axes. [3]

16  Consider the inequality [x — 2| < |x + 1].
(8 By squaring both sides, solve the inequality. [3]
(b) Explain why squaring both sidesis valid here. [1]

17 Letf(x) =x — 2
(@) Sketchy = [f(x)| on apair of axes, showing the coordinates of the points where it meets

the axes. [2]
(b)  On the same axes sketch y = f(|x|), showing where it meets the axes, and describe how
the two graphs differ. [3]
18 Solve ||x| — 3| =2 [3]

9 letf)= 2o, forx € R x = 2.

(@)  Sketch the graph of y = [f(x)|, showing the equation of each asymptote and the
coordinates of the point where it meets the axes. [3]
(b) Solve[f(x)| > 1. [3]

20  Thefunction f isdefined by f(x) = |In x|, for x > 0.
(@  Sketch the graph of y = f(x), showing the coordinates of the point where it meets the

x-axis and the equation of its asymptote. [3]
(b) Solvef(x)=2. [2]
(c0 Solvef(x) <1l [2]

21  Answer dl three parts.
(@  Sketch, on the same axes, the graphs of y = |3x — 6] and y = x + 2, showing the

coordinates of the points where each graph meets the axes. [3]
(b) Solve|3x —6]=x+2. [3]
(c) Hencesolve|3x — 6] >x + 2. [2]

22 Thefunctionsf and g are defined by f(x) = [2x — 5| and g(x) = x*> — 3, for x € R.
(@ Find fg(x), and show that gf(x) = 4x® — 20x + 22. [3]
(b) Solvefg(x) = 3. 3]
(c) Statetherange of fg. [2]
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The diagram shows the graph of y = [x? — 3x| and the line y = 2.
y

A

y=Ix?=3x]

|
(@ Find the exact x-coordinates of the four points where the line meets the graph.
(b) Hence solve the inequality [x* — 3x| < 2.
(c) State, with areason, the number of solutions of [x? — 3x| = 3.

The diagram shows the graph of y = [x*> — 4x| and the liney = 2x — 3.

N| w

(@  Show that the equation |x* — 4x| = 2x — 3 can only have solutions with x =

(b) Solve [x? — 4x| = 2x — 3, giving exact answers.

The function f is defined by f(x) = [x + 2| — [x — 1|, for x € R.

(@  Write f(x) without modulus signsin each of theregionsx < —2, =2 = x = land x> 1.

(b) Sketchy = f(x) and state the range of f.
(c) Solvef(x)=1.

The equation |2x — k| = x + 3, where k is a constant, has x = 4 as a solution.
(@ Showthatk=1ork=15.
(b)  For each of these values of k, find the other solution of the equation.

A student solves |2x — 1| = 3x + 2 and writes:

"2x —1=3x+2givesx=—3. 1 —2x=3x + 2givesx = —%.Sothesolutionsarex= —3andx = 1

(@ Show that the student's answer contains an error, and explain how it arose.

(b) Solve the equation correctly.

(c) Hencesolve|2x — 1| > 3x + 2.

(d) Sketch the graphsof y = |2x — 1| and y = 3x + 2 to confirm your answer to part (c).

In this question a, b and x are real numbers.

(@ Provethat |a+b| < [g + [b].

(b) Deducethat [x + 3| = x| + 3 for al x, stating when equality holds.
(©) Giventhat [x — 2| < 1, show that [x? — 4| < 5.
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The diagram shows the graph of y = [x — 1| + [x — 4.

4 y=|x-1| + |x- 4]

€
(b)
(©
(d)
(e

> X

(0] 1 4
Find the eguation of the graph in each of theregionsx <1, 1< x < 4andx > 4.
Solve|x — 1|+ [x — 4| =7.

Hencesolve [x — 1|+ [x — 4| < 7.

Find the set of values of k for which [x — 1] + [x — 4| = k has exactly two solutions.
Provethat [x — 1] + [x — 4] = 3 for al read x.

The diagram shows the graph of y = [x?> — 6x + 5.
y

4

\

p

(0, 5)

> X

@

(b)

(©
(d)

(1, 0) (5, 0)
Show that the local maximum of the graph is at (3, 4), explaining how it arises from the
graph of y = x? — 6x + 5.

Find the number of solutions of [x? — 6x + 5|=kwhenk <0,k =0,0<k<4,k=4
and k > 4.

Solve [x? — 6x + 5| = 3, giving exact answers.

Hence solve |x? — 6x + 5| < 3.
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